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Preface

In recent years the Hochschild and cyclic complex and their algebraic structures
have been intensively studied from different perspectives. Some of these algebraic
gadgets have been around since the early work of Gerstenhaber on the deformations
of associative algebras, while others, such as cyclic homology, were introduced by
Connes in the early development of noncommutative geometry. More recent devel-
opments from this perspective include the theory of Hopf cyclic (co)-homology of
Hopf algebra.

Various algebraic structures of Hochschild and Cyclic (co)-homology, such as
Batalin-Vilkovisky and Gerstenhaber algebras, received a topological reincarnation
by the works of Chas and Sullivan and other authors on free loop space. These
compelling ideas, such as an action of the moduli space of surfaces possibly with
various compactifications, have been considered in several different settings. The
algebraic analogue of these constructions on Hochschild and cyclic complexes (of
Frobenius algebras) are usually known under the name of Deligne conjecture. This
theory develops parallel to symplectic field theory and Gromov-Witten invariants.
As an algebraic theory, this corresponds to a deformation problem over PROPs
or properads as opposed to operads, which naturally include genus, or in physics
terminology, the correct “h-bar” terms.

The editors had organized two workshops in July 2007 and August 2008 at the
Max-Planck-Institut für Mathematik in Bonn with a generous support from the
Hausdorff Center. Participants of these workshops were mainly algebraic topolo-
gist, noncommutative geometers, and specialists in deformations theory. The aim
of these workshops was to bring together the mathematicians who work on deforma-
tions of algebraic and geometric structures and Hochschild and cyclic complexes.
As it is clear from the volume, the subject of these activities was influenced by
physics and the new perspectives that it offers.

This volume collects a few self-contained and peer-reviewed papers by the par-
ticipants, which present topics in algebraic and Motivic topology, quantum field
theory, algebraic geometry, noncommutative geometry and the deformation theory
of Poisson algebras. The papers were contributed by some of the speakers of the
workshops, and we hope they provide a reasonable view of some of the activities
held at the workshops.

We would like to thank the staffs of the Hausdorff Center and Max-Planck-
Institut in Bonn for their valuable assistance in organizing the workshops.

August 2009,
Hossein Abbaspour, Matilde Marcolli, and Thomas Tradler
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On the Hochschild and Harrison (co)homology of

C
∞
-algebras and applications to string topology

Grégory Ginot

Abstract. We study Hochschild (co)homology of commutative and associa-

tive up to homotopy algebras with coefficient in a homotopy analogue of

symmetric bimodules. We prove that Hochschild (co)homology is equipped

with λ-operations and Hodge decomposition generalizing the results in [GS1]

and [Lo1] for strict algebras. The main application is concerned with string

topology: we obtain a Hodge decomposition compatible with a non-trivial

BV-structure on the homology H∗(LX) of the free loop space of a triangu-

lated Poincaré-duality space. Harrison (co)homology of commutative and as-

sociative up to homotopy algebras can be defined similarly and is related to

the weight 1 piece of the Hodge decomposition. We study Jacobi-Zariski ex-

act sequence for this theory in characteristic zero. In particular, we define

(co)homology of relative A∞-algebras, i.e., A∞-algebras with a C∞-algebra

playing the role of the ground ring. We also give a relation between the Hodge

decomposition and homotopy Poisson-algebras cohomology.

The Hochschild cohomology and homology groups of a commutative and asso-
ciative k-algebra A, k being a unital ring, have a rich structure. In fact, when M is a
symmetric bimodule, Gerstenhaber-Schack [GS1] and Loday [Lo1] have shown that
there are λ-operations (λk)k≥1 inducing so-called γ-rings structures on Hochschild
cohomology groups HH∗(A, M) and homology groups HH∗(A, M). In characteris-
tic zero, these operations yield a weight-decomposition called the Hodge decompo-
sition whose pieces are closely related to (higher) André-Quillen (co)homology and
Harrison (co)homology. These operations have been widely studied for their use in
algebra, geometry and their intrinsic combinatorial meaning.

The Hochschild (co)homology of the singular cochain complex of a topological
space is a useful tool in algebraic topology and in particular in string topology.
In fact, Chas-Sullivan [CS] have shown that the (shifted) homology H∗+d(LM),
where LM = Map(S1, M) is the free loop space of a manifold M of dimension
d, is a Batalin-Vilkovisky-algebra. In particular, there is an associative graded
commutative operation called the loop product. When M is simply connected,
there is an isomorphism H∗+d(LM) ∼= HH∗(C∗(M), C∗(M)) which, according to
Cohen-Jones [CJ], identifies the cup-product with the loop product. Alternative

2000 Mathematics Subject Classification. Primary 16E45, 18G55; Secondary 13D03, 17B63,

55P35.
Key words and phrases. C∞-algebras, Hochschild (co)homology, string topology, Harrison

(co)homology, A∞-algebras, homotopy Poisson algebras.



2 GRÉGORY GINOT

proofs of this isomorphism have also been given by Merkulov [Mer] and Félix-
Thomas-Vigué [FTV2]. This isomorphism is based on the isomorphism H∗(LX) ∼=
HH∗(C∗(X), C∗(X)), where X is a simply connected space, and the fact that the
Poincaré duality should bring a “homotopy isomorphism” of bimodules C∗(X) →
C
∗(X). Since HH

∗(C∗(X), C∗(X)) is a Gerstenhaber algebra, it is natural to
define string topology operations for Poincaré duality topological space X using
the Hochschild cohomology of their cochain algebra C∗(X). To achieve this, one
needs to work with homotopy algebras, homotopy bimodules and homotopy maps
between these structures, even in the most simple cases. This was initiated by
Sullivan and his students, see Tradler and Zeinalian papers [Tr2, TZ, TZ2]. For
example, they show that for nice enough spaces, HH∗(C∗(X), C∗(X)) is a BV-
algebra.

In fact the cochain complex C∗(X) is “homotopy” commutative since the Steen-
rod ∪1-product gives a homotopy for the commutator f ∪ g − g ∪ f . This fact
motivates us to study Hochschild (co)homology of commutative up to homotopy
associative algebras (C∞-algebras for short) in order to add λ-operations to the
string topology picture for nice enough Poincaré duality spaces. These λ-operations
have to be somehow compatible with the other string topology operations. We
achieve this program in Section 5. In particular we prove that if X is a triangu-
lated Poincaré duality space, the Hochschild cohomology of its cochain algebra is
a BV-algebra equipped with λ-operations commuting with the BV-differential and
filtered with respect to the product, see Theorem 5.7.

Besides string topology there are other reasons to study C∞-algebras and co-
homology theories associated to their deformations, i.e. Hochschild and Harrison.
Actually, associative structures up to homotopy (A∞-structures for short), intro-
duced by Stasheff [St] in the sixties, have become more and more useful and popular
in mathematical physics as well as algebraic topology. A typical situation is given
by the study of a chain complex with an associative product inducing a graded
commutative algebra structure on homology. The quasi-isomorphism class of the
algebraic structure usually retains more information than the homology. In many
cases, it is possible to enforce the commutativity of the product at the chain level at
the price of relaxing associativity. For instance, in characteristic zero, according to
Tamarkin [Ta], the Hochschild cochain complex C∗(A, A) of any associative algebra
A has a C∞-structure. The same is true for the cochain algebra of a space [Sm],
also see Lemma 5.7 below. It is well-known that these structures retain more in-
formation on the homotopy type of the space than the associative one, for instance
see [Ka]. Moreover the commutative, associative up to homotopy algebras are quite
common among the A∞-ones and deeply related to the theory of moduli spaces of
curves [KST]. In fact an important class of examples is given by the formal Frobe-
nius manifolds in the sense of Manin [Ma].

In this paper, we study Hochschild (co)homology of C∞-algebras with value
in general bimodules. The need for this is already transparent in string topology,
notably to get functorial properties. Note that we work in characteristic free context
(however usually different from 2) in order to have as broad as possible homotopy
applications. In particular we do not restrain ourself to the rational homotopy
framework. In characteristic zero, a similar approach (but different application)
to string topology has been studied by Hamilton-Lazarev [HL], see Section 6 for
details.
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To construct λ-operations, we need to define homotopy generalizations of sym-
metric bimodules. Notably enough, the appropriate symmetry conditions are not
the same for homology and cohomology. These “homotopy symmetric”structures
are called C∞-bimodules and Cop

∞
-bimodules structures respectively. We define and

study λ-operations and Hodge decomposition for Hochschild (co)homology of C∞-
algebras. In particular, the λ-operations induce an augmentation ideal spectral se-
quence yielding important compatibility results between the Gerstenhaber algebra
and γ-ring structures in Hochschild cohomology. In characteristic zero, the Hodge
decomposition of Poisson algebras is related to Poisson algebras homology [Fr1].
We generalize this result in the homotopy framework.

We study Harrison (co)homology of C∞-algebras and prove that, if the ground
ring k contains the field Q of rational numbers, the weight 1 piece of the Hodge
decomposition coincides with Harrison (co)homology. For strictly commutative
algebras, the result is standard [GS1, Lo1].

It is well-known that, in characteristic zero, for unital flat algebras, Harrison
(co)homology coincides with André-Quillen (co)homology (after a shift of degree).
In that case, a sequence K → S → R gives rise to of the change-of-ground-
ring exact sequence, often called the Jacobi-Zariski exact sequence. We obtain
a homotopy analogue of this exact sequence. Our approach is to define relative
A∞ and C∞-algebras,i.e., A∞ and C∞-algebras for which the ”ground ring” is
also a C∞-algebra. We define Hochschild and Harrison (co)homology groups for
these relative homotopy algebras. These definitions are of independent interest.
Indeed, recently, several categories of strictly associative and commutative ring
spectra have arisen providing exciting new constructions in homotopy theory, for
instance see [EKMM, MMSS]. Our constructions of Hochschild and Harrison
(co)homology of relative homotopy algebras are algebraic, chain complex level,
analogues of topological Hochschild/André-Quillen (co)homology of an R-ring spec-
trum, where R is a commutative ring spectrum.

Here is the plan of the paper. In section 1 we recall and explain the basic prop-
erty of A∞-algebras and their Hochschild cohomology. We give some details, not
so easy to find in the literature, for the reader’s convenience. In Section 2 we recall
the definition of C∞-algebras, introduce our notion of a C∞-bimodule, generalizing
the classical notion of symmetric bimodule, and then of Harrison (co)homology.
We also study some basic properties of these constructions. In Section 3 we es-
tablish the existence of λ-operations, Hodge decompositions in characteristic zero
and study some of their properties. In Section 4, we study the homotopy version
of Jacobi-Zariski exact sequence for Harrison (co)homology and establish a frame-
work for the study of A∞-algebras with a C∞-algebra as “ground ring”. In the
last section we apply the previous machinery to string topology and prove that
there exists λ-operations compatible with a BV-structure on HH∗(C∗(X), C∗(X))
for X a triangulated Poincaré duality space. The last section is devoted to some
additional remarks (without proof) and questions.

Acknowledgement : The author would like to thank Ralph Cohen, Andrei
Lazarev, Jim Stasheff and Micheline Vigué for helpful discussions and suggestions.



4 GRÉGORY GINOT

Notations :

• in what follows k will be a commutative unital ring and R =
⊕

R
j a

Z-graded k-module. All tensors products will be over k unless otherwise
stated and/or sub scripted.

• We use a cohomological grading for our k-modules with the classical con-
vention that a homological grading is the opposite of a cohomological one.
In other words Hi := H−i as graded modules. A (homogeneous) map of
degree k between graded modules V ∗, W ∗ is a map V ∗ → W ∗+k.

• When x1, . . . , xn are elements of a graded module and σ a permuta-
tion, the Koszul sign is the sign ± appearing in the equality x1 . . . xn =
±xσ(1) . . . xσ(n) which holds in the symmetric algebra S(x1, . . . , xn).

• We use Sweedler’s notation δ(x) =
∑

x(1) ⊗ x(2) for a coproduct δ.
• A strict up to homotopy structure will be one given by a classical differ-

ential graded one.
• The algebraic structures ”up to homotopy” appearing in this paper are

always uniquely defined by sequences of maps (Di)i≥0. Such maps will be
referred to as defining maps, for instance see Remark 1.5.

1. Hochschild (co)homology of an A∞-algebra with values in a bimodule

In this section we recall the definitions and fix notation for A∞-algebras and
bimodules as well as their Hochschild (co)homology. For convenience of the reader,
we also recall some “folklore” results which might not be found so easily in the
literature and are needed later on.

1.1. A∞-algebras and bimodules. The tensor coalgebra of R is T (R) =⊕
n≥0 R⊗n with the deconcatenation coproduct

δ(x1, . . . , xn) =

n∑
i=0

(x1, . . . , xi) ⊗ (xi+1, . . . , xn).

The suspension sR of R is the graded k-module (sR)i = Ri+1 so that a degree +1
map R → R is equivalent to a degree 0 map R → sR.

Let V be a graded k-module. The tensor bicomodule of V over the tensor
coalgebra T (R) is the k-module TR(V ) = k⊕T (R)⊗V ⊗T (R) with structure map

δ
V (x1, . . . , xn, v, y1, . . . , ym) =

n∑
i=1

(x1, . . . , xi) ⊗ (xi+1, . . . , xn, v, y1, . . . , ym)

⊕
m∑
k=1

(x1 . . . , xn, v, y1, . . . , yi) ⊗ (yi+1, . . . , ym).

If D is a coderivation of T (R), then a coderivation of T (V ) to T
R(V ) over D

is a map Δ : TR(V ) → TR(V ) such that

(D ⊗ id + id⊗ Δ) ⊕ (Δ ⊗ id + id⊗ D) ◦ δ
V = δ

V ◦ Δ.(1.1)

We denote A⊥(R) = ⊕n≥1sR
⊗n the coaugmentation

0 → k → T (sR) → A
⊥(R) → 0

and abusively write δ for its induced coproduct.
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Definition 1.1. • An A∞-algebra structure on R is a coderivation D

of degree 1 on A⊥(R) such that (D)2 = 0.
• An A∞-bimodule over R structure on M is a coderivation DR

M of degree
1 on A⊥R(M) := TsR(sM) over D such that (DR

M )2 = 0.
• A map between two A∞-algebras R, S is a map of graded differential coal-

gebras A⊥(R) → A⊥(S).
• A map between two A∞-bimodules M, N over R is a map of graded dif-

ferential bicomodules A
⊥

R(M) → A
⊥

R(N).

Henceforth, R-bimodule will stand for A∞-bimodule over an A∞-algebra R.

Notation 1.2. We will denote “a ⊗ m ⊗ b ∈ A⊥R(M)” a generic element in
A⊥R(M). That is, a, b ∈ A⊥(R), m ∈ M and a⊗m⊗ b stands for the corresponding
element in A⊥(R) ⊗ sM ⊗ A⊥(R) ⊂ A⊥(R).

Remark 1.3. These definitions are the same as the definitions given by al-
gebras over the minimal model of the operad of associative algebras and their
bimodules and goes back to the pioneering work [St].

Remark 1.4. Coderivations on A
⊥(R) are the same as coderivations on T (sR)

that vanishes on k ⊂ T (sR).

It is well-known that a coderivation D on T (sR) is uniquely determined by

a simpler system of maps (D̃i : sR⊗i → sR)i≥0. The maps D̃i are given by the
composition of D with the projection T (sR) → sR. The coderivation D is the sum

of the lifts of the maps D̃i to A⊥(R) → A⊥(R). More precisely, for x1, . . . , xn ∈ sR,

D(x1, . . . , xn) =
∑
i≥0

n−i∑
j=0

± x1 ⊗ . . . ⊗ D̃i(xj+1, . . . , xj+i) ⊗ . . . ⊗ xn(1.2)

where ± is the sign (−1)|Di|(|x1|+···+|xj|). Furthermore, there are isomorphisms of

graded modules Hom(sR⊗i, sR) 
 D̃i �−→ Di ∈ s1−i Hom(R⊗i, R) defined by

Di(r1, . . . , ri) = (−1)i|D̃i|+
∑ i−1

k=1(k−1)|rk|D̃i(sr1, . . . , sri).(1.3)

Note that the signs are given by the Koszul rule for signs. It follows that a coderiva-
tion D on T (sR) is uniquely determined by a system of maps (Di : R⊗i → R)i≥0.
Such a coderivation D is of degree k if and only if each Di is of degree k + 1 − i.
According to Remark 1.4 above, a coderivation D on A⊥(R) is one on T (sR) such
that D0 = 0.

Remark 1.5. We call the maps (Di : R⊗i → R)i≥0 the defining maps of the
associated coderivation D : T (sR) → T (sR). We also use similar terminology for
all other kind of coderivations appearing in the rest of the paper.

Similarly, a coderivation DA
R on A⊥R(M) (over D with D0 = 0) is given by a

system of maps (DM
i,j : R⊗i⊗M⊗R⊗j → M)i,j≥0. All of these properties are formal

consequences of the co-freeness of the tensor coalgebra (in the operadic setting).
Also a very detailed and down-to-earth account is given in [Tr1].

Remark 1.6. Given a coderivation D of degree 1 on A⊥(R) defined by a system
of maps

(
Di : R⊗i → R

)
i≥0

, it is well-known [St] that the condition (D)2 = 0 is
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equivalent to an infinite number of equations quadratic in the Di’s. Namely, for
n ≥ 1, r1, . . . rn ∈ R,∑

i+j=n+1

i−1∑
k=0

±Di(r1, . . . , rk, Dj(rk+1, . . . , rk+j), rk+j+1, . . . , rn) = 0.(1.4)

In particular, if D1 = 0, Equation (1.4) implies that D2 is an associative multipli-
cation on R.

There are similar identities for the defining maps (DM
i,j : R⊗i ⊗ M ⊗ R⊗j →

M)i,j≥0 of an A∞-bimodule [Tr1]. It is trivial to show that, when D1 = 0 and
DM

00
= 0, DM

10
and DM

01
respectively endows M with a structure of left and right

module over the algebra (R, D2).

Example 1.7. Any A∞-algebra (R, D) is a bimodule over itself with structure
maps given by DR

i,j = Di+1+j .

Remark 1.8. Similarly to coderivations, a map of graded coderivation F :
A⊥(R) → A⊥(S) is uniquely determined by a simpler system of maps (Fi : R⊗i →
R)i≥1, where Fi is induced by composition of F with the projection on S. The
details are similar to those of Remark 1.4 and left to the reader. The maps Fi are
referred to as the defining maps of F .

1.2. Hochschild (co)homology. Let (R, D) be an A∞-algebra and M an
R-bimodule. We call a coderivation from k ⊕ A⊥(R) = T (sR) into A⊥R(M) a
coderivation of R into M . By definition it is a map f : T (sR) −→ A⊥R(M) such
that

δ
M ◦ f = (id⊗ f + f ⊗ id) ◦ δ.

As in Remark 1.5, such a coderivation is uniquely determined by a collection of
maps (fi : R⊗i → M)i≥0 where the fi are induced by the projections onto sM of
the map f restricted to sR⊗i (for instance see [Tr1]).

Definition 1.9. The Hochschild cochain complex of an A∞-algebra (R, D)
with values in an R-bimodule M is the space s−1CoDer(R, M) of coderivations of
R into M equipped with differential b given by

b(f) = DM ◦ f − (−1)|f |f ◦ D.

It is classical that b is well-defined and b2 = 0 see [GJ2]. We denote HH∗(A, M)
its cohomology which is called the Hochschild cohomology of R with coefficients in
M .

Example 1.10. Let (R, m, d) be a differential graded algebra and (M, l, r, dM )
be a (differential graded) A-bimodule. Then R has a structure of an A∞-algebra
and M a structure of A∞-bimodule over R given by maps:

D1 = d, D2 = m and Di = 0 for i ≥ 3;(1.5)

D
M
0,0 = dM , D

M
1,0 = l, D

M
0,1 = r and D

M
i,j = 0 for i + j ≥ 1.(1.6)

The converse is true: if R, M are, respectively, an A∞ algebra and a R-bimodule
with Di≥3 = 0 and DM

i,j = 0 (i + j ≥ 1), then the identities (1.5), (1.6) define a
differential graded algebra structure on R and a bimodule structure M . We call
this kind of structure a strict homotopy algebra or a strict homotopy bimodule.
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We have seen that the k-module CoDer(R, M) is isomorphic to the k-module

Hom
(⊕

n≥0 R⊗n, M

)
by projection on sM , i.e. the map f �→ (fi : R⊗i → M)i≥0.

Thus the differential b induces a differential on Hom
(⊕

n≥0 R⊗n, M

)
, which for a

homogeneous map f : R⊗n → M , is given by the sum b(f) = α(f) + β(f) where
α(f) : R⊗n → M and β(f) : R⊗n+1 → M are defined by

α(f)(a1, . . . , an) = (−1)|f |+1
dM (f(a1, . . . , an))

+

n−1∑
i=0

(−1)i+|a1|+···+|ai|f(a1, . . . , d(ai+1), . . . , an)

β(f)(a0, . . . , an) = (−1)|f ||a0|+|f |l(a0, f(a1, . . . , an))

+(−1)n+|a0|+···+|an−1|+|f |r(f(a0, . . . , an−1), an)

−
n−1∑
i=0

(−1)i+|a0|+···+|ai|+|f |f(a0, . . . , m(ai, ai+1), . . . , an).

Hence α+β is the differential in the standard bicomplex giving the usual Hochschild
cohomology of a differential graded algebra [Lo2]. Consequently Definition 1.9
coincides with the standard one for strict A∞-algebras, that is the one given by the
standard complex.

It is standard that the identity (D)2 = 0 restricted to A yields that (D1)
2 = 0

and |D1| = |D| = 1. Therefore, (R, D1) is a chain complex whose cohomology
will be denoted H∗(R). Moreover the linear map D2 : R⊗2 → R passes to the
cohomology H∗(R) to define an associative algebra structure. Similarly DM

00
is a

differential on M and H∗(M) has a bimodule structure over H∗(R) induced by
DM

10
, and DM

01
. The link between the cohomology of H∗(A) and the one of A is

given by the following spectral sequence.

Proposition 1.11. Let (R, D) be an A∞-algebra and (M, DM ) an R-bimodule
with R, M , H∗(R), H∗(M) flat as k-modules. There is a converging spectral se-
quence

E
p,q
2

= HH
p+q(H∗(R), H∗(M))q =⇒ HH

∗(R, M).

The subscript q in HH∗(H∗(R), H∗(M))q stands for the piece of internal degree
q in the group HH

∗(H∗(R), H∗(M)) (the internal degree is the degree coming from
the grading of H∗(R)).
Proof : There is a decreasing filtration of cochain complex F ∗≥0C∗(R, M) of
CoDer(R, M) where F pC∗(R, M) is the subspace of coderivation f such that

f(R⊗n) ⊂
⊕

p+i+j≤n

R
⊗i ⊗ M ⊗ R

⊗j
.

The filtration starts at F0 because any coderivation f is determined by maps
R⊗i≥1 → M . It is thus a bounded above and complete filtration. Hence, it yields a
cohomological converging spectral sequence computing HH∗(R, M). The maps Di

and DM
j,k lower the degree of the filtration unless i = 1, j = k = 0. Consequently the

differential on the associated graded is the one coming from the inner differentials
D1 and DM

0,0. It follows by Künneth formula, that

E
∗∗

1
∼= CoDer

(
A
⊥(H∗(R)), A⊥H∗(R)(H

∗(M))
)
.
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The differential on the E∗∗
1

term is induced by D2, DM
10

, DM
01

. These operations give
H∗(R) a structure of associative algebra and H∗(M) a bimodule structure. Hence
the differential d1 on E∗∗

1
is the same as the differential defining the Hochschild

cohomology of the graded algebra H∗(R) with values in H∗(M). Now, Example 1.10
implies that E

∗,∗
2

= HH
∗(H∗(R), H∗(M)). �

The Hochschild cohomology HH∗(R, R) of any A∞-algebras R has the struc-
ture of a Gerstenhaber algebra as was shown in [GJ2]. The product of two elements
f, g ∈ C∗(R, R) (with defining maps (fn), (gm)) is the coderivation μ(f, g) defined
by

(1.7) μ(f, g)(a1, . . . , an) =
∑

j≥2,r1,r2≥0

±(a1⊗. . .⊗Dj(. . . fr1 , . . . , gr2 , . . . )⊗. . . an).

In the formula the sign ± is the Koszul sign. There is also a degree 1 bracket
defined by [f, g] = f ◦̃g − (−1)(|f |+1)(|g|+1)g◦̃f where

f ◦̃g(a1, . . . , an) =
∑
i,j

±(a1 ⊗ . . . ⊗ fi(. . . gj, . . . ) ⊗ . . . an).

Proposition 1.12. Let R be an A∞-algebra and take M = R as a bimodule.
Then (HH∗(R, R), μ, [ , ]) is a Gerstenhaber algebra and the spectral sequence E∗∗m≥2

is a spectral sequence of Gerstenhaber algebras.

Proof : The fact that the product μ and the bracket [ , ] make HH∗(R, R) a
Gerstenhaber algebra is well-known [GJ2, Tr2]. Also see Remark 1.13 below for
a sketch of proof.

The product map μ : F pC∗ ⊗ F qC∗ → F p+qC∗ and bracket [ , ] : F pC∗ ⊗
F qC∗ → F p+q−1C∗ are filtered maps of cochain complexes. Thus both operations
survive in the spectral sequence. At the level E0 of the spectral sequence, the
product μ boils down to

μ(f, g)(a0, . . . , an) =
∑

a0 . . . ⊗ D2(f(. . . ), g(. . . )) ⊗ . . . ⊗ an

which, after taking the homology for the differential d0, identifies with the usual
cup product in the Hochschild cochain complex Hom(H∗(R)⊗∗, H∗(R)) through
the isomorphism between coderivations and homomorphisms. Similarly the bracket
coincides with the one introduced by Gerstenhaber in the Hochschild complex of
H∗(R). The Leibniz relation hence holds at level 2 and on the subsequent levels.
�

Remark 1.13. Actually, the product structure is the reflection of a A∞-
structure on C

∗(R, R). It is easy to check that the maps γi : C
∗(R, R)⊗i →

C∗(R, R) defined by

γi(f
1
, . . . , f

i)(a1, . . . , an) =
∑

j≥i,r1,...,ri≥1

±(a1 ⊗ . . . ⊗ Dj(. . . f
1

r1 , . . . , f
2

r2 , . . .

. . . , f
i
ri

, . . . ) ⊗ . . . ⊗ an)

together with γ1 = b, the Hochschild differential, give a A∞-structure to C∗(R, R).
Thus the map μ = γ2 gives an associative algebra structure to HH∗(R, R). More-
over it is straightforward to check that the Jacobi relation for [ , ] is satisfied on
C∗(R, R). The Leibniz identity and the commutativity of the product are obtained
as in Gerstenhaber fundamental paper [Ge].
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The Hochschild homology of an A∞-algebra R was first defined in [GJ1]. Let
M be an R-bimodule and b : M ⊗ T (sR) → M ⊗ T (sR) be the map

b(m, a0, . . . , an) =
∑

p+q≤n

±D
M
p,q(an−p+1, . . . , an, m, a1 . . . , aq) ⊗ aq+1 · · ·an−p

+
∑

i+j≤n

±m⊗ a1 ⊗ · · ·Dj+1(ai, . . . , ai+j) ⊗ ai+j+1 ⊗ · · ·an.

Definition 1.14. The Hochschild homology HH∗(R, M) of an A∞-algebra
(R, D) with values in the bimodule (M, DM ) is the homology of (M ⊗ T (sR), b).

The fact that b
2 = 0 follows from a straightforward computation or from

Lemma 1.16 below.

Remark 1.15. Recall that we use a cohomological grading for R, M . Thus a
cycle x ∈ M i ⊂ M ⊗ T (sR) gives an element [x] ∈ HH−i(R, M) in homological
degree −i.

Given a bimodule M over R, there is a map γM : M ⊗ T (sR) → T sR(sM)
defined by

γM = τ ◦ (s id⊗ δ)

where τ is the map sending the last factor of M ⊗ T (sR) ⊗ T (sR) to the first of
T (sR)⊗ M ⊗ T (sR).

Lemma 1.16. Given any coderivation ∂ of T sR(sM) over D, there is a unique
map ∂ : M ⊗ T (sR) → M ⊗ T (sR) that makes the following diagram commutative:

M ⊗ T (sR)
γM
−→ T sR(sM)

∂ ↓ ↓ ∂

M ⊗ T (sR)
γM
−→ T

sR(sM).

Proof : The map ∂ is the sum
∑

∂
[i]

, where ∂
[i]

takes value in M ⊗ sA⊗i. By
induction on i, it is straightforward that

γM

(
∂
[i])

=
∑n

i=0

( ∑
p+q=n−m

aj+1 ⊗ . . . ⊗ ∂p,q(an−p+1, . . . , an, m, a1, . . .

. . . , aq) ⊗ aq+1 ⊗ . . . ⊗ ai +

m−1∑
j=i+1

±ai ⊗ . . . ⊗ Dn−m+2(aj ,

aj+1, . . . , aj+n−m+1) ⊗ . . . ⊗ an ⊗ m ⊗ a1 . . . ⊗ ai

+

i−n+m−1∑
j=0

±ai ⊗ . . . ⊗ an ⊗ m ⊗ a1 . . . ⊗ Dn−m+2(aj , . . .

. . . , aj+n−m+1)⊗ . . . ⊗ ai

)
.

It follows that the map ∂ exists and satisfies

∂(m, a0 ⊗ . . . ⊗ an) =
∑

p+q≤n

±∂p,q(an−p+1, . . . , an, m, a1 . . . , aq) ⊗ aq+1 ⊗ · · ·

· · · ⊗ an−p +
∑

i+j≤n

±m ⊗ a1 ⊗ · · · ⊗ Dj+1(ai, . . .

· · · , ai+j) ⊗ ai+j+1 ⊗ · · · ⊗ an.
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�

Example 1.17. For ∂ = DR
M , (DR

M )2 is the trivial coderivation, hence (DR
M)2 =

(DR
M )2 = 0 and DR

M is a codifferential. Moreover D
R
M ◦ γM = γM ◦ b, thus DR

M = b

and b2 = 0.

Example 1.18. Let (R, d, m) be a differential graded algebra and (M, dM , l, r)
a strict R-bimodule. The only non-trivial defining maps are D1 = d, D2 = m,
DM

00
= dM , DM

01
= r, DM

10
= l. Hence one has

b(m ⊗ a1 ⊗ . . . ⊗ an) = dM (m) ⊗ a1 ⊗ · · · ⊗ an +
∑

±m ⊗ · · · dai . . . ⊗ an

+r(m, a1) ⊗ a2 · · · ⊗ an + ±l(an, m)⊗ a1 · · · ⊗ an

+
∑

±m ⊗ a1 · · ·m(ai, ai+1) · · · ⊗ an

which is the usual Hochschild boundary for a differential graded algebra. Thus
Definition 1.14 is equivalent to the standard one for strict algebras and bimodules.

Theorem 1.19. Let R be an A∞-algebra and M an R-bimodule, flat as k-
modules. There is a converging spectral sequence

E
2

pq = HHp+q(H
∗(R), H∗(M))q =⇒ HHp+q(R, M).

The subscript q in HHn(A, B)q stands for the piece of HHn(A, B) of internal
homological degree q (thus of internal cohomological degree −q).
Proof : Consider the filtration Fp≥0C∗(R, M) =

⊕
i≤p M ⊗ sR⊗i dual to the

filtration of Proposition 1.11. It is an exhaustive bounded below filtration of chain
complex thus it gives a converging homology spectral sequence. Now the result
follows as in the proof of Proposition 1.11. �

2. C∞-algebras, C∞-bimodules, Harrison (co)homology

In this section we introduce the key definition of C∞-bimodules and also recall
the Harrison (co)homology of C∞-algebras for which there is not so much published
account.

2.1. Homotopy symmetric bimodules. Commutative algebras are asso-
ciative algebras with additional symmetry. Similarly a C∞-algebra could be seen
as a special kind of A∞-algebra. Indeed, this is the point of view we adopt here.
The shuffle product makes the tensor coalgebra (T (V ), δ) a bialgebra. It is defined
by the formula

sh(x1 ⊗ . . . ,⊗xp, xp+1 ⊗ . . . ⊗ xp+q) =
∑

±xσ−1(1) ⊗ . . . ⊗ xσ−1(p+q)

where the summation is over all the (p, q)-shuffles, that is to say the permutation of
{1, . . . , p+q} such that σ(1) < · · · < σ(p) and σ(p+1) < · · · < σ(p+q). The sign ± is
the sign given by the Koszul sign convention. A (p1, . . . , pr)-shuffle is a permutation
of {1, . . . , p1 + · · ·+pr} such that σ(p1 + · · ·+pi +1) < · · · < σ(p1 + · · ·+pi +pi+1)
for all 0 ≤ i ≤ r − 1.

A B∞-structure on a k-module R is given by a product MB and a derivation
DB on the (shifted tensor) coalgebra A⊥(R) such that (A⊥(R), δ, MB, DB) is a
differential graded bialgebra [Ba]. A B∞-algebra is in particular an A∞-algebra
whose codifferential is D

B.
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Definition 2.1. • A C∞-algebra is an A∞-algebra (R, D) such that
the coalgebra A⊥(R), equipped with the shuffle product and the differential
D, is a B∞-algebra.

• A C∞-map between two C∞-algebras R, S is an A∞-algebra map R → S

which is also a map of algebras with respect to the shuffle product.

In particular there is a faithful functor from the category of C∞-algebras to the
category of A∞-algebras. Moreover a A∞ algebra defined by maps Di : R⊗i → R

is a C∞-algebra if and only if, for all n ≥ 2 and k + l = n, one has

(2.8) Dn(sh(x1 ⊗ . . . ⊗ xk, y1 ⊗ . . . ⊗ yl)) = 0.

Example 2.2. According to Example 1.10 and identity (2.8), any differential
graded commutative algebra (R, m, d) has a natural C∞-structure given by D1 = d,
D2 = m and Di = 0 for i ≥ 3.

Remark 2.3. Definition 2.1 is taken from [GJ2]. In characteristic zero, a
more classical and equivalent one is to say that a C∞-algebra structure on R is
given by a degree 1 differential on the cofree Lie coalgebra C⊥(R) := coLie(sR).
The equivalence between the two definitions follows from the fact that coLie(sR) =
A⊥(R)/sh is the quotient of A⊥(R) by the image of the shuffle multiplication sh :
A⊥≥1(R) ⊗ A⊥≥1(R) → A⊥(R). For arbitrary characteristic, Definition 2.1 is
slightly weaker (see Example 2.4 below) than the one given by the operad theory,
namely by a (degree 1) codifferential on C⊥(R).

Example 2.4. Since the universal enveloping coalgebra of a cofree Lie coalge-
bra coLie(V ) is the tensor coalgebra (T (V ), δ, sh) equipped with the shuffle product,
a degree 1 differential on the cofree Lie coalgebra C⊥(R) := coLie(sR) canonically
yields a C∞-algebra structure on R. We call such a C∞-structure a strong C∞-
algebra structure. Note that strict C∞-algebras are strong C∞-algebras. Over a
ring k containing Q, all C∞-algebras are strong (Remark 2.3).

A bimodule over a C∞-algebra is a bimodule over this C∞-algebra viewed as
an A∞-one. However this notion does not capture all the symmetry conditions of a
C∞-algebra. In the following sections we will need up to homotopy generalization
of symmetric bimodules.

Definition 2.5. A C∞-bimodule structure on M is a bimodule over (R, D)
such that the structure maps DM

ij satisfy, for all n ≥ 1, a1, . . . , an ∈ R, x⊗m⊗y ∈

A
⊥

R(M), the following relation∑
i+j=n

±D
M
(i+|x|)(j+|y|)

(
sh(x, a1 ⊗ . . . ⊗ ai), m, sh(y, ai+1 ⊗ . . . ⊗ an)

)
= 0.(2.9)

The sign ± is the Koszul sign of the two shuffle products multiplied by the sign
(−1)(|a1|+···+|ai|+i)(|m|+1). With Sweedler’s notation associated to the coproduct
structure of T (sR), identity (2.9) reads as∑

±D
M
(
sh(x, a

(1)), m, sh(y, a
(2))

)
= 0.(2.10)

Example 2.6. Let (R, m, dR) be a graded commutative differential algebra and
(M, l, r, dM ) a graded differential R-bimodule. Then M has a bimodule structure
as explained in the previous section. Moreover this bimodule structure is a C∞-
bimodule structure if and only l(m, a) = (−1)|a||m|r(a, m) for all m ∈ M, a ∈ R,
that is, M is symmetric in the usual sense.
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Example 2.7. If (R, D) is a C∞ algebra such that D1 = 0, then D2 : R ⊗
R → R is associative (Remark 1.6) and graded commutative by Equation (2.8).
Thus (R, D2) is a graded commutative algebra. Furthermore, if (M, DM ) is a C∞-
bimodule such that DM

00
= 0, Equation (2.10) implies that DM

01
and DM

10
give a

structure of symmetric bimodule over (R, D2) to M .

Example 2.8. Any C∞-algebra is a C∞-bimodule over itself. This follows from
identity (2.8) and the observation that, for any a⊗r⊗b ∈ A⊥R(R) and x ∈ A⊥∗≥1(R),
one has ∑

±
(
sh(a, x

(1)) ⊗ r ⊗ sh(b, x(2))
)

= sh(a ⊗ r ⊗ b, x).

A C∞-bimodule is a left (and right by commutativity) module over the shuffle
bialgebra. The module structure is the map ρ : A⊥R(M) ⊗ A⊥(R) → A⊥R(M) given
by the composition

A
⊥

R(M) ⊗ A
⊥(R)

id⊗δ
−→ A

⊥

R(M)⊗ A
⊥(R)⊗ A

⊥(R)
(sh⊗id⊗sh)◦τ

−→ A
⊥

R(M)

where the map τ

A
⊥(R)⊗M ⊗A

⊥(R)⊗A
⊥(R)⊗A

⊥(R)
τ
→ A

⊥(R)⊗A
⊥(R)⊗M ⊗A

⊥(R)⊗A
⊥(R)

is the permutation of the two A⊥(R) factors sitting in the middle.

Proposition 2.9. A R-bimodule M is a C∞-bimodule if and only if A⊥R(M)
is a differential module over the shuffle bialgebra A⊥(R). That is to say if the
following diagram commutes

A⊥R(M) ⊗ A⊥(R)
ρ

−→ A⊥R(M)
DM ⊗ id + id ⊗ D ↓ ↓ DM

A⊥R(M) ⊗ A⊥(R)
ρ

−→ A⊥R(M).

Proof : The compatibility with the coalgebra structure is part of the definition
of a R-bimodule. It remains to prove the compatibility with the product. Let’s
denote by x • y the shuffle product sh(x, y). First we have to check that ρ defines
an action of (A⊥(R), sh). Using that sh is a coalgebra map it is equivalent, for all
u, x, y ∈ A⊥(R), m ∈ M , to :

(u • x
(1)) • y

(1) ⊗ m ⊗ (v • x
(2)) • y

(2) = u • (x(1) • y
(1)) ⊗ m ⊗ v • (x(2) • y

(2))

which holds by associativity of sh.

Since D is both a coderivation and derivation, one has, for all a, b, x ∈ A⊥(R),
m ∈ M ,

D
M
(
ρ(a, m, b, x)

)
=

∑
a
(1) • x

(1) ⊗ D
M
∗∗

(
a
(2) • x

(2)
, m, x

(3) • b
(1)

)
⊗ b

(2) • x
(4)

+ρ
(
D

M ⊗ id + id ⊗ D
)
(a, m, b, x).

The sum is over all decompositions δ3(x) =
∑

x(1) ⊗ x(2) ⊗ x(3) ⊗ x(4) such that
x(2) or x(3) is not in k. But then the difference DM ◦ ρ − ρ ◦

(
DM ⊗ id + id⊗ D

)
is 0 if and only if DM satisfies the defining conditions of a C∞-bimodule. �

The strict notion of a symmetric bimodule is self-dual. However this is not true
for its homotopy analog. Thus we will also need the dual version of a C∞-bimodule,
that we call a C

op
∞

-bimodule.



HOCHSCHILD AND HARRISON (CO)HOMOLOGY OF C∞-ALGEBRAS . . . 13

Definition 2.10. Let (R, D) be a C∞-algebra. A Cop
∞

-bimodule structure on
M is an R-bimodule structure, such that the structure maps DM

ij satisfy for all

n ≥ 1, a1, . . . , an ∈ R, x ⊗ m ⊗ y ∈ A⊥R(M):∑
i+j=n

±D
M
(j+|x|)(i+|y|)

(
sh(x, ai+1 ⊗ . . . ⊗ an), m, sh(y, a1 ⊗ . . . ⊗ ai)

)
= 0.

As in Definition 2.5, the sign is given by the Koszul rule for signs.

Example 2.11. If M is a strict symmetric bimodule (over a strict algebra)
then it is a Cop

∞
-bimodule.

Example 2.12. A C∞-algebra has no reason to be a Cop
∞

-bimodule in general.
However its dual is always an C

op
∞

-bimodule. More precisely, let (R, D) be a C∞-
algebra and write R� = Hom(R, k) for the dual module of R. Then the maps

DR�

kl : R⊗k ⊗ R� ⊗ R⊗l → R� given by

D
R�

kl (r1, . . . , rk, f, rk+1, . . . , rk+l)(m) = ±f
(
Dk+l+1(rk+1, rk+l, m, r1, . . . , rk)

)
yields an A∞-bimodule structure on R�, see [Tr1] Lemma 3.9. The equation∑

i+j=n

±D
R�

(j+|x|)(i+|y|)

(
sh(x, ai+1 ⊗ . . . ⊗ an), f, sh(y, a1 ⊗ . . . ⊗ ai)

)
= 0.

is equivalent to∑
i+j=n

±D
R
(j+|x|)(i+|y|)

(
sh(y, a1 ⊗ . . . ⊗ ai), m, sh(x, ai+1 ⊗ . . . ⊗ an)

)
= 0.

which is satisfied because R is a C∞-bimodule ( Definition 2.5).

The argument of Example 2.12 can be generalized to prove

Proposition 2.13. The dual M
� = Hom(M, k) of any C∞-bimodule is a C

op
∞

-
bimodule. The dual of any Cop

∞
-bimodule is a C∞-bimodule.

The (operadic) notion of strong C∞-algebras (Example 2.4) gives rise to the
notion of strong C∞-bimodules which form a nice subclass of the C∞-bimodules be-
cause, under suitable freeness assumption, they are also Cop

∞
-bimodules, see Propo-

sition 2.16 below. Let (R, D) be a strong C∞-algebra.

Definition 2.14. A strong C∞-bimodule structure on M over a strong C∞-
algebra (R, D) is a structure of strong C∞-algebra on R⊕M , given by a codifferential
D

M on T (sR ⊕ sM), satisfying

(1) D
M
n (x1, . . . , xn) = 0 if at least two of the xis are in M , D

M
n (x1, . . . , xn) ∈

M if exactly one of the xis is in M and DM
n (x1, . . . , xn) ∈ R if all xis are

in R;
(2) the restriction of DM to T (sR) is equal to the differential D defining the

(strong) C∞-structure on R.

In particular, a strong C∞-bimodule structure on M is uniquely determined by
maps DM

p,q : R⊗p ⊗ M ⊗ R⊗q → M . Furthermore, these defining maps DM
p,q satisfy

the relation (2.9), thus M is a C∞-bimodule. A strong C∞-algebra is a strong
C∞-bimodule over itself (with defining map as in Example 1.7).

Remark 2.15. If k contains Q, any C∞-bimodule is strong. This follows from
Remark 2.3, Proposition 2.9 and the proof of Proposition 2.16 below.
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Moreover when M is free over k, one has

Proposition 2.16. Let M and R be free over k, and (R, D) be a strong C∞-
algebra (see Example 2.4). If M is a strong C∞-bimodule over (R, D), it is a
Cop
∞

-bimodule and its dual M� is C∞-bimodule.

Proof : Denote D : T (sR) → T (sR) the differential defining the A∞-structure and
DM the bimodule one. By duality and Proposition 2.13, it is sufficient to prove that
a strong C∞-bimodule M is also a Cop

∞
-bimodule. Let us show that it is enough to

prove the result for the canonical bimodule structure over R. Note that there is a
splitting

(R ⊕ M)⊗i ∼= X ⊕ R
⊗i ⊕

i⊕
j=0

R
j ⊗ M ⊗ R

i−1−j
.

Here X ⊂ (R ⊕ M)⊗i is the submodule generated by tensors with at least two
components in M . Consider the maps Bi : (R⊕M)⊗i → R⊕M defined to be zero
on X , Di on R⊗i and Dm

j,i−1−j on Rj ⊗M ⊗Ri−1−j . It is straightforward to check

that the maps (Bi)i≥1 give an A∞-structure on R ⊕ M iff M is an A∞-bimodule.
Moreover, if M is a strong C∞-bimodule, R ⊕ M is a strong C∞-algebra and it
remains to prove the statement for a strong C∞-algebra.

Let R be a strong C∞-algebra equipped with its canonical (strong) bimodule
structure over itself (Example 2.8). We have to prove that R is a C

op
∞

-bimodule. De-
note D : T (sR) → sR the projection of the differential D : T (sR) → T (sR). Since
D defines a C∞-structure, D factors through the free Lie coalgebra CoLie(sR) →

sR. By hypothesis its dual D
�

is a map (sR)� → Lie
(
(sR)�

)
the free Lie al-

gebra on (sR)�. Since R ↪→ R�� is injective, it is enough to prove that for any
F : (sR)� → Lie

(
(sR)�

)
, f ∈ (sR)� a1, . . . , an ∈ R and x ⊗ m ⊗ y ∈ A

⊥

R(R), one
has

(2.11) F (f)
(
sh(x, ai+1 ⊗ . . . ⊗ an), m, sh(y, a1 ⊗ . . . ⊗ ai)

)
= 0.

We can work with homogeneous component and use induction, the result for order
one component of F (f) being trivial. Thus we can assume F (f) = [G, H ] and G, H

satisfies identity (2.11). Then, writing z for the term to which we apply F (f), we
find

F (f)(z) =
∑

G(x(1) • a
(2))H(x(2) • a

(3)
, m, y • a

(1))

+
∑

G(x • a
(3)

, m, y
(1) • a

(1))H(y(2) • a
(2))

−
∑

H(x(1) • a
(2))G(x(2) • a

(3)
, m, y • a

(1))

−
∑

H(x • a
(3)

, m, y
(1) • a

(1))G(y(2) • a
(2)).

By definition G and H vanish on shuffles, thus all the terms of the first line for
which x(1) and a(2) are non trivial are zero. Moreover H satisfies identity (2.11).
Thus all the terms for which a

(2) is trivial also cancel out. The same analysis works
for line 4. Thus for lines 1 and 4 we are left to the terms for which x(1) is trivial
and a(2) is not. Those terms cancels out each other by commutativity of k. Line 2
and 3 cancels out by a similar argument. �

Remark 2.17. In particular if k is a characteristic zero field, C∞ and Cop
∞

bimodules coincide.
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Remark 2.18. The author realized that C∞ and Cop
∞

should coincide under
quite general hypothesis while reading [HL]. The proof of Proposition 2.16 is taken
from Lemma 7.9 in [HL].

Proposition 2.9 can be dualized too. A Cop
∞

-bimodule is a left (and right by
commutativity) module over the shuffle bialgebra through the opposite action ρ̃.
The map ρ̃ : A⊥R(M) ⊗ A⊥(R) → A⊥R(M) is the composition

A
⊥

R(M)⊗ A
⊥(R)

id⊗t◦δ
−→ A

⊥

R(M) ⊗ A
⊥(R) ⊗ A

⊥(R)
(sh⊗id⊗sh)◦τ

−→ A
⊥

R(M)

where the map τ

A
⊥(R)⊗M ⊗A

⊥(R)⊗A
⊥(R)⊗A

⊥(R)
τ
→ A

⊥(R)⊗A
⊥(R)⊗M ⊗A

⊥(R)⊗A
⊥(R)

is the permutation of the middle A⊥(R) factors and t the transposition. Now
dualizing the argument of Proposition 2.9 yields

Proposition 2.19. A R-bimodule M is a Cop
∞

-bimodule if and only if A⊥R(M)
is a differential module over the shuffle bialgebra A⊥(R) for the action ρ̃. That is
to say if the following diagram commutes

A⊥R(M) ⊗ A⊥(R)
ρ̃

−→ A⊥R(M)
DM ⊗ id + id ⊗ D ↓ ↓ DM

A
⊥

R(M) ⊗ A
⊥(R)

ρ̃
−→ A

⊥

R(M).

The equation satisfied by the defining maps D
M
10

and D
M
01

for being a C∞ or a
Cop
∞

-bimodule are the same, namely

∀x ∈ R, m ∈ M D
M
10

(x, m) = (−1)|x||m|DM
01

(m, x).

From this observation follows the obvious

Proposition 2.20. If M is either a C∞ or a Cop
∞

-bimodule over R, then
H∗(M) is a symmetric H∗(R)-module.

2.2. Harrison (co)homology with values in bimodules. In this section
we define Harrison (co)homology for a C∞-algebras. For simplicity, in this section,
we restrict attention to the case where k is a field and C∞-algebras and bimodules
are strong. In particular, applying Proposition 2.16 all modules are C∞ and Cop

∞
-

bimodules.

We first deal with cohomology. Thus let (R, D) be a (strong) C∞-algebra
and let (M, D

M ) be a (strong) C∞-bimodule over R. Recall that a coderivation
f ∈ CoDer

(
T (sR), A⊥R(M)

)
is determined by its projection f i : R⊗i≥0 → M .

Denote BDer(R, M) the subspace of CoDer
(
T (sR), A⊥R(M)

)
of coderivations f such

that the fi vanishes on the module generated by the shuffles i.e.,

fi

(
sh(x, y)

)
= 0 for i ≥ 2, x ∈ R

k≥1
, y ∈ R

i−k≥1
.

Lemma 2.21. The map b(f) = DM ◦ f − (−1)|f |f ◦ D sends BDer(R, M) to
itself and satisfies b

2 = 0.
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Proof : We already know that b maps coderivations into coderivations. Let x ∈
R⊗k≥1, y ∈ R⊗l≥1 and f ∈ BDer(R, M).

b(f)i
(
x • y

)
=

∑
±D

M
i(1)i(3)

(
x
(1) • y

(1)
, fi(2)(x

(2) • y
(2)), x(3) • y

(3)
)

=
∑

±D
M
i(1)i(3)

(
x
(1) • y

(1)
, fi(2)(x

(2)), x(3) • y
(2)

)
+ ± D

M
i(1)i(3)

(
x
(1) • y

(1)
, fi(2)(y

(2)), x(2) • y
(3)

)
= 0.

The first line follows from the definition of BDer(R, M) and the other because M

is a C∞-bimodule.

The last statement follows from

b
2(f) = D

(
D

M ◦ f − (−1)|f |f ◦ D
)
− (−1)|f |+1

(
D

M ◦ f − (−1)|f |f ◦ D
)
D

= (−1)|f |+1
D

M ◦ f ◦ D + (−1)|f |DM ◦ f ◦ D

= 0.

�

Definition 2.22. Let (R, D) be a strong C∞-algebra and (M, DM ) be a strong
C∞-bimodule over R, the Harrison cohomology Har∗(R, M) of R with values in M

is the cohomology of the complex CHar∗(R, M) := BDer(R, M) with differential
b(f) = DM ◦ f − (−1)|f |f ◦ D.

Example 2.23. Let R be a non-graded commutative algebra and M a sym-
metric R-bimodule. Then the space of coderivations BDer(R, M) is isomorphic
to Hom(T (R)/sh, M) and is concentrated in positive degrees. Thus, as in Exam-
ple 1.10, the Harrison cohomology coincides with the usual one for strictly commu-
tative algebras in degree ≥ 1.

Remark 2.24. The notation BDer is chosen to put emphasis on the fact that
the Harrison cochain complex BDer(R, M) is a space of B∞-derivation. More pre-
cisely: if R has a structure of B∞-algebra and A⊥R(M) is a differential graded
module over the bialgebra (T (sR), δ, MB), a derivation of B∞-algebra from R to
M is a map f : T (sR) → A⊥R(M) which commutes with δ and M i.e.

δ
M ◦ f = (id ⊗ f + f ⊗ id) ◦ δ and

f ◦ M
B = ρ(id ⊗ f + f ⊗ id).

When R is a C∞-algebra and M a C∞-bimodule over R, BDer(R, M) is the space
of B∞-derivations from R to M for the B∞-structure given by the shuffle product
and the coderivation given by ρ.

We now define Harrison homology. Let R be a C∞-algebra and M a C∞-R-
bimodule. We denote T (sR)/sh the quotient of the shifted tensor coalgebra T (sR)
by the image of the shuffle product map A⊥(sR) ⊗ A⊥(sR) → T (sR). Reasoning
as in the first part of the proof of Lemma 2.21 yields

Lemma 2.25. Let R be a C∞-algebra and M a R-bimodule. If M is a C∞-
bimodule, the Hochschild differential b : M ⊗ T (sR) → M ⊗ T (sR) passes to the
quotient M ⊗ T (sR)/sh.
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Definition 2.26. Let (R, D) be a strong C∞-algebra and (M, DM ) a strong
C∞-bimodule over R, the Harrison homology Har∗(R, M) of R with values in M

is the homology of the complex (CHar∗(R, M) := M ⊗ C⊥(R), b).

Example 2.27. If R, M are respectively a commutative algebra and a sym-
metric bimodule, the complex CHar∗(R, M) is the usual Harrison chain complex,
up to degree 0 terms.

Proposition 2.28. Let R be a strong C∞-algebra and M a strong C∞-bimodule
over R, flat as k-modules. There are converging spectral sequences

E
pq
2

= Har
p+q(H∗(R), H∗(M))q =⇒ Har

p+q(R, M),

E
2

pq = Harp+q(H
∗(R), H∗(M))q =⇒ Harp+q(R, M).

Proof : The shuffle product preserves the grading of T (sR) by tensor powers. Thus
the filtration FpC∗ of Proposition 1.19 induces a filtration on the Harrison chain
complex CHar∗(R, M). Similarly the filtration F pC∗ restricts to the Harrison
cochain complex. Now, the proof of Proposition 1.11 applies also in these cases. �

Remark 2.29. It is of course possible to work with more general ground ring
k and general C∞-algebras and bimodules. In that case, we have to assume that
M is a Cop

∞
-bimodule in statements relative to homology (and a C∞-bimodule

in statement relative to cohomology). Henceforth we shall do so without further
comments when there is no risk for confusion, for instance in Theorem 3.1.

3. λ-operations and Hodge decomposition

This section is devoted to the definition and study of the Hodge decomposition
for Hochschild cohomology of C∞-algebras. We first recall quickly some basic facts
about λ-rings. The λ-operations are standard maps that exists on the Hochschild
and cyclic (co)homology of a commutative algebra [GS1, Lo1]. They yield a Hodge
decomposition in characteristic zero and give a structure of γ-ring with trivial
multiplication to the (co)homology groups. A γ-ring with trivial multiplication
(A, (λk)) is a k-module A equipped with linear maps λn : A → A (n ≥ 1) such that
λ1 is the identity map and

λ
p ◦ λ

q = λ
pq

.

A γ-ring with trivial multiplication (A, (λn)) has a canonical decreasing filtra-

tion F
γ
• A. For n ≥ 1, denote γn =

∑n−1
i=0

(
k−1
i

)
(−1)k−i−1λk−i. It is standard

that λ
k acts as multiplication by k

n on each associated graded module Gr(n)A =
F γ
nA/F

γ
n+1

A. In many cases this filtration splits A into pieces A(i) which are the

ni-eigenspaces of the maps λn, see [Lo1] for more details.

The tensor coalgebra (T (sR), δ, •) is a graded bialgebra, indeed a Hopf algebra,
which is commutative as an algebra. Thus there exist maps ψp : T (sR) → T (sR)
defined by

ψ
p = shp−1 ◦ (δ)p−1(3.12)

which yield a γ-ring with trivial multiplication structure on T (sR) [Lo2, Lo3,
Pa]. These maps induce the γ-ring structure and Hodge structure in Hochschild
(co)homology.
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When the ground ring k contains the rational numbers Q, there is a family
of orthogonal idempotents e(i) : T (sR) → T (sR) such that the tensor coalgebra
T (sR) =

⊕
n≥0 e

(i)(T (sR)) with e
(0)(T (sR)) = k and

e
(1)(T (sR)) = T (sR)/T (sR) • T (sR) ∼= T (sR)/sh

is the set of indecomposable of the shuffle bialgebra T (sR). Furthermore, the
idempotents e(i) are linear combinations of the maps ψn and e(i)(T (sR)) is the
ni-eigenspaces of the map ψn.

3.1. Hochschild cohomology decomposition. In this section we study the
λ-operations on Hochschild cohomology of a C∞-algebra R with values in a Cop

∞
-

bimodule M .
A coderivation f ∈ CoDer(R, M) is uniquely defined by its components fi :

R⊗i≥0 → M . Thus, for n ≥ 1, we obtain the coderivation

λ
n(f) :=

(
fi ◦ ψ

n
/R⊗i

)
i≥0

defined by the maps fi ◦ ψn : R⊗i → M .

Theorem 3.1. Let (R, D) be a C∞-algebra and (M, D
M ) be a C

op
∞

-bimodule
over R.

(1) The maps (λi)i≥0 give a γ-ring with trivial multiplication structure to the
Hochschild cochain complex (CoDer(R, M), b) and the Hochschild coho-
mology HH∗(R, M).

(2) If k contains Q, there is a natural Hodge decomposition

HH
∗(R, M) =

∏
n≥0

HH
∗

(n)(R, M)

into eigenspaces for the maps λn. Moreover HH∗
(1)

(R, M) ∼= Har∗(R, M)

and HH
∗

(0)
(R, M) ∼= H

∗(M).

(3) If k is a Z/pZ-algebra, there is a natural Hodge decomposition

HH
∗(R, M) =

⊕
0≤n≤p−1

HH
∗

(n)(R, M)

with each λn acts by multiplication by ni on HH∗
(i)(R, M). There is a nat-

ural linear map Har
∗(R, M) → HH

∗

(1)
(R, M) inducing an isomorphism

HH∗
(1)

(R, M)q≥∗−p+1 ∼= Har∗(R, M)q≥∗−p+1.

Proof : The identity λi ◦ λj = λij is immediate from ψj ◦ ψi = ψij . Moreover
λ1(f) = f . To prove the first part of the theorem it remains to check that the maps
λn are chain complex morphisms. By Definition 2.1, the differential D is both a
derivation and a coderivation. Thus the differential D commutes with the maps
ψp. Hence with the Eulerian idempotents when they are defined. By definition of
the differential b, it is sufficient to prove, for p ≥ 1, that

pr
(
D

M (f(ψp+1)) − D
M (ψp+1(f))

)
= 0
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where pr : T (sR) → sR is the canonical projection. Let x be in R⊗n. Since the
shuffle product • is a map of coalgebra, one has

pr
(
D

M ◦ f(ψp+1(x))
)

=
∑

D
M
∗∗

(
± x

(1) • x
(4) · · · • x

(3p−2) ⊗ f∗

(
x
(2) • x

(5)•

· · · • x
(3p−1)

)
⊗ x

(3) • x
(6) • · · · • x

(3p)
)

where the sum is over all possible indexes (recall that we are using Sweedler’s
notation). By definition 2.10, the terms where x(3) or x(4) are not in k cancel out
each others (fixing all other components, it follows immediately from the definition).
The same argument works for the terms x(3i) or x(3i+1), i ≤ p − 1. Thus we are
left with

pr
(
D

M ◦ f(ψp+1(x))
)

=
∑

D
M
∗∗

(
± x

(1) ⊗ f∗

(
x
(2) • x

(3) • · · · • x
(p+1)

)
⊗ x

(p+2)
)

= pr
(
D

M (f ◦ ψ
p+1(x))

)
and the first part of the theorem follows.

If k ⊃ Q, the idempotents e(k) are defined. By the first part of the theorem the
Hochschild cochain space splits as the product

C
∗(R, M) =

∏
i≥0

C
∗

(k)(R, M)

where C∗
(i)(R, M) is the subspace of coderivation f whose defining maps fi fac-

tors through e(k)(T (sR)). We write C∗
(i)(R, M) = CoDer

(
e(k)(T (sR)), A⊥R(M)

)
by

abuse of notation. This yields the Hochschild cohomology decomposition. It is
standard that ψn =

∑
i≥0 nie(i). Moreover

(C∗
(0)

(R, M), b) = (CoDer(k, A
⊥

R(M)), b) ∼=
(
Hom(k, M), DM

00

)
.

By section 2.2, Harrison cohomology is well defined. As e(1)(T (sR)) ∼= T (sR)/sh,
one has

C
∗

(1)
(R, M) ∼= (Hom(T (sR)/sh, A

⊥

R(M)), b) ∼= (BDer(R, M), b) = CHar
∗(R, M).

If k is a Z/pZ-algebra, the operators e
(i)
n =

∑
m≥0 e

(i+(p−1)m)

n : R⊗n → R⊗n

are well defined for 1 ≤ i ≤ p − 1 and n ≥ 1, see [GS2, Section 5]. Denote e(i) the

map induced by the operators e
(i)
n for n varying. Note that e

(i)
n = e

(i)
n for n ≤ p−1.

As above, the Hochschild differential commutes with the operators e(i), thus the
Hochschild cochain complex splits as

C
∗(R, M) =

⊕
0≤i≤p−1

C∗
(i)(R, M)

where C∗
(i)(R, M) = CoDer(e(i)(T (sR)), A⊥R(M)). By [GS2], (e(1)(T (sR)) lies in

the quotient of the cotensor coalgebra T (sR)/sh. It follows that we have a canonical
map Har∗(R, M) → HH∗

(1)
(R, M) (see Definition 2.22) which is an isomorphism

when restricted to components of external degree q ≥ ∗− p + 1 because e
(1)

n = e
(1)

n

for n ≤ p − 1. Since p ∈ k is null, reasoning as above we get that the complexes
C∗
(i≥1)(R, M) are ni-eigenspaces for λi. �
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Remark 3.2. The γ-ring structure given by Proposition 3.1.(1) gives rise to
the canonical filtration of complexes F

γ
• (CoDer(R, M), b). Hence there is a spectral

sequence

E
γp,q
1

= H
p+q(F γ

q F
γ
q+1

) =⇒ HH
p+q(R, M).

Denote F
n,(q)
ind (R, M) := Im(Hn(F γ

q ) → HHp+q(R, M)), the induced filtration on

HH
∗(R, M). The argument of [Lo1, Théorème 3.5] shows that E

p,2
1

∼= Har
p(R, M)

and F
n,(q)
ind (R, M)∗≥n−q+2 ∼= 0, F

n,(1)
ind (R, M) ∼= HHn(R, M).

Example 3.3. By Proposition 2.19, the Hochschild cohomology HH∗(R, R�)
always has a γ-ring structure. When R is free and R is strong, HH∗(R, R) is also
a γ-ring according to Proposition 2.16.

Remark 3.4. The splitting of the differential graded bialgebra T (sR) (with
the differential giving the C∞-structure and the shuffle product) used in the proof
of Theorem 3.1 is also the one given in [WGS] for the shuffle bialgebra.

Theorem 3.1 applies to strict algebras. For a strict commutative algebra R, we
denote by Ω∗R the graded exterior algebra of the graded Kähler differential R-
module Ω1

R. The decompositions given by Theorem 3.1 agree with the classical
ones for strict algebras according to

Proposition 3.5. Let (R, d) be a differential graded commutative algebra and
M a symmetric bimodule. Then there exist λ-operations on HH∗(R, M). If k ⊃ Q,
the λ-operations yield a Hodge decomposition of the Hochschild cohomology of R:

HH
n(R, M) =

n∏
i≥0

HH
n
(i)(R, M) for n ≥ 1

Moreover one has:

i) If R is unital and k ⊃ Q, HHn
(j)(R, M) ⊃ Hn−j(HomR(Ωj

R, M), d∗) for

n ≥ 1, j ≥ 0, this inclusion being an isomorphism if R is smooth;
ii) If R and M are non-graded, then the decomposition coincides with the one

of Gerstenhaber and Schack [GS1, GS2].

Proof : By Example 2.11, we know that M is a Cop
∞

-bimodule over R. By Exam-
ple 1.10, the Hochschild cochain complex of R as a C∞-algebra is isomorphic to its
usual Hochschild complex as an associative algebra. Through this isomorphism the
operation λi becomes

(3.13) f ∈ Hom(R⊗n, M) �→ f ◦ ψ
i
.

Thus when k ⊃ Q, the induced splitting coincides with the one of [GS1] and
ii) is proved. Theorem 3.1 implies that the Hochschild cohomology of R (with
its canonical C∞-structure) admits a Hodge type decomposition. We know from
Example 1.10 that this cohomology coincides with the usual Hochschild cohomology.

When R is furthermore unital, there is a canonical isomorphism of cochain
complexes

Hom(R⊗n, M) ∼= HomR(R ⊗ R
⊗n

, M)

where the differential on the right is dual to the Hochschild differential on the
Hochschild complex C∗(R, R) = R ⊗ R⊗∗. There is the well-known canonical map

R ⊗ T (sR)
π
→ Ω∗R given by π(a0 ⊗ a1 ⊗ . . . ⊗ an) = a0∂a1 . . . ∂an which is a map
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of complexes. The differential on Ω∗R is the one induced by the inner differential
d : R → R. Hence we get a chain map

π
∗ : (HomR(Ωj

R, M), d∗) → (CoDer(R, M), b).

It is known that Ωi
R
∼= R⊗e(i)(R⊗i) [Lo2]. Thus the chain map π∗ splits and iden-

tifies HomR(Ωj
R, M), d∗) as a subcomplex of C∗

(i)(R, M). Also, when R is smooth,

the map π∗ is a quasi-isomorphism and Ω1

R is projective over R, thus π∗ is a quasi-
isomorphism too. �

Remark 3.6. • Proposition 3.5 applies to non unital algebras.
• If R and M are non-graded and moreover flat over k ⊃ Q, then assertion

ii) implies that

HH
n
(i)(R, M) ∼= AQ

n−i
i (R/k, M)

where AQ∗k(R/k, M) is the higher André-Quillen cohomology of R with
coefficients in M .

Recall that for any C∞-algebra (R, DC), the map D1 : R → R is a differential
and that we denote H∗(R) the homology of (R, D1). Similarly, for an R-bimodule
M , H

∗(M) is the homology of (M, D
M
00

). According to Proposition 1.11, there is
a spectral sequence abutting to HH∗(R, M). It is in fact a spectral sequence of
γ-rings.

Proposition 3.7. Let (R, D) be a C∞-algebra with R, H∗(R) flat as a k-
module and M be a Cop

∞
-bimodule with M, H∗(M) flat.

• The spectral sequence E
∗,∗
2

= HH
∗(H∗(R), H∗(M)) =⇒ HH

∗(R, M) is a
spectral sequence of γ-rings (with trivial multiplication).

• If k ⊃ Q, then the above spectral sequence splits into pieces

AQ
n−i
(i) (H∗(R), H∗(M)) =⇒ HH

∗

(i)(R, M).

Proof : The spectral sequence of Proposition 1.11 is induced by the filtration
F ∗C∗(R, M). The maps λn preserves the filtration, thus the γ-ring structure passes
to the spectral sequence. The E∗∗

1
term corresponds to the Hochschild cochain

complex of the commutative algebra H∗(R) with values in the symmetric bimod-
ule H∗(M). Example 1.10 ensures that the induced operations λn : E∗∗

1
→ E∗∗

1

corresponds to Gerstenhaber-Schack standard ones on the cochain complex, hence
in its cohomology E

∗∗

2
.

When k ⊃ Q, the Hochschild cochain complex splits as a direct product of
complexes

∏
i≥0 C∗

(k)(R, M). Furthermore, this splitting is induced by the Euler-

ian idempotent, which are linear combination of the maps λn. Thus the filtra-
tion on C∗(R, M) is identified with a product of filtered complexes F •C∗

(i)(R, M).

As above, we find that the level E∗∗
1

C∗
(i)(R, M) is given by the weight i part

C∗
(i)(H

∗(R), H∗(M)) of C∗(H∗(R), H∗(M)). The flatness and rational assump-

tions ensures that the cohomology of C∗
(i)(H

∗(R), H∗(M)) is the André-Quillen

cohomology AQ
n−i
(i) (H∗(R), H∗(M)) see [Lo2], Chapter 3. �

Remark 3.8. One easily checks that, when R is flat over k ⊃ Q, the weight
1 part of the spectral sequence coincides with the Harrison cohomology spectral
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sequence 2.28. Notice that the spectral sequences also splits with respects to the
partial Hodge decomposition if k ⊃ Z/pZ.

Let F : (S, B) → (R, D) be a map of A∞-algebras and (M, DM ) be an R-
bimodule. Let BM be the coderivation of A⊥S (M) given by the defining maps(

B
M
pq : S

⊗p ⊗ M ⊗ S
⊗q F⊗id⊗F

−→ A
⊥

R(M)
DM

−→ A
⊥

R(M)
pr

−→ M

)
p,q≥0

.

Lemma 3.9. The coderivation BM endows M with a structure of S-bimodule.
Furthermore, if F is a map of C∞-algebras and M is a Cop

∞
-bimodule, then M is

also a Cop
∞

-bimodule over S.

Proof : We have to check that (BM )2 = 0. For x ∈ A⊥R(M), the tensor BM
(
BM (x)

)
is a sum of three kinds of elements: the ones which only involve the maps Bn, the
ones which only involve the maps BM

nm (m, n ≥ 0) and the ones which involve one
Bn and one BM

pq (n, p, q ≥ 0). Since B ◦B = 0 the sum of elements of the first kind

vanishes. Since the degrees |B| = |BM | = 1 are odd, the sum of elements of the
third kind is also null. The sum of terms of the second kind vanishes because the
projections on M satisfies

pr
(∑

B
M
nm ◦ (F ⊗ id ⊗ F ) (BM (x))

)
= pr

(
D

M ◦ D
M (F ⊗ id⊗ F )

)
= 0.

When F is a C∞-map, each of its components Fi vanish on shuffles. It follows
that the coalgebra map F : A⊥(S) → A⊥(R) is also a map of algebras (for the shuffle
product). Furthermore, according to Proposition 2.19, A⊥R(M) is a differential
module over the shuffle algebra A⊥(R). Thus A⊥S (M) is a differential module over
the shuffle algebra A⊥(S). Hence M is a C∞-bimodule over S. �

Proposition 3.10. Let (R, D) be an A∞-algebra, (M, DM ) an R-bimodule
and (S, B) be a A∞-algebras.

• If there is an A∞-map F : (S, B) → (R, D), then there is a linear map

F
∗ : HH

∗(R, M) → HH
∗(S, M)

which is an isomorphism if F1 : (S, dS) → (R, dR) is a quasi-isomorphism.
• If (N, DN ) is an R-bimodule and φ : (M, DM ) → (N, DN ) is a A-bimodule

map, then there is a linear map

φ∗ : HH
∗(R, M) → HH

∗(R, N)

which is an isomorphism when φ1 : (M, d
M ) → (N, d

N ) is a quasi-
isomorphism.

• When R, S are C∞-algebras, M , N are C∞-bimodules and F , φ C∞-
morphisms, then F ∗ and φ∗ are maps of γ-rings.

Proof : Lemma 3.9 implies that M has an S-bimodule structure given by the map
BM . The morphism of differential coalgebras F induces a morphism of coderiva-
tions F ∗ : CoDer(R, M) → CoDer(S, M). For any x in C∗(R, M) = CoDer(R, M),
one has,

b(F (x)) = B
M (x(F )) − x(F (B))

= B
M (x)(F ) − x(D(F ))
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hence F is a morphism of complex. If F1 is a quasi-isomorphism, then F̃1 is an
isomorphism at the page 1 of the spectral sequences associated to HH∗(R, M),
HH∗(S, M) by Proposition 1.11. The first assertion is proved. The second one is
analogous using the application φ∗ : F ∈ C∗(R, M) �→ φ ◦ f ∈ C∗(R, N) instead of
F
∗.

Moreover when F is a C∞-map, then M is a C∞-bimodule by Lemma 3.9
and the λ-operations already commutes with F ∗ and φ∗ at the cochain level; the
compatibility is proved as in Theorem 3.1. �

A C∞-algebra (R, D) is said to be formal if there is a morphism

F : (H∗(R), D2) → (R, D)

of C∞-algebras with F1 a quasi-isomorphism.

Corollary 3.11. Let (R, D) be a formal C∞-algebra, free as a k-module. If
there is a C∞-map F : (H∗(R), D2) → (R, D) with F1 a quasi-isomorphism, then
there is a natural isomorphism of γ-rings:

HH
∗

(
R, R

)
∼= HH

∗

(
H
∗(R), H∗(R)

)
and if k ⊃ Q, an isomorphism of Hodge decomposition

HH
∗

(n)

(
R, R

)
∼= HH

∗

(n)

(
H
∗(R), H∗(R)

)
for n ≥ 0.

Proof : We denote by φ : H∗(R) → R the morphism of C∞-bimodule induced by
F . Proposition 3.10 yields a zigzag

HH
∗

(
R, R

) F̃∗

−→ HH
∗

(
H
∗(R), R

) φ̃∗

←− HH
∗

(
H
∗(R), H∗(R)

)
where the arrows are isomorphisms of γ-rings. Hence the result. �

Remark 3.12. The definition of formality that we use here is quite strong.
However, it is enough for our purpose. In the literature, one might find the definition
that (R, D) is formal if (H∗(R), D2) and (R, D) are connected by a chain of C∞-
quasi-isomorphisms. When k is a characteristic zero field, these two definitions
agree since one can check that C∞-quasi-isomorphisms are invertible. This is also
the case over any field if one only considers strong C∞-algebras. Details are left to
the reader.

Proposition 3.13. Let (R, D) be a C∞-algebra and F1 : H∗(R) → R a quasi-
isomorphism inducing the product structure on H∗(R). If

Har
n(H∗(R), H∗(R))≤2−n = 0 for n ≥ 1

then R is formal.

Proof : The techniques of [GH2] for homotopy Gerstenhaber algebras apply mu-
tatis mutandis to C∞-algebras as well. Thus, given a quasi-isomorphism F1 :
H
∗(R) → R, there is a C∞-structure (H∗(R), B) and a C∞-quasi-isomorphism

G : (H∗(R), B) → (R, D) such that B1 = 0, B2 = D2 and G1 = F1. When the
Harrison cohomology is concentrated in bidegree (1, ∗), for the bigrading induced
by the tensor power of maps and internal degree of H∗(R), there is a C∞-morphism
H : (H∗(R), D2) → (H∗(R), B) with H1 being the identity map. The composition
of this two C∞-maps gives the formality map. �
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Example 3.14. By a deep result of Tamarkin [Ta], it is now well-known that
the Hochschild cochain complex of any associative algebra A, over a characteristic
zero ring, has a G∞-structure, hence a C∞-one, which is (non-canonically) induced
by the cup-product and the braces of [GV]. For the algebra A = C∞(X) of smooth
functions on a manifold X , the Hochschild cochain complex C

∗(A, A) of multilinear
and multidifferential operators on A is a formal C∞-algebra. Its cohomology is
Γ = Γ(X,ΛTX) the polyvector fields on X . We can apply Proposition 3.13 and
then Corollary 3.11 (because the Harrison cohomology of Γ vanish) to find

HH
∗

(j)(C
∗(A, A), C∗(A, A)) ∼= HH

∗

(j)

(
Λ∗Γ(X,ΛTX),Λ∗Γ(X,ΛTX)

)
∼= HomΓ(Ω

j
Γ
,Γ)

∼= Λj
sΩΓ.

The last step follows from the Jacobi-Zariski exact sequence applied to the smooth
algebra Γ that leads to ΩΓ

∼= Γ ⊗R ΩR ⊕ s(ΩR)�. Moreover, the Hochschild chain
complex C∗(A, A) is a C

op
∞

-bimodule by Proposition 2.19. From the previous argu-
ment one easily gets

HH
∗

(j)(C
∗(A, A), C∗(A, A)) ∼= HomΓ(Ωj

Γ
,Ω∗A).

Example 3.15. When formality does not hold, Proposition 3.7 can be used to
study HH∗

(
C∗(R, R), C∗(R, R)

)
. For instance, Let R be a semi-simple separable

algebra, then HH∗(R) = HH0(R) = Z(R) the center of R. It follows that the
spectral sequence E∗∗

1
is concentrated in bidegree (∗, 0) hence collapses. Thus one

has
HH

∗

(
C
∗(R, R), C∗(R, R)

)
∼= HH

∗

(
Z(R), Z(R)

)
which is an isomorphism of Gerstenhaber algebras and γ-rings on the associated
graded to the canonical filtration of A⊥(R).

Proposition 3.16. Let k be a characteristic zero field and (R, D) be a C∞-
algebra with D1 = 0. Assume that there is an element 1 ∈ R0 which is a unit for
D2. Let N be a C

op
∞

-module.

• If (R, D2) is smooth, for any n ≥ 0, one has

HH
∗

(n)(R, N) ∼= HomR(Ωn
R, N).

• If (R, D2) is not necessarily smooth but satisfies D3(1, x, y) = D3(y, 1, x) =
0, then

HH
∗

(n)(R, N) ⊃ HomR(Ωn
R, N).

Proof : Let πn : M ⊗ R⊗n → M ⊗(R,D2)
Ωn
(R,D2)

be the canonical surjection.

It factors through M ⊗ e(n)(R⊗n). The C∞-differential D commutes with e(n).
Moreover the map Di≥2

(
R⊗n

)
⊂ R⊗≤n−1. Thus, as π∗ factors through M ⊗

e(n)(R⊗n), the map π∗ : (C∗(R, M), b) → (M ⊗(R,D2)
Ω∗
(R,D2)

, 0) is a chain map.

This is a generalization of a well-known fact for strict algebras [Lo2, chapter 4].
Therefore we obtain a morphism of cochain complexes

(HomR(Ωn
R, N), 0) ↪→ (C∗(R, N), b).

The filtration by the exterior power of HomR(Ω∗
(R,D2)

, R) yields a spectral sequence

computing HomR(Ω∗
(R,D2)

, R). The complex map π∗ yields a map between this
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spectral sequence and the one of Proposition 1.11 for HH∗(R, M). When (R, D2)
is smooth, the map π1 is an isomorphism at page 1 by the Hochschild Kostant
Rosenberg theorem, thus on the abutment. If D3 vanishes when one of the variable
is the unit, then the anti-symmetrization map εn : Ωn

(R,D2)
→ M ⊗ R⊗n is well

defined modulo a boundary of (M ⊗ T (sR), b), as for strict commutative algebras.
Thus we have a well defined map

ε∗ : HH
∗(R, M) → HomR(Ωn

R, N)

which is a section of π∗ up to multiplication by non zero scalars [Lo2]. �

Example 3.17. A C∞-algebra satisfying D1 = 0 is called a minimal C∞-
algebra. Formal Frobenius algebras are a huge class of examples [Ma].

3.2. Decomposition in Hochschild homology. In this section we define
and study the Hodge decomposition for Hochschild homology of C∞-algebras. We
denote λ

p
: M ⊗ T (sR) → M ⊗ T (sR) the map id ⊗ ψp for p ≥ 1, where ψp is

defined by formula (3.12).

Theorem 3.18. Let R be a C∞-algebra and M an C∞-bimodule over R.

(1) The maps (λ
i
)i≥1 define a γ-ring (with trivial multiplication) structure

on the Hochschild complex (M ⊗ T (sR), b) and on Hochschild homology
HH∗(R, M).

(2) If k contains Q, there is a Hodge decomposition

HH∗(R, M) =
⊕
i≥0

HH
(i)
∗ (R, M)

into eigenspaces for the maps λ
n
. Moreover HH

(1)

∗ (R, M) ∼= Har∗(R, M)

and HH
(0)

∗ (R, M) ∼= H∗(M, DM
00

).
(3) If k is a Z/pZ-algebra, there is a Hodge decomposition

HH∗(R, M) =
⊕

0≤n≤p−1

HH
(n)
∗ (R, M)

with λ
n

acting by multiplication by n
i on HH

(i)
∗ (R, M). Furthermore,

there is a natural linear map HH
(1)

∗ (R, M) → Har∗(R, M) inducing an

isomorphism HH
(1)

∗ (R, M)∗≤p−1−n ∼= Har∗(R, M)∗≤p−1−n.

Proof : The proof is similar to the one of Theorem 3.1. The only slight difference
is the compatibility of the maps ψ

p+1 (p ≥ 1) with the differential D
M . For

m ∈ M, x ∈ T (sR) one has

D
M

(
λ
p+1

(x)
)

=
∑

D
M
∗∗

(
± x

(3) • x
(6) · · · • x

(3p) ⊗ m ⊗ x
(1) • x

(4)•

· · · • x
(3p−2)

)
⊗ x

(2) • x
(5) • · · · • x

(3p−1)

All the terms for which x(3i+1) or x(3i) is non trivial (1 ≤ i ≤ p − 1) vanish by
definition of a C∞-module. Thus

D
M
(
λ
p+1

(x)
)

= ±D
M
∗∗

(
x
(p+2) ⊗ m ⊗ x

(1)

)
⊗ x

(2) • x
(3) • · · · • x

(p+1)

= λ
p+1

(DM (x)).

�
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Example 3.19. When R is a differential graded commutative algebra and M

a symmetric bimodule, the γ-ring structures and Hodge decompositions given by
Theorem 3.18 coincides with the classical ones [Lo1, Vi].

Remark 3.20. Similarly to Remark 3.2, the γ-ring structure given by The-
orem 3.18.(1) gives rise to a canonical filtration of complexes F

γ
• (M ⊗ T (sR), b)

and thus a spectral sequence Eγ1
p,q = Hp+q(F

γ
q F

γ
q+1

) =⇒ HHp+q(R, M). The in-

duced filtration F ind
n,(q)(R, M) := Im(Hn(F γ

q ) → HHp+q(R, M)) satisfies E1

p,2
∼=

Harp(R, M) and F ind
n,(q)(R, M)∗≥q−2−n ∼= 0, F ind

n,(1)(R, M) ∼= HHn(R, M).

Proposition 3.21. Let (R, D) be a C∞-algebra with R, H∗(R) flat as a k-
module and M be a Cop

∞
-bimodule such that M and H∗(M) are flat.

• The spectral sequence E2

∗,∗ = HH∗(H
∗(R), H∗(M)) =⇒ HH∗(R, M) (see

Theorem 1.19) is a spectral sequence of γ-rings (with trivial multiplica-
tion).

• If k ⊃ Q, the spectral sequence splits into pieces

AQ
(i)
n−i(H

∗(R), H∗(M)) =⇒ HH
(i)
∗ (R, M).

Proof : The proof is dual to the one of Theorem 1.19 and Proposition 3.7 using
the dual filtration FiC∗(R, M) = M ⊗ R

⊗∗≤i. �

Remark 3.22. One easily checks that when R is flat over k ⊃ Q, the weight
1 part of the spectral sequence coincides with the Harrison homology spectral se-
quence of Proposition 2.28.

When the bimodule M is the C∞-algebra R, the Hochschild complex is a C∞-

algebra. For i ≥ 2, let Bi :
(
R ⊗ T (sR)

)
⊗i

→ R ⊗ T (sR) be the map defined, for
rk ⊗ xk ∈ R ⊗ T (sR), k = 1 . . . i, by

Bi(r1⊗x1, . . . , ri⊗xi) =
∑
j≥i

±Dj

(
x
(3)

1
⊗r1⊗x

(1)

1
�· · ·�x

(3)

i ⊗ri⊗x
(1)

i

)
⊗x

(2)

1
•· · ·•x

(2)

i

where x⊗r1⊗y�x′⊗r2⊗y′ is obtained from the shuffle product x⊗r1⊗y•x′⊗r2⊗y′ by
taking only shuffles such that r1 appears before r2. Take the Hochschild differential
b for B1 and write B : C∗(R, R) ⊗ T (sC∗(R, R)) → C∗(R, R) ⊗ T (sC∗(R, R)) for
the codifferential induced by the maps Bi.

Proposition 3.23. • (C∗(R, R), B) is a C∞-algebra. In particular B2

induces a structure of commutative algebra on HH∗(R, R).

• Bi(λk
⊗i

) = λk(Bi) and in particular the operations λk are multiplicative
in Hochschild homology.

• The spectral sequence E2

∗,∗ = HH∗(H
∗(R), H∗(R)) =⇒ HH∗(R, R) is a

spectral sequence of algebras equipped with multiplicative operations λk.

Proof : By commutativity of the shuffle product, the vanishing of the maps Bi≥2

on shuffles amounts to the vanishing of

Dj≥p+q(x
(3)

1
r1x

(1)

1
� . . . � x

(3)

p rpx
(1)

p • y
(3)

1
s1y

(1)

1
� . . . � y

(3)

q sqy
(1)

q )

which follows since R is a C∞-algebra. Since

D(x1 • · · · • xi) =
∑

±x1 • · · · • D(xj) • · · · • xi,
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the vanishing of B2 is equivalent to the equation∑
±D∗

(
x
(3)

1
r1x

(1)

1
� . . . � x

(3)

i rix
(1)

i � x
(4)

i+1
• · · · • x

(4)

j D∗

(
x
(5)

i+1
ri+1x

(1)

i+1
� . . .

. . . x
(5)

j rjx
(1)

j

)
x
(2)

i+1
• · · · • x

(2)

j � x
(3)

j+1
rj+1x

(1)

j+1
� . . . � x

(3)

n rnx
(1)

n

)
= 0.

This is the A∞-equation (1.4) applied to

x
(3)

1
r1x

(1)

1
� . . . � x

(3)

n rnx
(1)

n

up to terms like

D∗(. . . D∗(x
(1)

i • x
(4)

i+1
ri+1x

(1)

i+1
� . . . x

(4)

j rjx
(1)

j ) . . . )

which are trivial by Definition 2.1. Thus the Hochschild complex (C∗(R, R), B) is a
C∞-algebra. In particular its homology for the differential B1 = b is a commutative
algebra.

The maps λ
k

are algebras morphisms (with respect to the shuffle product). As

in the proof of Theorem 3.18 (which is the B1-case), we obtain that Bi(λk
⊗i

) =

λk(Bi). Furthermore, the map Bi (i ≥ 1) preserves the filtration F ∗(C∗(R, R)).
It follows that the spectral sequence E1

∗∗
is a spectral sequence of commutative

algebras. On the page E1, the product is given by the usual shuffle product on the

Hochschild complex of H∗(R). Since the λ
k
-operations on page 2 commutes with

the shuffle product, the result follows. �

Remark 3.24. When R is a strict commutative algebra, one recovers the usual
shuffle product of [GJ1].

The functorial properties of Hochschild cohomology holds for homology as well.

Proposition 3.25. Let (R, D) be an A∞-algebra, (M, D
M ) an R-bimodule

and (S, B) be an A∞-algebra.

• An A∞-morphism F : (S, B) → (R, D) induces a natural linear map

F∗ : HH∗(S, M) → HH∗(R, M)

which is an isomorphism if F1 : (S, B1) → (R, D1) is a quasi-isomorphism.
• Let (N, DN ) be an R-bimodule and let φ : (M, DM ) → (N, DN ) be an

R-bimodule map. There is a natural linear map φ∗ : HH∗(R, M) →
HH∗(R, N) which is an isomorphism if φ1 : (M, DM

00
) → (N, DN

00
) is a

quasi-isomorphism.
• Moreover when R, S are C∞-algebras, M , N C∞-bimodules and F , φ

C∞-morphisms, then F∗ and φ∗ are maps of γ-rings.

Example 3.26. Recall that, for an associative algebra over a field of char-
acteristic zero, the Hochschild cochain complex C

∗(A, A) is a C∞-algebra (Exam-
ple 3.14). It is moreover formal when A = C∞(X). Thus Proposition 3.25 gives an
isomorphism

HH∗(C
∗(R, R), C∗(R, R)) ∼= Γ(X,Λ∗(TX)�) ⊗Γ Ω∗

Γ
.

Recall that if (R, D) is a C∞-algebra such that D1 = 0, then (R, D2) is a graded
commutative algebra (Example 2.7)

Proposition 3.27. Let k be a characteristic zero field, (R, D) be a C∞-algebra
such that D1 = 0 and D2 unital, and M be a C∞-module.
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• If (R, D2) is smooth, one has

HH
(n)
∗ (R, M) ∼= M ⊗(R,D2)

Ωn
(R,D2)

.

• If R is not necessarily smooth but D3(1, x, y) = D3(y, 1, x) = 0, then

HH
(n)
∗ (R, M) ⊃ M ⊗(R,D2)

Ωn
(R,D2)

.

3.3. The augmentation ideal spectral sequence. In this section, we gen-
eralize results of [WGS] in the context of C∞-algebras. In particular, we study the
compatibility between the Hodge decomposition and the Gerstenhaber structure,
see Theorem 3.31 below.

Convention 3.28. In this section, the ground ring k is either torsion free or
a Z/pZ-algebra. Moreover all k-modules are assumed to be flat.

The (signed) shuffle bialgebra T (sR) has a canonical augmentation T (sR) →
k⊕ sR. We wrote I(sR) for its augmentation ideal. There is a decreasing filtration

· · · ⊂ I(sR)n ⊂ I(sR)n−1 ⊂ · · · ⊂ I(sR)1 ⊂ I(sR)0 = T (sR).

This filtration induces a filtration of Hochschild (co)chain spaces

· · · ⊂ M⊗I(sR)n ⊂ M⊗I(sR)n−1 ⊂ · · · ⊂ M⊗I(sR)1 ⊂ M⊗I(sR)0 = C∗(R, M),

C
∗(R, M) =CoDer(I(sR)0, A⊥R(M)) → CoDer(I(sR)1, A⊥R(M)) → . . .

· · · → CoDer(I(sR)n−1, A⊥R(M)) → CoDer(I(sR)n, A
⊥

R(M)) → . . . .

We called these filtration the augmentation ideal filtration.

Lemma 3.29. Let R be a C∞-algebra, M and N respectively a C∞-bimodule
and a Cop

∞
-bimodule over R. The augmentation ideal filtration of C∗(R, M) and

C∗(R, N) are filtration of (co)chain complexes.

Proof : Since the augmentation ideal filtration is induced by the shuffle product,
the result follows as in the proofs of Theorems 3.1, 3.18. �

By Lemma 3.29, there are augmentation ideal spectral sequences

I
1

pq(R, M) = Hp+q(M ⊗ I(sR)p/I(sR)p+1),(3.14)

I
pq
1

(R, N) = H
p+q(CoDer(I(sR)p/I(sR)p+1

, A
⊥

R(N)).(3.15)

Proposition 3.30. Let R be a C∞-algebra, M and N two R-bimodules which
are respectively a C∞-bimodule and a Cop

∞
-bimodule.

(1) The spectral sequence I1pq(R, M) converges to HHp+q(R, M) and the spec-

tral sequence I
pq
1

(R, N) converges to HHp+q(R, N) if R ,M are concen-
trated in non-negative degrees and N in non-positive degrees.

(2) Let k be a field. Then I1∗
1

(R, N) ∼= Har∗+1(R, N) and I1
1∗

(R, M) ∼=
Har∗+1(R, M).

(3) When R is free, I1∗
1

(R, R) is a spectral sequence of Gerstenhaber algebras.

Proof : It follows from the combinatorial observations of [WGS], Section 3 and
4. The only difficulty is to check that all the constructions are compatible with
the C∞-differential. This is straightforward since the differentials D, D

M , D
N

(defining the algebra and bimodules structures) are coderivations for the coproduct
and moreover compatible with the filtrations (Lemma 3.29). �
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Theorem 3.31. Let k be a field and R be a strong C∞-algebra (see Exam-
ple 2.4).

• The Harrison cohomology Har∗(R, R) = HH∗
(1)

(R, R) is stable by the

Gerstenhaber bracket.
• If k ⊃ Q, the cup-product and Gerstenhaber bracket are filtered for the

Hodge filtration FpHH∗(R, R) =
⊕

n≤q HH∗
(n)(R, R), in the sense that

FpHH
∗(R, R) ∪ FqHH

∗(R, R) ⊂ Fp+qHH
∗(R, R) and

[FpHH
∗(R, R),FqHH

∗(R, R)] ⊂ Fp+q−1HH
∗(R, R)

Proof : Since k is a field, the convention 3.28 is satisfied and furthermore, The-
orem 3.1 gives a Hodge decomposition if k is of characteristic zero or a partial
Hodge decomposition if k is of positive characteristic. Moreover, the identification
of the Harrison cohomology also follows from Theorem 3.1. By Proposition 2.16,
R is a Cop

∞
-bimodule over itself. Let g be in C∗

(1)
(R, M). Since each component

gi : R⊗i → R vanishes on shuffles, we obtain g(x • y) = g(x) • y + (−1)|x||g|x • g(y).
Thus, for f, g ∈ C∗

(1)
(R, M),

pr([f, g](x • y)) = pr
(
f(g(x) • y) + ±f(x • g(y)) −±g(f(x) • y) + ±g(x • f(y))

)
= 0.

Hence [f, g] ∈ C∗
(1)

(R, M).

When k ⊃ Q it is well-known that there is an isomorphism of algebras T (sR) ∼=
S(e(1)(sR)) where the product on T (sR) is the shuffle product. Furthermore
e(i)(sR) = Si(e(1)(sR)). Hence, the filtrationFqHH∗(R, R) is the filtration induced
by the augmentation ideal filtration in cohomology. Let f ∈ FpHH

∗(R, R) and
g ∈ FqHH∗(R, R); we have to prove that the defining maps (f∪g)m(x1•· · ·•xn) = 0

for n ≥ p + q, m ≥ 1 and xi ∈ e(1)(sR). The argument is similar to the first part
of the proof. Indeed,

(f ∪ g)m(x1 • · · · • xn) =
∑

i+j+k=m+2

±Dk

(
x
(1)

1
• · · · • x

(1)

n ⊗ fi(x
(2)

1
• · · · • x

(2)

n )

⊗x
(3)

1
• · · · • x

(3)

n ⊗ gj(x
(4)

1
• · · · • x

(4)

n ) ⊗ x
(5)

1
• · · · • x

(5)

n

)
.

Since m ≥ p + q, we can assume that there is an index l such that x
(2)

l = 1 = x
(4)

l

(if not either fi(x
(2)

1
• · · · • x

(2)

n ) or gj(x
(4)

1
• · · · • x

(4)

n ) is zero). It follows that

Dk

(
x
(1)

1
• · · · ⊗ fi(x

(2)

1
• · · · • x

(2)

n ) ⊗ · · · ⊗ gj(x
(4)

1
• · · · • x

(4)

n ) · · · • x
(5)

n

)
is equal to

Dk

((
x
(1)

1
• · · · ⊗ fi(x

(2)

1
• · · · • x

(2)

n )⊗ · · · ⊗ gj(x
(4)

1
• · · · • x

(4)

n ) · · · • x
(5)

n

)
• xl

)
which is zero since Dk vanishes on shuffles. Hence, f ∪ g ∈ Fp+qHH∗(R, R). A
similar argument shows that [f, g] ∈ Fp+q−1HH∗(R, R). �

Remark 3.32. Theorem 3.31 applies in particular to differential graded com-
mutative algebras. For non-graded algebras it was first proved in [BW]. A careful
analysis of the proof of Theorem 3.31 shows that it holds whenever R is free over
a ground ring k which contains either Q or Z/pZ (p a prime).

Remark 3.33. Note that when the spectral sequence I
pq
1

(R, R) converges, the
second assertion in Theorem 3.31 follows immediately from Proposition 3.30.
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3.4. Hodge decomposition and cohomology of homotopy Poisson al-
gebras. In this section, for simplicity, we work over a ground ring containing Q. If
P is a Poisson algebra, the Hodge decomposition of the Hochschild (co)homology
of the underlying commutative algebra identifies with the first page of a spectral
sequence computing its Poisson cohomology [Fr2]. We want to prove that this
result makes sense for homotopy Poisson algebras (P∞-algebras for short) as well.
We briefly recall the definition of P∞-algebras and refer to [Gi] for more details.

Definition 3.34. Let R be a k-module and P⊥(R) := S
(
coLie(sR)

)
be the

symmetric coalgebra on the cofree Lie coalgebra over sR. A P∞-algebra structure
on R is given by a coderivation ∇ of degree 1 on P⊥(R) such that ∇2 = 0. A map
of P∞-algebra (R,∇) → (S,∇′) is a graded differential coalgebra map P⊥(R) →
P⊥(S).

The “coalgebra”-structure of P⊥(R) is obtained by the sum of the symmetric
coproduct (i.e. the free cocommutative one) and the lift as a coderivation of the Lie
coalgebra cobracket (see [Gi] for an explicit formula). As for A∞-algebras, a P∞-
structure on R is uniquely defined by maps ∇p1,...,pn

: R⊗p1 ⊗ . . .⊗R⊗pn → R such
that ∇(x1, . . . , xn) (xi ∈ R⊗pi) is antisymmetric with respect to the coordinates xi

and vanish if one of the xi is a shuffle. There is a forgetful functor from the category
of P∞-algebras to the one of C∞-algebras. It is determined by considering only the
map Dn : R⊗n → R which restricts to coLie(sR). When (R,∇) is a P∞-algebra,
we denote CoDer(R, R) the k-module of coderivations of P⊥(R).

Definition 3.35. The cohomology of the P∞-algebra (R,∇) is the cohomology
HP ∗(R, R) of the complex CoDer(R, R) equipped with the differential [−,∇]. More
precisely, one has

[f,∇] = f ◦ ∇− (−1)|f |∇ ◦ f for f ∈ CoDer(R, R).

Proposition 3.36. Let (P,∇) be a P∞-algebra, such that P is a Cop
∞

-bimodule
over itself. There is a converging spectral sequence

E
pq
1

= HH
q+p
(p) (P, P ) =⇒ HP

p+q(P, P ).(3.16)

Proof : Since k ⊃ Q, the cofree Lie coalgebra coLie(sP ) is isomorphic to the
indecomposable space e

(1)(T (sP )) and there is an isomorphism S
n(e(1))) ∼= e

(n)

induced by the shuffle product. Hence

P
⊥(P ) =

⊕
n≥1

S
ncoLie(sP ) ∼=

⊕
S
n(e(1)(A⊥(P ))) ∼=

⊕
e
(n)(T (sP ))).

The space P
⊥(P ) is filtered by the symmetric power of

⊕
S
ncoLie(sP ). On the

associated graded module E0, the differential reduces to the coderivation defined
by the maps (∇n : R⊗n → R)n≥1. Clearly, this is the coderivation defining the
C∞-structure of P . Since P is assumed to be a C∞-bimodule over its underlying

C∞-algebra structure, the differential
[
−,

∑
n≥1∇n

]
preserves the decomposition

P⊥(P ) =
⊕

e(n)(A⊥(P ))). It follows that E
p∗
1

is the cohomology of the complex

CoDer
(
e(p)

(
A⊥(P )

)
, A⊥(P )

)
, where the coderivations are taken with respect to

the coalgebra structure of A⊥(P ), equipped with the Hochschild differential given
by the underlying C∞-algebra structure of P . Thus E

p∗
1

∼= HH∗
(q)(P, P ), see the

proof of Theorem 3.1. �
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Example 3.37. Let (P, m, [ ; ]) be a Poisson algebra. The maps D2 = m

and D1,1 = [ ; ] endow P with its canonical P∞-structure and the cohomology
of CoDer(P⊥(P ), P⊥(P )) is its Poisson cohomology HP ∗(P, P ). Proposition 3.36
implies that there is a spectral sequence converging to HP ∗(P, P ) whose E1 term
is the Hochschild cohomology of P . This spectral sequence is the dual of the one
found by Fresse [Fr1, Fr2].

Example 3.38. Let g be a Lie algebra. The free Poisson algebra on the Lie
algebra g is S∗g. Indeed the Lie bracket of g extends uniquely on S∗g in such a
way that the Leibniz rule is satisfied. Since S∗g is free as an algebra (thus smooth),
according to Proposition 3.5.i), the term E1 of spectral sequence (3.16) is equal to

HH
∗

(p)(S
∗

g, S
∗

g) ∼= HH
p
(p)(S

∗

g, S
∗

g) ∼= HomS∗g(Ω
p
S∗g

, S
∗

g)

∼= S
pHom(g, S

∗

g).

It follows that the spectral sequence collapses at level 2 with En
2

= Hn
Lie

(g, S∗g)
where H∗

Lie
stands for Lie algebra cohomology.

Example 3.39. A C∞-algebra is a P∞-algebra by choosing all other defining
maps to be trivial. Let R be a P∞-algebra with ∇p1,...,pn

= 0 for n ≥ 2. Then
spectral sequence (3.16) collapses at level 1 since the maps ∇p1,...,pn

are null for
n ≥ 2. Hence

HP
∗(R, R) ∼=

⊕
p≥0

HH
∗

(p)(R, R).

4. An exact sequence à la Jacobi-Zariski

It is well-known that if K → S → R is a sequence of strict commutative rings
with unit, there is an exact sequence relating the André Quillen (co)homology
groups of R viewed as a K-algebra with the ones of S viewed as a K-algebra
and R viewed as a S-algebra. This sequence is called the Jacobi-Zariski exact
sequence (or the transitivity exact sequence). Under flatness hypothesis and if
the rings contained Q, the André Quillen (co)homology corresponds to Harrison
(co)homology with degree shifted by one. In particular the exact sequence holds
for the Harrison groups of Definitions 2.22, 2.26. We prove here a similar result for
C∞-algebras with units. We first study the category of A∞ or C∞-algebras over a
C∞-one.

4.1. Relative A∞-algebras. In order to make sense of a Jacobi-Zariski exact
sequence, we shall first define the notion of a C∞-algebra over another one. The
theory makes sense for A∞-algebras over an A∞-algebra as well so that we start
working in this more general context. Let T⊥(R/S) be the coalgebra

T⊥(R/S) := T (R⊕ S) =
⊕

n,p0,...,pn≥0

S⊗p0 ⊗R⊗ S⊗p1 ⊗ . . .⊗R⊗ Spn .(4.17)

The coalgebra map is the one on T (R ⊕ S), that is to say

δR/S(sp0
1

, . . . , s
p0
kp0

, a1, . . . , an, s
pn

1
, . . . , s

pn

kpn
) =∑

(sp0
1

, . . . , aj , s
pj

1
, . . . , s
pj

) ⊗ (s
pj


pj
+1

, . . . , an, s
pn

1
, . . . , s

pn


pn
).
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The coalgebra T⊥(sR/sS) is co-augmented

k ↪→ T
⊥(sR/sS) � A

⊥(sR/sS).

It is straightforward that δR/S restricts to T (S) and T (R), hence the following
lemma.

Lemma 4.1. Both A⊥(S) and A⊥(R) are subcoalgebras of A⊥(R/S).

Denote A⊥
+
(R/S) the subspace of A⊥(R/S) which contains at least one factor

R so that

T
⊥(sR/sS) = T (sS)⊕ A

⊥

+
(R/S), A

⊥(R/S) = A
⊥(S) ⊕ A

⊥

+
(R/S).

Definition 4.2. Let (S, B) be an A∞-algebra and R a k-module.

• An S-algebra structure on R is an A∞-algebra structure on R ⊕ S such
that the natural inclusion S → S⊕R and the natural projection S⊕R → S

are maps of A∞-algebras.
• A C∞-algebra over S structure on R is a C∞-algebra structure on R ⊕ S

such that the natural inclusion S → S ⊕ R and the natural projection
S ⊕ R → S are maps of C∞-algebras.

The natural inclusion S → S⊕R is the coalgebra map F : T (sS) → T (s(S⊕R))
with defining maps F1 = S ↪→ S ⊕ R and Fi≥2 = 0 (see Remark 1.8). The natural
projection S ⊕ R → S is the map G : T (s(S ⊕ R)) → T (sS) with defining maps
G1 = S ⊕ R � S and Gi≥2 = 0.

In terms of coderivations Definition 4.2 means

Proposition 4.3. Let (S, B) be an A∞-algebra and R a k-module. A structure
of S-algebra on R is uniquely determined by a coderivation DR/S on A

⊥(R/S) such
that

i): DR/S(A⊥(S)) ⊂ A
⊥(S) and (DR/S)/A⊥(S) = B;

ii): DR/S(A⊥
+
(R/S)) ⊂ A⊥

+
(R/S);

iii): (DR/S)2 = 0.

If, in addition, (S, B) is a C∞-algebra, R is a C∞-algebra over S if (R, DR/S) is

an S-algebra such that the codifferential DR/S on A⊥(R/S) is a derivation for the

shuffle product on T
⊥(sR/sS).

In plain English condition i) means that the codifferential DR/S restricts to

A
⊥(S) and that this restriction DR/S/A

⊥(S) is equal to B.
Proof : We already know that an A∞-structure on R⊕S is given by a coderivation
of square zero. The claim i) and ii) follows from the fact that the natural inclusion
and natural projection are maps of A∞-algebras. The statement for C∞-structure
is an immediate consequence of Definition 2.1. �

Remark 4.4. The definition 4.2 put emphasis on homotopy algebras over
a fixed A∞ or C∞-structure (S, B). However, it makes perfect sense to study
coderivation DR/S : A

⊥(R/S) → A
⊥(R/S) with (DR/S)2 = 0, restricting to A

⊥(S)

and with DR/S(A⊥
+
(R/S)) ∈ A⊥

+
(R/S). Such a coderivation DR/S restricts into a

codifferential on A⊥(S), hence yielding an A∞-structure on S. Moreover (R, DR/S)
is a (S, DR/S/A⊥(S))-algebra in the sense of Definition 4.2.
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Lemma 4.5. A structure of S-algebra on R is uniquely determined by maps

Dp0,...,pn
: S
⊗p0 ⊗ R ⊗ S

⊗p1 ⊗ . . . ⊗ R ⊗ S
⊗pn → R (n ≥ 1)

satisfying, for all sk = ak
1
⊗ · · · akpk

∈ S⊗pk (k = 0 . . . n) and r1, . . . rn ∈ R,

∑
i+j=n−1

n−1−i∑
q=0

± Dk0,...,ki

(
s0, r1, . . . , ri, s

(1)

q , D
0,...,
j

(
s
(2)

q , rq+1, . . .

. . . , rq+j , s
(1)

q+j

)
, s

(2)

q+j , rq+j+1, . . . , rn, sn

)
= 0.

Note that in the formula above, we use Sweedler’s notation s(1) ⊗ s(2) for the
deconcatenation coproduct of s ∈ S⊗m. The indexes k0, . . . , ki and �0, . . . , �j are
uniquely unambiguously defined by the sequences of elements to which they apply.
Proof : According to Remark 1.4, a structure of S-algebra on R is uniquely deter-
mined by maps

Dp0,...,pn
: S
⊗p0 ⊗ R ⊗ S

⊗p1 ⊗ . . . ⊗ R ⊗ S
⊗pn → R ⊕ S (n ≥ 0).

The requirement DR/S(A⊥
+
(R/S)) ⊂ A⊥

+
(R/S) forces the composition of the maps

Dp0,...,pn
with the projection on S to be trivial for n ≥ 1. For n = 0, the maps

Dp0 = Bp0 : S
⊗p0 → S are determined by the A∞-structure of S (Proposition 4.3).

The formula follows from Remark 1.6. �

Remark 4.6. Let (R, D) be an S-algebra. Lemmas 4.5 and 4.1 imply that the

maps Dn = D0,...,0 : R⊗n → R define a coderivation D̃ of A⊥(R). Since D2 = 0, it

follows that D̃2 = 0. Hence R is an A∞-algebra. Moreover it is a C∞-algebra if R

is a C∞-algebra over S.

The notion of an A∞-bimodule over an S-algebra R ( R/S-bimodule for short)
is the same as in Definition 1.1 with A⊥(R) replaced by A⊥(R/S). In other words,
a structure of R/S-bimodule on M is given by a codifferential on A

⊥

R⊕S(M).

Remark 4.7. According to Section 1.1, an R/S-bimodule structure on M is
determined by maps

D
M
p0,...,pn|q0,...,qm

: S
⊗p0 ⊗ R ⊗ S

⊗p1 ⊗ . . .⊗ S
pn ⊗ M ⊗ S

⊗q0 ⊗ R ⊗ . . .⊗ S
qm → M

where {p0, . . . , pn}, {q0, . . . , qm} are allowed to be the empty set ∅.

Similarly an A∞-morphism of A∞-algebras over S (S-A∞-morphism for short)
is a map of A∞-algebra F : R ⊕ S → R′ ⊕ S such that the composition

S → S ⊕ R
F
→ R

′ ⊕ S

is the natural inclusion and the composition

R ⊕ S
F
→ R

′ ⊕ S → S

is the natural projection. Equivalently, it is a map of A∞-algebra F : A⊥(R/S) →
A⊥(R′/S) such that F restricts to A⊥(S) as the identity and F (A⊥

+
(R/S)) ⊂

A⊥
+
(R′/S). A C∞-morphism over S is an S-A∞-morphism such that its defining

maps Fp0,...,pn
satisfies Fp0,...,pn

(x • y) = 0, i.e. vanish on shuffles.
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Lemma 4.8. An A∞-morphism A⊥(R/S) → A⊥(R′/S) is uniquely determined
by maps

Fp0,...,pn
: S
⊗p0 ⊗ R ⊗ . . . ⊗ R ⊗ S

⊗pn → R
′ (n ≥ 1)

such that the unique coalgebra map F defined by the system (S⊗p0 ⊗R⊗ . . .⊗R⊗

S⊗pn
Fp0,...,pn

→ R′ ↪→ R′ ⊕ S) is a map F : (A⊥(R/S), DR/S) → (A⊥(R′/S), DR′/S)
of differential coalgebras.

Proof : According to Section 1.1, a map of coalgebras F : A⊥(R/S) → A⊥(R′/S)
is uniquely determined by maps

Fp0,...,pn
: S
⊗p0 ⊗ R ⊗ S

⊗p1 ⊗ S
⊗p1 . . . R ⊗ S

⊗pn → R
′ ⊕ S.

The requirement F/C⊥(S) = id implies that F1 : S → R⊕S is the canonical inclusion

S ↪→ R′ ⊕ S and that Fn : S⊗n → R ⊕ S is trivial. Moreover F (A⊥
+
(R/S)) ⊂

A⊥
+
(R′/S) implies that the other defining maps take values in R ⊂ R ⊕ S. �

Proposition 4.9. If R is an S-algebra, then R is canonically an S-bimodule.
Moreover, if R is a C∞-algebra, then R is a C∞-bimodule over S.

Proof : We denote Dp0,...,pn
the map defining the S-algebra structure. Note that

there is an inclusion T S(R)
i

↪→ A⊥(R/S) and that (i ⊗ i) ◦ δR = δ(i). Thus the
restriction D

R
p,q := Dp,q defines a coderivation from T (sR) to A

⊥

S (R) of square
zero; hence a canonical S-bimodule structure. When S is a C∞-algebra, and R a
C∞-algebra over R, the vanishing of DR/S : A⊥(R⊕ S) ⊃ T S(R) → A⊥(R⊕ S) on
shuffles is equivalent to Definition 2.5. �

Remark 4.10. Later on, we also will have to deal with different “ground”
homotopy structures on S at the same time. Thus, for two C∞-algebras (S, B),
(S′, B′), we define an A∞-morphism C⊥(R/S) → C⊥(R′/S′) to be a map of
differential coalgebras such that F restricts to A⊥(S) yielding an A∞-morphism
(A⊥(S), B) → (A⊥(S′), B′). We further require that F (A⊥

+
(R/S)) ⊂ A⊥

+
(R′/S′).

Such a map is uniquely determined by the maps of Lemma 4.8 together with maps
Fn : S

⊗n → S
′ (the proof is the same).

In terms of Definition 4.2, such a map is an A∞-algebra morphism (R⊕S, D) →
(R′ ⊕ S′, D′) such that the composition

S → R ⊕ S → R
′ ⊕ S

′ → S
′

is a prescribed A∞-map F : S → S′ and moreover F commutes with natural
inclusions and projections i.e. the following diagrams commutes

(S, B) ��

��

(R ⊕ S, D)

��

(S′, B′) �� (R′ ⊕ S
′
, D
′),

(R ⊕ S, D) ��

��

(S, B)

��

(R′ ⊕ S
′
, D
′) �� (S′, B′).

Low degrees identities satisfied by an A∞-algebra over a C∞-algebra :
Let (S, B) be a C∞-algebra and (R, D) an A∞-algebra over S.

• The condition (D)2 = 0 implies that the degree one map D0,0 : R → R is
a differential that we denote dR. We also denote dS = B1 : S → S.
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• The maps D0,1 : R ⊗ S → R, D1,0 : S ⊗ R → R and D0,0,0 : R ⊗ R → R

are degree 0 maps. Moreover D0,0,0 is graded commutative if and only if

R is a C∞-algebra and D1,0(s, a) = (−1)|a|.|s|D0,1(a, s).
• Restricted to S⊗R, the condition (D)2 = 0 implies that D1,0 : S⊗R → R

is a map of differential graded modules.
• Denote by the single letter d the differential induced by dR and dS on

A⊥(R ⊕ S). The identities satisfied by Dp0,...,pn
on A⊥(R ⊕ S)≤3 are

dR(D0,0,0,0(a, b, c)) + D0,0,0,0(dR(a, b, c)) = D0,0(D0,0(a, b), c)

−D0,0(a, D0,0(b, c))

dR(D0,1,0)(a, s, b) + D0,1,0(d(s, a, b)) = D0,0,0(D0,1(a, s), b)

+D0,0,0(a, D1,0(s, b))

dR(D1,0,0)(s, a, b) + D1,0,0(d(s, a, b)) = D1,0(s, D0,0(a, b))

+D0,0(D1,0(s, a), b)

dR(D2,0(s, t, a)) + D2,0(d(s, t, a)) = D1,0(DS2(s, t), a)

+D1,0(s, D1,0(t, a))

plus the equations similar to the last two ones involving D0,1,0, D0,0,1 and
D0,2 instead of D1,0,0 and D2,0.

These identities imply the following Proposition.

Proposition 4.11. Let R be an algebra over the C∞-algebra S and M an
R/S-bimodule. Then H∗(R) is an associative H∗(S)-algebra, which is graded com-
mutative if R is a C∞-algebra. Moreover H∗(M) := H∗(M, DM

∅|∅
) is a bimodule

over the H∗(S)-algebra H∗(R).

4.2. Relative A∞-algebras over strict C∞-algebras. When S is a com-
mutative algebra, one can take k = S as ground ring. In particular, Definition 1.1
gives the notion of S-linear A∞-algebra (we also say A∞-algebra in the category
of S-modules); such a structure is a codifferential on AS⊥(R) :=

⊕
n≥0 R⊗S n, see

Section 1.1, Definition 1.1. We have to make sure that this definition is equivalent
to Definition 4.2, where S is equipped with its canonical A∞-algebra structure.
This is the aim of the next Proposition and of Proposition 4.20 below.

Proposition 4.12. Let (S, d, m) be a strict C∞-algebra and (R, D) be an S-
linear A∞-algebra.

i): R has a natural structure of A∞-algebra over S (in the sense of Defini-
tion 4.2) given by

D0,0 = dR, D1,0(s, a) = s.a = ±D0,1(a, s),

D0,...,0(a1, . . . , an) = Dn(a1, . . . , an).

ii): If (M, DR
M ) is an S-linear R-bimodule, the maps

D
M
∅|∅

= D
M
0,0, D

M
∅|1

(m, s) = m.s, D
M
1|∅

(s, m) = s.m,

D
M
0,...,0|0,...,0(r1, . . . , rp, m, r

′

1
, . . . , r

′

q) = D
M
p,q(r1, . . . , rp, m, r

′

1
, . . . , r

′

q)

give M the structure of an R/S-bimodule.
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iii): Let (S, d, m) be a strict C∞-algebra and R be an S-module. Assume
that (R, D) is a C∞-algebra over S such that

D1,0(s, a) = s.a = (−1)|a|.|s|D0,1(a, s).

Then the defining maps D0,...,0 are S-multilinear; hence defined a structure
of S-linear algebra on R.

Proof : For i), we need to prove that (DR/S)2 = 0, which reduces to the identities,

D
R
n (a1, . . . , ai.s, ai+1, . . . , an) = D

R
n (a1, . . . , ai, s.ai+1, . . . , an) 1 ≤ i ≤ n − 1

D
R
n (a1, . . . , an.s) = D

R
n (a1, . . . , an).s

D
R
n (s.a1, . . . , an) = s.D

R
n (a1, . . . , an)

These identities follows by S-linearity.
For ii), the fact that (DM )2 = 0 reduces to the S-linearity of the maps DM

p,q

and the vanishing of (DM )2 as in i).
The low degrees identities of A∞-algebras over a C∞-algebra of Section 4.1

imply that the maps D0,...,0 are S-linear. Then iii) follows easily. �

Example 4.13. It follows from Proposition 4.12 that if (S, d, m) is a strict C∞-
algebra and (R, dR, mR) is a strict commutative S-algebra, then R is a C∞-algebra
over S with structure maps Dp0,...,pn

= 0 except for

D0 = dR, D0,0 = mR, and D0,1(r, s) = r.s, D1,0(s, r) = s.r

for all (r, s) ∈ R ⊗ S. Reciprocally, if R is an S-linear C∞-algebra whose only
nontrivial structure maps are D0, D0,1, D1,0, D0,0 then R is a strict S-algebra. This
follows easily from the low degrees relations satisfied by a C∞-algebra over S, see
Section 4.1.

Remark 4.14. Let S be a strict A∞-algebra and R a strict S-bimodule to-
gether with a pairing of differential graded module ν : R⊗R → R left linear in the
first variable, right linear in the second and satisfying ν(r.s, r′) = ν(r, s.r′). Then
there is an S-linear A∞-structure on R given by

D0,0 = dR, D1,0(s, a) = s.a, D0,1(a, s) = a.s, D0,0,0 = ν.

Proposition 4.12.i) also holds in the case where S is a strict A∞-algebra by requiring
that R is an A∞-algebra in the category of S-bimodules.

4.3. Weakly unital homotopy algebras. The standard Jacobi-Zariski ex-
act sequence holds for unital algebras. Its C∞-analogue in Section 4.5 also re-
quires unitality assumption. Details on unital A∞ and C∞-algebras can be found
in [Tr2, HL2, HL3]. In fact, we only need weaker unitality assumptions. A
weakly unital A∞-algebra (R, D) is an A∞-algebra equipped with a distinguished
element 1 ∈ R

0 that satisfies D2(1, a) = D2(a, 1) = a for any a ∈ R. Thus unital
A∞-algebras (in the sense of [Tr2, HL2, HL3]) are in particular weakly unital. A
weakly unital C∞-algebra is a C∞-algebra which is weakly unital as an A∞-algebra.

Convention 4.15. Henceforth, when we write R has a unit, we mean R is
weakly unital.

Remark 4.16. The fact that D1 is a derivation for D2 implies that D1(1) = 0.
in other words, a weak unit is necessarily a cocycle (for D1).
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Remark 4.17. If the A∞-algebra R has unit, then H∗(R) is a unital algebra.

Example 4.18. A strict A∞-algebra is weakly unital if and only if it is a
differential graded associative algebra with unit (in the usual sense). For instance
if A is a unital associative algebra, then its Hochschild cochain complex C∗(A, A)
is weakly unital with unit given by the unit of A viewed as an element of C0(A, A).
Also the cochain complex C∗(X) of a topological or simplicial set X is weakly
unital.

We need to extend the definition of weak unitality to the relative setting. Let
S be a weakly unital C∞-algebra, with (weak) unit 1S. Let R be an S-algebra.
The S-algebra R is said to be weakly unital if the element 0 ⊕ 1S ∈ R ⊕ S is
weak unit for the A∞-algebra R ⊕ S.

Assume S is a strict unital C∞-algebra and (R, DR) is an S-linear A∞-algebra.
The action of the unit 1S ∈ S is trivial on R, thus 0⊕ 1S is a weak unit for R⊕ S.
Therefore we obtain

Proposition 4.19. Let (S, d, m) be a strict unital C∞-algebra and (R, DR) be
an S-linear A∞-algebra. Then R, equipped with the A∞-algebra structure over S

given by Proposition 4.12, is weakly unital if and only if (R, DR) is weakly unital
as an S-linear A∞-algebra.

4.4. (Co)homology groups for relative C∞-algebras. Let M be an R/S-
bimodule and let T⊥(sR/sS) be the coalgebra defined by Equation (4.17). The
Hochschild (co)homology groups of the S-algebra R with values in M are the (co)ho-
mology groups of the (co)chain complexes(

C
∗(R/S, M), b

)
:= CoDer

(
T
⊥(sR/sS), A⊥R⊕S(M)), b

)
,(4.18) (

C∗(R/S, M), b
)

:= M ⊗ T
⊥(sR/sS), b

)
.(4.19)

The differential on the complex C∗(R/S, M) is the Hochschild differential on C∗(R⊕
S, M) ∼= C∗(R/S, M) corresponding to the A∞-algebra structure of R ⊕ S (see
Definition 4.2). The differential on C∗(R/S, M) is defined similarly. When R is a

C∞-algebra and M a C
(op)
∞ -bimodule, R⊕S is automatically a C∞-algebra and we

can define the Harrison (co)chain complexes(
CHar

∗(R/S, M), b
)

:= BDer
(
R ⊕ S, M), b

)
(4.20) (

CHar∗(R/S, M), b
)

:= M ⊗ C
⊥(sR ⊕ sS), b

)
.(4.21)

The (co)homology groups of the complexes (4.18), (4.19),(4.20) and (4.21) are de-
noted HH∗(R/S, M), HH∗(R/S, M), Har∗(R/S, M) and Har∗(R/S, M), respec-
tively.

When S is a strict C∞-algebra, and R is an S-linear A∞-algebra, we denote
HH∗S(R, M) and HHS

∗
(R, M) the Hochschild (co)homology groups of R over the

ground ring S,i.e., those given by Definitions 1.9 and 1.14. Similarly we will denote
Har∗S(R, M), HarS

∗
(R, M) the Harrison (co)homology groups.

Proposition 4.20. Let S be a strict (unital) commutative algebra, R be a
A∞-algebra and M , N R-bimodules which are S-linear and flat over S. There are
natural isomorphisms

HH
∗(R/S, M)

∼

← HH
∗

S(R, M) : h
∗

, h∗ : HH∗(R/S, M)
∼

→ HH
S
∗
(R, M).
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If R is a C∞-algebra, M a Cop
∞

-bimodule, N a C∞-bimodule, then h∗ and h∗ are
isomorphisms of γ-rings. Furthermore, there are natural isomorphisms

Har
∗(R/S, M) ∼= Har

∗

S(R, M), Har∗(R/S, N) ∼= Har
S
∗
(R, N).

Proof : Let D be the codifferential on AS⊥(R) defining the S-linear A∞-structure
on R. Let DR/S be the codifferential on A⊥(R/S) defining the A∞-algebra over S

structure on R. There is an obvious projection

h : A
⊥(R/S) −→

⊕
n≥0

R
⊗n −→

⊕
n≥0

R
⊗Sn = A

S⊥(R).

This map induces a complex morphism id⊗ h : M ⊗ A
⊥(R/S) → M ⊗ A

S⊥(R) by
S-linearity of the structure morphisms D0,...,0.

Filtrating M ⊗ A⊥(R/S) by the powers of R, we get a spectral sequence con-
verging to HH∗(R/S, M) whose E1 term is the homology of A⊥(R/S) for the dif-
ferential given by D0 = dR, D1,0 = l, D0,1 = r and the multiplication S ⊗ S → S.
In particular the differential restricted to

⊕
n≥0 R⊗S⊗n⊗R coincides with the one

in the double Bar construction B(R, S, R). Since R is S-flat, the Bar construction
B(R, S, R) is quasi-isomorphic to R ⊗S R. Hence

E
1

∗∗

∼= H
∗(M) ⊗S H

∗(R) ⊗S . . . ⊗S H
∗(R).

The filtration by the powers of R of M⊗AS⊥(R) yields also a spectral sequence (see
Proposition 3.21) with isomorphic E1-term. Moreover, the map h1 is an isomor-
phism at page 1 hence is an isomorphism. The cohomology statement is analogous.

Clearly h is a map of coalgebra. Moreover, when R is a C∞-algebra, it is a map
of algebras (with respect to the shuffle product). Thus h commutes with the maps
ψk inducing the γ-ring structures in (co)homology. It also implies that h factors
through the quotient by the shuffles hence the result for Harrison (co)homology. �

A homomorphism F : S → R of commutative algebras induces a canonical
structure of commutative S-algebra on R. The following Proposition is the up to
homotopy analogue. First we fix some notation:
Notation: If F : (S, DS) → (R, D) is a morphism of C∞-algebras, we denote F [i]

the composition A⊥(S)
F
→ A⊥(R)

pr

→ R⊗i, that is to say the component of F which
lies in the i-th power of R.

Proposition 4.21. Let F : (S, D
S) → (R, D

R) be a C∞-map. Then R has a
structure of a C∞-algebra over S given by the maps

Dp0,...,pn
(x0, r1, . . . , xn) =

∑
i=i0+···+in+n

D
R
i (F [i0](x0), r1, . . . , rn, F

[in](xn)).

Proof : According to Lemma 4.5, we have to prove that the coderivation DR/S ,

induced by Dp0,...,pn
, is of square 0. Since DS is of square 0 and the degree of DR/S

is 1 we find that (DR/S)2(x0, r1, . . . , xn) is equal to∑
±D

R
i

(
F
[i0](x0), r1, . . . , D

R
j

(
F
[jk](xk), . . . , F

[jk+l](xk+l)
)
, . . . , rn, F

[in](xn)
)

+
∑

±D
R
i

(
F
[i0](x0), r1, . . . , F

[ip](DS(xp)), rp, . . . , rn, F
[in](xn)

)
= (DR)2

(∑
F
[i0](x0) ⊗ r1 ⊗ · · · ⊗ rn ⊗ F

[in](xn)
)

= 0
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The last step follows from DR ◦ F = F ◦ DS . �

Example 4.22. Let S be strict and R be a strict unital associative S-algebra.
If R is unital, then there is a ring map F : S → R and we have ν(s, r) = F (s).r
where ν denotes the S-action. We also denote F : (S, DS) → (R, D) the associated
A∞-morphism. The structure of A∞-algebra over S given by Proposition 4.21 is
the same than the one given by Proposition 4.12.i) applied to R viewed as an
A∞-algebra in the category of S-modules.

Example 4.23. Let S be any (weakly unital) C∞-algebra. There is a C∞-map
F : (S, DS) → (S, DS) given by F1 = id, Fn>1 = 0. In particular S has a canonical
C∞-structure over S (which is the canonical one if S is strict by the previous
example). Corollary 4.25 below states that these structure is (co)homologically
trivial as expected.

Proposition 4.24. Let M be an R/S-bimodule. Assume R, S, M and their
cohomology groups are k-flat. There are converging spectral sequences

E
∗∗

2
= HH

∗(H∗(R)/H
∗(S), H∗(M)) ⇒ HH

∗(R/S, M)

and

E
2

∗∗
= HH∗(H

∗(R)/H
∗(S), H∗(M)) ⇒ HH∗(R/S, M).

Proof : The spectral sequences are given by the filtration by the power of S. �

Corollary 4.25. Let S be a weakly unital C∞-algebra and let M be an S/S-
bimodule. There are isomorphisms

HH∗(S/S, M) = H
∗(M), HH

∗(S/S, M) = H
∗(M).

Proof : Applying Proposition 4.24, it is sufficient to consider the case of H∗(S),
that is of a strict algebra. According to Proposition 4.20, the later case is the
well-known computation of Hochschild (co)homology of the ground algebra [Lo2].

�

4.5. The Jacobi-Zariski exact sequence. In this section all C∞-algebras
are supposed to be weakly unital.

Theorem 4.26. Let K → S → R be a sequence of weakly unital C∞-maps,
with K, S, R and their cohomology k-flat. Then there is a long exact sequence

· · · → Har∗(S/K, M) → Har∗(R/K, M) → Har∗(R/S, M)

→ Har∗−1(S/K, M) → Har∗−1(R/K, M) → Har∗−1(R/S, M) → . . .

and also a long exact sequence in cohomology

· · · → Har
∗(R/S, M) → Har

∗(R/K, M) → Har
∗(S/K, M)

→ Har
∗+1(R/S, M) → Har

∗+1(R/K, M) → Har
∗+1(S/K, M) → . . .

where M is a C∞-bimodule over R in homology, respectively a Cop
∞

-bimodule over
R in cohomology.

To prove Theorem 4.26, we use the following lemma.

Lemma 4.27. Let K
F

−→ S
G
−→ R be a sequence of C∞-maps.
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i): There is a C∞-morphism C⊥(S/K)
G
−→ C⊥(R/K) given by the defining

maps G1 = id, Gp0≥2 = 0 and for n ≥ 2

Gp0,...,pn
(x0, s1, . . . , xn) =

∑
i=i0+···+in+n

Gi(F
[i0](x0), s1, . . . , sn, F

[in](xn)).

ii): There is a C∞-morphism C⊥(R/K)
F
−→ C⊥(R/S) given by

F p0 = Fp0 , F 00 = id and the other maps F p0,...,pn
= 0.

Proof : One has

DR/K(G(x0, s1, . . . , xn)) =
∑

D

(
G ◦ F (x

(1)

0
), G

(
F (x

(2)

0
), s1, . . . , x

(1)

k

)
,

F (x
(2)

k ), . . . , G
(
F (x

(2)

l ), sl, . . . , x
(1)

n

)
, F (x(2)n )

)
=

∑
G
(
D

S(F (x
(1)

0
), F (x

(2)

0
), s1, . . . , x

(1)

k , . . . , F (x(2)n )
)

= G(DS/K(x0, s1, . . . , xn)).

It proves i). The proof of ii) is similar. �

Proof of Theorem 4.26: Let F : C
⊥(K) → C

⊥(S), G : C
⊥(S) → C

⊥(R) be two
C∞-maps. By Lemma 4.27, they induce chain maps

M ⊗ C
⊥(S/K)

G
→ M ⊗ C

⊥(R/K) and M ⊗ C
⊥(R/K)

F
→ M ⊗ A

⊥(R/S).

Let c(G) be the cone of the chain map G. That is to say

c(G) := M ⊗ C
⊥(R/K)⊕ M ⊗ C

⊥(S/K)[1].

In particular we have an exact sequence

· · · → Har∗(S/K, M) →Har∗(R/K, M) → H∗(c(G)) →

Har∗−1(S/K, M) → Har∗−1(R/K, M) → . . .

The homology spectral sequence will follow once we prove that there is a natural
isomorphism H∗(c(G)) ∼= Har∗(R/S, M). The morphism F induces a chain map

M ⊗ C
⊥(R/K)⊕ M ⊗ C

⊥(S/K)[1]
i

−→ M ⊗ C
⊥(R/S)⊕ M ⊗ C

⊥(S/S)[1].

The target of i is isomorphic to the cone c(F ) of M ⊗C⊥(S/S) → M ⊗ C⊥(R/S).
There is also the inclusion of chain complexes

M ⊗ C
⊥(R/S)

j
−→ M ⊗ C

⊥(R/S)⊕ M ⊗ C
⊥(S/S)[1].

Corollary 4.25 implies that Har∗(S/S) is trivial, thus H∗(c(F )) ∼= Har∗(R/S, M)
The spectral sequences of Proposition 4.24 also yield converging spectral sequences
for c(G) and c(F ). Applying the Jacobi Zariski exact sequence for strict commu-
tative unital rings, we get that, at page 1 of the spectral sequences, the map i1 is
a quasi-isomorphism. Similarly the map j1 is an isomorphism at page 1. It follows
that i and j are quasi-isomorphisms, hence H∗(c(G)) ∼= Har∗(R/S, M) as claimed.

The existence of the cohomology exact sequence is proved in the same way. �
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5. Applications to string topology

In this section we apply the machinery of previous sections to string topology.
We assume that our ground ring k is a field of characteristic different from 2.

Let X be a topological space, the singular cochain C∗(X) is an associative
differential graded algebra (thus an A∞-algebra) and the singular chains C∗(X)
forms a differential graded coalgebra. String topology is concerned about algebraic
structures on Hochschild (co)homology of singular cochains because of

Theorem 5.1 (Jones [Jo]). If X is simply connected, then there are isomor-
phisms

HH
∗(C∗(X), C∗(X)) ∼= H∗(LX),

HH∗(C
∗(X), C∗(X)) ∼= H

∗(LX).

Degree issues: one has to be careful that the isomorphisms in Theorem 5.1 above
are isomorphisms preserving the cohomological degree. As x ∈ Hi(LX) has coho-
mological degree −i, the isomorphism reads as HH−i(C∗(X), C∗(X)) ∼= Hi(LX)
and similarly in Hochschild homology. Note that our convention for the degree of
Hochschild cohomology is the opposite of the one in [FTV].

5.1. C∞-structures on cochain algebras. The chain coalgebra C∗(X) and
cochain algebra C∗(X) are not (co)commutative. Nevertheless the existence of
Steenrod’s ∪1-product leads to the existence of natural C∞-(co)algebras structures.
The definition of C∞-coalgebras is dual to C∞-algebras. More precisely

• A A∞-coalgebra structure on a k-module R is given by a square zero
derivation ∂ of degree -1 on A⊥(R) :=

∏
i≥1(sR)⊗n, the completed tensor

algebra equipped with the (continuous) concatenation

μ(sx1 . . . sxp, sy1, . . . syq) = sx1 ⊗ sx2 ⊗ . . . syq−1 ⊗ syq.

Coderivations on A⊥(R) are in one-to-one correspondence with family of
maps ∂i : R → R⊗i by dualizing the argument of Remark 1.5.

• The shuffle coproduct is defined by

Δsh(sx1 . . . sxn) =
∑

±
(
sxσ−1(1) ⊗ · · · ⊗ sxσ−1(p)

)
⊗

(
sxσ−1(p+1) ⊗ · · ·

· · · ⊗ sxσ−1(n)

)
where the sum is over shuffles σ ∈ Sn, making A⊥(R) a commutative bial-
gebra. A C∞-coalgebra is an A∞-coalgebra (R, ∂) such that (R,Δsh, μ, ∂)
is a differential graded bialgebra (in other words a B∞-coalgebra).

It is easy to define A∞-coalgebras maps, A∞-comodules and their C∞-analogs in
the same way [TZ].

Proposition 5.2. Let k be a field of characteristic zero. There exists a natural
C∞-coalgebra structure on C∗(X) and C∞-algebra structure on C∗(X), with C∗(X)
being a Cop

∞
-module over C∗(X), such that ∂1 and D1 are the singular differentials

and, furthermore, the induced (co)algebras structures on H∗(X), H∗(X) are the
usual ones.

Proof : The singular cochains C∗(X) are equipped with a brace algebra struc-
ture [GV] and thus a B∞-structure. By a fundamental result of Tamarkin [Ta,
GH1], a B∞-structure yields a C∞-structure, (which is the restriction of a G∞-
structure), with defining maps Di : C∗(X)⊗i → C∗(X). Furthermore, D1 is the
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usual differential on singular cochains and D2 induces the cup-product in cohomol-
ogy. The dual of the defining maps Di : C∗(X)⊗i → C∗(X) yield a C∞-coalgebra
structure on C∗(X). Moreover C∗(X) inherits a Cop

∞
-comodule structure by Propo-

sition 2.19. Alternatively, one can use an acyclic models argument as in [Sm].
�

Remark 5.3. The Proposition above holds for non-simply connected spaces.
For simply connected X , Rational homotopy theory gives strict C∞-structures
equivalent to the differential graded algebra C∗(X).

For string topology applications, one needs a Poincaré duality between chains
and cochain. We use Tradler’s terminology [Tr1, Tr2]. Given any A∞-algebra
(R, DR), a A∞-inner product on R is a bimodule map G : R → R� (where
R� = Hom(R, k) is the dual of R). We denote DR, DR� , the codifferentials defining
the canonical R-module structure of R and R�. An A∞-algebra R is said to have
a Poincaré duality structure if R has an A∞-inner product together with a
bimodule map F : R� → R such that G :

(
A⊥R(R), DR

)
�

(
A⊥R(R�), DR�

)
: F

are quasi-isomorphisms which are quasi-inverse of each others (morphisms are not
assumed to be of degree 0).

For finely triangulated oriented spaces, one can find C∞-structures on chains
and cochains together with a Poincaré duality. By finely triangulated we mean that
the closure of every simplex has the homology of a point. The following Lemma is
taken from an appendix of Sullivan [Su] together with an application of Tradler and
Zeinalian [TZ]. We write C∗(X), C∗(X) for the simplicial complexes associated to
the triangulation of a space. Hopefully, the context should always makes clear if
we are working with singular chains or the ones from a triangulation. We denote
by d : C∗(X) → C∗−1(X) the differential and by Δ : C∗(X) → C∗(X)⊗C∗(X) the
diagonal. We also write respectively d, ∪ for the differential and the cup-product
on C

∗(X) (induced by Δ).

Lemma 5.4. Let k be a field of characteristic different from 2 and 3 and X

be a triangulated oriented closed space with Poincaré duality such that the closure
of every simplex has the homology (with coefficient in k) of a point. There exists
a counital C∞-coalgebra structure on C∗(X) with structure maps δi : C∗(X) →
C∗(X)⊗i such that

i): δ1 is the simplicial differential and δ2 =
1

2
(Δ + Δop);

ii): there exists a quasi-isomorphism of A∞-coalgebras F : (C∗(X), δ) →
(C∗(X), d + Δ);

iii): the cochains C∗(X) inherits a unital C∞-structure by duality and there
is an A∞-algebra quasi-isomorphism F : (C∗(X), D) → (C∗(X), d + ∪);

iv): there is a Poincaré duality C∗(X)
Ξ
→ C∗(X) of A∞-modules inducing

the Poincaré duality isomorphism in (co)homology.

Proof : The triangulation of X yields a simplicial complex KX and a homeo-
morphism |KX | ∼= X . The complex C∗(X) is the simplicial space C∗(K

X). By
assumption, the closure of a q-cell (aka q-simplex) of KX has the homology of a
point. Statement iv) is in [TZ] as well as A∞-analogs of i), iii). As in [TZ], a
map between simplicial complexes is said to be local if all simplexes c ∈ C∗(X) are
mapped to

∏
i≥1 C∗(c)

⊗i, where C∗(c) is the subcomplex generated by the closure c
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of c. By assumption C∗(c) is contractible, i.e., is quasi-isomorphic to k concentrated
in degree 0. Let Δ : C∗(X) → C∗(X) ⊗ C∗(X) be a cell approximation to the di-
agonal. For instance one can take the Alexander-Whitney diagonal. Assertion iii)
is obvious consequence of i) and ii). The proof of i) and ii) is essentially contained
in [Su]. Here we only assume that our field is of characteristic different from 2 and
3. Let us outlined the argument:

Similarly to Example 2.4, a strong C∞-coalgebra structure on C∗(X) is given
by a structure of differential graded Lie algebra on the free Lie algebra L(X) :=
Lie(C∗(X)[1]) generated by the vector space C∗(X)[1]. We denote δ : L(X) → L(X)
the differential. A strong C∞-coalgebra is a C∞-coalgebra. Clearly δ is uniquely
determined by its restrictions δi : C∗(X) → C∗(X)⊗i. Note that, since k is of
characteristic different from 2 and 3, the identity δ2 = 0 is equivalent to [δ, δ] = 0
and the Jacobi identity for δ is equivalent to [δ, [δ, δ]] = 0. We proceed by induction
to construct both δ and the quasi-isomorphism F : (C∗(X), δ) → (C∗(X), d + Δ).
We define F1 = id and δ1 = d, which are local maps. Thus

(F ⊗ F ) ◦ δ = (d + Δ) ◦ F + O(2)

where O(i) means that we restrict to components of L(X) lying in the subspace⊕
j≤i−1 C∗(X)⊗j. By i) we have to take δ2 =

1

2
(Δ + Δop) which is local and

cocommutative, hence with values in L(X). The identity δ2 = 0+O(3) boils down
to the fact that Δ is a map of chain complexes. We have to find F2. We only have
to do so locally. The compatibility between F and δ in O(3) is equivalent to

[F2, d] =
1

2
(Δ − Δop) .

The right part is a cocycle in the complex of endomorphisms
(
End

(
C∗(σ)

)
, [−, d]

)
for every simplex σ. Since C∗(σ) is contractible, the complex

(
End

(
C∗(σ))

)
, [−, d]

)
has trivial homology and the existence of F2 follows. Assume by induction that
δ1, . . . , δn, F1, . . . , Fn have already been chosen and satisfy i), ii) and iii) up to
O(n + 1).

We first define δn+1 : C∗(X) → Ln(X). By hypothesis we have [δ, δ] = En+1 +
O(n + 1) with En+1 ⊂ L

n+1(X). Since δ
2 = 1

2
[δ, δ], the Jacobi identity gives

[δ, [δ, δ]] = 0 and thus

[d, [δ, δ]] + O(n + 2) = [d, En+1] + O(n + 1) = 0 + O(n + 2).

Thus [d, En+1] ⊂ Ln+1(X) is equal to zero. Again, the contractibility of each C(σ))
implies that we can find a local map δn+1 such that En+1 = [d, δn+1]. By definition
of En+1, we have

[δ + δn+1, δ + δn+1] = O(n + 2)

that is i) up to O(n + 2).
The induction hypothesis ensures that

F (δ) + (d + Δ)(F ) = Gn+1 + O(n + 2)

with Gn+1 ⊂ Fn(X) equal to∑
2≤k≤n

Fk(δn+2−k) − Δ(Fn).
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A straightforward computation of ρ2(F ) = 0, where ρ(F ) = F ◦ δ + (d + Δ) ◦ F ,
using that d + Δ gives an A∞-coalgebra structure on C∗(X), shows that

[d, Gn+1] + En+1 = 0.

Now a map Fn+1 : C∗(X) → C∗(X)⊗n+1 makes F +Fn+1 satisfies ii) up to O(n+2)
if and only if

(5.22) [d, Fn+1] + δn+1 + Gn+1 = 0.

The map δn+1 + Gn+1 is a local cycle by above, hence a local map Fn+1 could be
chosen to satisfy (5.22). This concludes the induction. �

Remark 5.5. Lemma 5.4 actually holds when C∗(X) is replaced by any sim-
plicial complex in which the closure of any q-cell (q ≥ 0) is contractible. It seems
reasonable that it also holds if X is an oriented regular CW -complex. Note that
cellular approximation to the diagonal can be constructed using the same ideas,
see [Su, Remark A.3]. Also note that the C∞-structures given by Lemma 5.4 are
not canonical. Furthermore, the C∞-structure given by Lemma 5.4 is strong.

5.2. Hodge decomposition for string topology. Hochschild cohomology
of singular chains of any space X has a Hodge decomposition according to Propo-
sition 5.2.

Proposition 5.6. Let k be a characteristic zero field. There exists Hodge
decompositions

HH
∗(C∗(X), C∗(X)) =

∏
i≥0

HH
∗

(i)(C
∗(X), C∗(X)),

HH
∗(C∗(X), C∗(X)) =

∏
i≥0

HH
∗

(i)(C
∗(X), C∗(X)),

HH∗(C
∗(X), C∗(X)) =

⊕
i≥0

HH
(i)
∗ (C∗(X), C∗(X)),

HH∗(C
∗(X), C∗(X)) =

⊕
i≥0

HH
(i)
∗ (C∗(X), C∗(X)).

The Hodge filtration FiHH∗(C∗(X), C∗(X)) =
⊕

n≤i HH∗
(n)(C

∗(X), C∗(X)) is a

filtration of Gerstenhaber algebras. Moreover

HH
∗

(0)
(C∗(X), C∗(X)) = H

∗(X) = HH
(0)

∗ (C∗(X), C∗(X)),

HH
∗

(0)
(C∗(X), C∗(X)) = H∗(X) = HH

(0)

∗ (C∗(X), C∗(X)).

For i ≥ 1 there are spectral sequences

HH
p+q
(i) (H∗(X), H∗(X))p =⇒ HH

p+q
(i) (C∗(X), C∗(X))

HH
p+q
(i) (H∗(X), H∗(X))p =⇒ HH

p+q
(i) (C∗(X), C∗(X))

HH
(i)
p+q(H

∗(X), H∗(X))p =⇒ HH
(i)
p+q(C

∗(X), C∗(X))

HH
(i)
p+q(H

∗(X), H∗(X))p =⇒ HH
(i)
p+q(C

∗(X), C∗(X)).
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Proof : According to Proposition 5.2, C∗(X) is a C∞-algebra and C∗(X) is a
Cop
∞

-bimodule. Propositions 2.16, 2.13 ensure that C∗(X) and C∗(X) are both C∞

and Cop
∞

-bimodules. Now, the Hodge decompositions follow from Theorems 3.1,
3.18. Since D1 : C∗(X) → C∗(X) and ∂1 : C∗(X) → C∗(X) are the singular
differential, the identification of the weight 0-part is immediate. There is a filtration
of Gerstenhaber algebras according to Theorem 3.31. The spectral sequences are
given by Propositions 3.7, 3.21. �

In presence of Poincaré duality for chains, the Hochschild cohomology of the
cochain algebra lies in the realm of “string topology”. Indeed, there is an isomor-
phism

H∗(LX) ∼= HH
∗(C∗(X), C∗(X)) ∼= HH

∗(C∗(X), C∗(X))[d]

if X is an oriented manifold of dimension d [CJ, Mer, FTV2]. The isomor-
phism H∗(LX) ∼= HH∗(C∗(X), C∗(X)) is an isomorphism of algebras with re-
spect to Chas-Sullivan product [CS] on the left and the cup product on the right,
see [CJ, Co, Mer]. When X is a triangulated oriented Poincaré duality space,
applying Sullivan’s techniques as in Lemma 5.4, Tradler and Zeinalian proved that
the Hochschild cohomology

HH
∗(C∗(X), C∗(X)) ∼= HH

∗(C∗(X), C∗(X))[d]

is a BV-algebra (whose underlying Gerstenhaber algebra is the usual one) [TZ]. The
intrinsic reason for the existence of this BV structure is that a Poincaré duality is
a up to homotopy version of a Frobenius structure and that for Frobenius algebras,
the Gerstenhaber structure in Hochschild cohomology is always BV [Me]. This
result and our preliminary work leads to

Theorem 5.7. Let k be a field of characteristic different from 2 and 3 and X

be a triangulated oriented closed space with Poincaré duality (of dimension d), such
that the closure of every simplex has the homology of a point.

• There is a BV-structure on HH
∗(C∗(X), C∗(X)) and a compatible γ-ring

structure.
• If X is simply connected, there is a BV-algebra structure on H∗(LX) :=

H∗+d(LX) and a compatible γ-ring structure. When X is a manifold the
underlying product of the BV-structure is the Chas-Sullivan loop product.

By a BV-structure on a graded space H∗ and compatible γ-ring structure we
mean the following:

(1) H∗ is both a BV-algebra and a γ-ring.
(2) The BV -operator Δ and the γ-ring maps λk satisfy

λ
k(Δ) = kΔ(λk).

(3) There is an “ideal augmentation” spectral sequence J
pq
1

⇒ Hp+q of BV
algebras.

(4) On the induced filtration Jp∗
∞

of the abutment H∗, one has, for any x ∈ Jp∗
∞

and k ≥ 1,

λ
k(x) = k

p
x mod J

p+1∗

∞
.

(5) If k ⊃ Q, there is a Hodge decomposition H∗ =
∏

i≥0 H∗
(i) (given by

the associated graded of the filtration J∗∗
∞

) such that the filtered space
FpH

∗ :=
⊕

H
∗

(n≤p) is a filtered BV-algebra.
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As a consequence of Theorem 5.7, Har∗(C∗(X), C∗(X)) has an induced Lie algebra
structure. Moreover J0∗

∞
/J1∗

∞

∼= H∗(X) always splits.

Proof : We apply Lemma 5.4 to get a C∞-algebra structure (given by a differential
D) on C∗(X). Assertion iii) of this lemma ensures that there is a quasi-isomorphism
of A∞-algebras F : (C∗(X), D) → (C∗(X), d + ∪). Proposition 3.10 implies that

HH
∗((C∗(X), D), (C∗(X), D))∼=HH

∗((C∗(X), d + ∪), (C∗(X), d + ∪)).(5.23)

Thus we only need to prove the theorem for C∗(X) endowed with its C∞-structure.
The proof of 3.10 shows that the isomorphism (5.23) is the composition of the
following isomorphisms:

F∗ : HH
∗((C∗(X), D), (C∗(X), D)) → HH

∗((C∗(X), D), (C∗(X), d + ∪)) and

HH
∗((C∗(X), D), (C∗(X), d + ∪)) ← HH

∗((C∗(X), d + ∪), (C∗(X), d + ∪)) : F
∗

.

Since (C∗(X), d + ∪) is an A∞-algebra, formula (1.7) yields a ring structure on
HH∗((C∗(X), D), (C∗(X), d + ∪)) and F∗ and F ∗ are rings morphisms. Thus the
cohomology HH∗((C∗(X), D), (C∗(X), D)) and HH∗((C∗(X), d+∪), (C∗(X), d+
∪)) are isomorphic as rings.

By Theorem 3.1 there is a γ-ring structure on HH∗(C∗(X), C∗(X)). The
Poincaré duality structure quasi-isomorphism Ξ : C∗(X) → C∗(X) and Propo-
sition 3.10 implies that there is an isomorphism of γ-rings

HH
∗(C∗(X), C∗(X)) ∼= HH

∗(C∗(X), C∗(X)).

The compatibility between the γ-ring structure and the Gerstenhaber structure
follows from Proposition 3.30. The existence of the BV-structure is asserted by
Tradler-Zeinalian [TZ] as stated above. Note that the BV-structure identifies with
Connes’s operator B∗ : HH∗(C∗(X), C∗(X)) → HH∗(C∗(X), C∗(X)) through the
isomorphism HH∗(C∗(X), C∗(X)) ∼= HH∗(C∗(X), C∗(X)) [Tr2]. It is proved
in [Lo1] that kB(λk) = λk(B) on T (sR). Thus by duality we get the BV-
compatibility.

If X is simply connected, Theorem 5.1 ensures that

H∗(LX) ∼= HH
∗((C∗(X), d + ∪), (C∗(X), d + ∪)) ∼= HH

∗(C∗(X), C∗(X))

∼= HH
∗−d(C∗(X), C∗(X))

where the last isomorphism is induced by naturality and the Poincaré duality quasi-
isomorphism Ξ. Thus the BV -structure is transferred to H∗(LX). �

Example 5.8. Let X = S3 with its usual simplicial structure and the associ-
ated triangulation and k be a field of characteristic different from 2. Its cochain
complex is a C∞-algebra. The term E

pq
2

of the spectral sequence 3.7 is

HH
p+q(H∗(S3), H∗(S3)) = HH

p+q(k[y], k[y]) where |y| = 3.

It is a spectral sequence of γ-rings. An easy computation yields that this page of
the spectral sequence has a Hodge decomposition where the only non trivial terms
are

HH
−2p
(p) (H∗(S3), H∗(S3)) = k, HH

−2p+3

(p) (H∗(S3), H∗(S3)) = k (p ≥ 0).
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The Hodge decomposition above holds even if char(k) > 0. In that case, the
computation yields a partial Hodge decomposition with the same terms but with
the subscript (p) being taken modulo char(k) − 1 for p > 0, i.e.

HH
∗

(p)(H
∗(S3), H∗(S3)) = HH

∗

(p+n(char(k)−1))(H
∗(S3), H∗(S3))

for 1 ≤ p ≤ char(k) − 1. The total degree of an element in HH∗(H∗(S3), H∗(S3))
enables to split off the various terms of the partial decomposition, thus giving the
claimed Hodge decomposition above. The higher differentials necessarily vanish
and one finds that HH∗(C∗(S3), C∗(S3)) has a decomposition

HH
−2p+3(C∗(S3), C∗(S3)) = HH

−2p+3

(p) (C∗(S3), C∗(S3)) = k,

HH
−2p(C∗(S3), C∗(S3)) = HH

−2p
(p) (C∗(S3), C∗(S3)) = k

where p ≥ 0. By Theorem 5.7, the BV-operator commutes with the λ-operations
and the ring structure is the same as the one of the Hochschild cohomology of its
singular cochains (viewed as an associative differential graded algebra). Thus we
have an isomorphism of rings

H∗(LS
3) ∼= HH

∗(C∗(S3), C∗(S3)) ∼= k[u, v] with |u| = 3, |v| = −2,

see [FTV] for example (the degrees are cohomological ones). The weight p-piece
of the cohomology is the component k[u]vp. In particular the λ-operations also
commute with the loop product and the Hodge decomposition is graded for the
BV-structure. An analogous computation using spectral sequence 3.21 gives

HH−2p(C
∗(S3), C∗(S3)) = HH

(p)
−2p(H

∗(S3), H∗(S3)) = k and

HH−2p−3(C
∗(S3), C∗(S3)) = HH

(p)
−2p−3(H

∗(S3), H∗(S3)) = k

for p ≥ 0 and other terms are null.

The computation for S
3 are straightforwardly generalized to all spheres. For

odd dimensional simply connected spheres one has isomorphism of rings (n ≥ 1)

H∗(LS
2n+1) = HH

∗(C∗(S2n+1), C∗(S2n+1)) = k[u, v]

with |u| = 2n + 1, |v| = −2n and the weight p-component of the Hodge decompo-
sition is

H
(p)
∗ (LS

2n+1) = HH
∗

(p)(C
∗(S2n+1), C∗(S2n+1)) = kv

p ⊕ kuv
p
.

For even dimensional (simply connected) spheres, one has an isomorphism of rings
(n ≥ 1)

H∗(LS
2n) = HH

∗(C∗(S2n), C∗(S2n)) = k[v, w] ⊕ k[u]/(u2)

with |u| = 2n, |v| = 2 − 4n and |w| = 1. The weight p-component of the Hodge
decomposition is

H
(p≥1)
∗ (LS

2n) = kv
p ⊕ kwv

p−1
, H

(0)

∗ (LS
2n) = k[u]/(u2).

In particular the BV-structure is graded with respect to the Hodge decomposition.
Furthermore, denoting s−ik =: k[i] the module k concentrated in cohomological
degree i (hence homological degree −i), the homology spectral sequence yields that
the groups

H
k(LS

2n+1) ∼= HH−k(C
∗(S2n+1), C∗(S2n+1)) and

H
k(LS

2n) ∼= HH−k(C
∗(S2n), C∗(S2n))
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have Hodge decomposition where the weight p-pieces are

HH
(p≥0)
∗ (C∗(S2n+1), C∗(S2n+1)) = k[2p + 2n + 1]⊕ k[2p] and

HH
(p≥1)
∗ (C∗(S2n), C∗(S2n)) = k[p(4n − 2) + 2n] ⊕ k[p(4n − 2)− 2n + 1].

Of course HH
(0)

∗ (C∗(S2n), C∗(S2n)) = H∗(S2n) = k[2n]⊕ k.

Example 5.9. If char(k) = 0, the Harrison (co)homology groups of C∗(Sn)
immediately follow from Theorem 3.1 and Example 5.8:

Har
∗(C∗(S2n+1), C∗(S2n+1)) = k[−2n]⊕ k[1],

Har
∗(C∗(S2n), C∗(S2n)) = k[2 − 4n]⊕ k[1],

Har∗(C
∗(S2n+1), C∗(S2n+1)) = k[2n + 3]⊕ k[2],

Har∗(C
∗(S2n), C∗(S2n)) = k[6n− 2] ⊕ k[2n − 1]

where k[i] still means k concentrated in cohomological degree i. If char(k) = p > 0
then

Har
∗(C∗(S2n+1), C∗(S2n+1)) =

∏
i≥0

k[−2n(pi − i + 1)] ⊕ k[1− 2n(pi − i)],

Har
∗(C∗(S2n), C∗(S2n)) =

∏
i≥0

k[(2 − 4n)(pi − i + 1)] ⊕ k[1 + i(2− 4n)(p − 1)].

Example 5.10. For X = CPn, the loop homology ring is H∗(X) = k[x]/(xn+1)
(where |x| = 2), see [CJY]. When k is of characteristic different from n + 1, the
spectral sequence 3.7 also collapses at page 2 and a straightforward computation
yields an isomorphism of rings

H∗(LCPn) ∼= HH
∗(C∗(CPn), C

∗(CPn)) ∼= k[u, v, w]/(un+1
, u

n
v, u

n
w)

where |u| = 2, |v| = −2n and |w| = 1. Furthermore the Hodge decomposition is
given by

H
(p≥1)
∗ (LCPn) =

(
v
p
k[u] ⊕ wv

p−1
k[u]

)
/(unv, u

n
w)

and H
(0)

∗ (LCPn) = k[u]/(un+1). As in Example 5.8, we get a Hodge decomposition
even if char(k) > 0. In particular, the Harrison cohomology groups are

Har
∗(C∗(CPn), C

∗(CPn)) =
(
k[u]/(un)

)
[−2n] ⊕

(
k[u]/(un)

)
[1]

if char(k) = 0 and

Har
∗(C∗(CPn), C

∗(CPn)) =
(
k[u]/(un)

)∏
i≥0

k[−2n(pi − i + 1)] ⊕ k[1 − 2in(p− 1)]

if char(k) = p. The Hodge decomposition in Hochschild homology is given by

HH
(p)
∗ (C∗(CPn), C

∗(CPn)) = k[x]/(xn)[2np − 2n + 1]⊕ k[x]/(xn)[2np + 2],

HH
(0)

∗ (C∗(CPn), C
∗(CPn)) = k[x]/(xn+1)

where the degrees are cohomological degrees. In particular, if char(k) = 0, the only
non trivial Harrison homology groups are

Har2i−1(C
∗(CPn), C

∗(CPn)) = k for 1 ≤ i ≤ n,

Har2i(C
∗(CPn), C

∗(CPn)) = k for n + 1 ≤ i ≤ 2n.
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6. Concluding remarks

• At the same time as a first draft of this paper, Hamilton and Lazarev [HL]
(also see the recent updated versions [HL2, HL3, HL4]) wrote a paper
about cohomology of homotopy algebras, using Kontsevich framework of
formal non-commutative geometry. In particular they study Harrison and
Hochschild cohomology of C∞-algebras over a field of characteristic zero
and give a Hodge decomposition of HH∗(R, R) and HH∗(R, R�). Using
that the C∞-structure is determined by maps Di : R⊗i → R, it is easy to
check that their definitions are dual and equivalent to ours in this special
cases. They also prove that the above cohomology theories yields the good
obstruction theory. They finally apply it to (a different from our) issue
in string topology, namely the homotopy invariance of the Gerstenhaber
algebra structure.

• The Connes operator B : C∗(R, M) → C∗−1(R, M) is well defined for
C∞-algebras and commutes with the Hochschild differential, thus one can
define cyclic (co)homology of a C∞-algebra R see [GJ1, Tr2, HL]. Fur-
thermore, it is easy to check that the λ-operations and Hodge decom-
position passes to the various cyclic homology theories in characteristic
zero [HL]. In positive characteristic, the λ-operations passes to cyclic
(co)homology but not to negative cyclic (co)homology.

• Besides the BV-algebra structure, there are other string topology oper-

ations on H∗(LM) as well as in equivariant homology HS1

∗
(LM), which

come from an action of Sullivan chord diagram on LM . It seems inter-
esting to obtain compatibility conditions between the λ-operation/Hodge
decomposition and the full scope of string topology operation. It might
be achieved by combining the techniques of this paper and [TZ2].

• There are power maps γk : LM → LM which sends a loop f : S1 → M

to the loop u �→ f(ku). It seems reasonable to expect that these power
maps coincides with our λ-operation for simply connected spaces.
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What is the Jacobian of a Riemann Surface with Boundary?

Thomas M. Fiore and Igor Kriz

Abstract. We define the Jacobian of a Riemann surface with analytically

parametrized boundary components. These Jacobians belong to a moduli

space of “open abelian varieties” which satisfies gluing axioms similar to those

of Riemann surfaces, and therefore allows a notion of “conformal field theory”

to be defined on this space. We further prove that chiral conformal field the-

ories corresponding to even lattices factor through this moduli space of open

abelian varieties.

1. Introduction

The main purpose of the present note is to generalize the notion of the Jaco-
bian of a Riemann surface to Riemann surfaces with real-analytically parametrized
boundary (or, in other words, conformal field theory worldsheets). The Jacobian
of a closed surface is an abelian variety. What structure of “open abelian variety”
captures the relevant data in the “Jacobian” of a CFT worldsheet? If we considered
Riemann surfaces with punctures instead of parametrized boundary components,
the right answer could be easily phrased in terms of mixed Hodge structures.

But in worldsheets, we see more structure, and some of it is infinite-dimensional.
For example, even to a disk with analytically parametrized boundary, one naturally
assigns an infinite-dimensional symplectic form and a restricted maximal isotropic
space (cf. [7]). Any structure we propose should certainly include such data.
Additionally, in worldsheets, boundary components can have inbound or outbound
orientation, and an inbound and outbound boundary component can be glued to
produce another worldsheet. So another test of having the right notion of “open
abelian variety” is that it should enjoy a similar gluing structure.

We should point out that it is actually a remarkably strong requirement that a
structure such as a (closed) abelian variety could somehow be “glued together” from
“genus 0” data similar to the situation we described above for a disk. One quickly
convinces oneself that naive approaches based on modelling somehow the 1-forms
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on a Riemann surface, together with mixed Hodge-type integral structure data, fail
to produce the required gluing. In fact, in some sense, the desired structure must
be “pure” rather than “mixed”. Note that there is no way of “gluing” a pure Hodge
structure out of a mixed Hodge structure which does not already contain it: in the
case of a closed Riemann surface with punctures, the mixed Hodge structure on
its first cohomogy contains the pure Hodge structure of the original closed surface,
so no gluing is involved. Clearly, the situation is different when we are gluing a
non-zero genus surface from a genus 0 surface with parametrized boundary.

There is, however, a yet stronger test. When L is an even lattice (together
with a Z/2-valued bilinear form b satisfying a suitable condition), one has a notion
of conformal field theory associated with L ([9, 4]). It could be argued that the
definition only uses additive data, so the lattice conformal theories should “factor
through open abelian varieties”. In some sense, if one considers the conjectured
space of open abelian varieties to be the “Jacobian” of the moduli space of world-
sheets (with all its structure), then one could interpret this as a sort of “Abelian
Langlands correspondence” for that space. This test is also severe, as lattice confor-
mal field theories are known to be unexpectedly tricky. For example, the definition
of operator assigned to a worldsheet appears to depend on the order of bound-
ary components, and a subtle discussion is needed to remove this (unacceptable)
dependency. This will be clarified in Section 5 below.

In this paper, we indeed propose a notion of an open abelian variety and answer
both test questions in the affirmative. Of course, one has to start out by being
precise about what exact abstract structure captures the notion of gluing, and
then generalize the notion of conformal field theory to be defined on such abstract
structures. Following ideas of Segal [9], this was done in [1, 4, 5], with a correction
in [3]. The desired structure is called stack of pseudo commutative monoids with
cancellation (SPCMC - see [3] for a correct definition) and a CFT is a pseudo
morphism of certain SPCMC’s

(1) C → C(M,H).

(The papers [4, 5] used the word “lax” instead of “pseudo”, but the first author
[1] discovered that “pseudo” conforms more with existing terminology of higher
category theory.)1

In the present paper, the meaning of the target of the map (1), which is de-
fined in [5], plays only a marginal role. The source of the map (1), however,
is important: it is the SPCMC of Segal’s worldsheets. Those are 2-dimensional
real-analytic manifolds with boundary which have a complex structure and real-
analytically parametrized boundary components. The notion of SPCMC, which is
defined in [4, 5], is designed to capture the operations of disjoint union and gluing
in C, along with the fact that C is a groupoid (under holomorphic maps compatible
with the boundary parametrizations), and in fact a stack over the Grothendieck
topology of complex-analytic manifolds and open covers. In particular, gluing in

1It should be pointed out that instead of SPCMC’s, we could use other known structures

present on worldsheets which can be used for axiomatizing CFT, for example the ‘cobordism

approach’ based on PROPs; our structure satisfies those axioms as well. As shown in [2], however,

when one carefully treats the cobordism approach so no relevant axioms are omitted, the discussion

is comparable to SPCMC’s.
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C is defined by noticing that the parametrized boundary components of a world-
sheet can have two possible orientations with respect to the complex structure -
one usually calls them inbound and outbound. Now from a worldsheet X , another
worldsheet, usually denoted by X� (despite of the ambiguity of the symbol), can
be obtained by gluing an inbound boundary component of X to an outbound, using
the parametrizations. The notion of SPCMC is designed to capture all the algebraic
properties of these operations.

The definition (1) may seem mysterious, but roughly speaking, we can imagine
we have a certain finite set of labels A, Hilbert spaces Ha for a ∈ A, and for every
worldsheet X with a map φ assigning to each boundary component c of X a label
φ(c) ∈ A, a finite-dimensional vector space MX,φ and a trace class element

(2) UX,φ ∈ MX,φ ⊗
⊗̂
c

H
∗

φ(c)⊗̂
⊗̂
d

Hφ(d)

where the tensor products are over inbound boundary components c and outbound
boundary components d of X . The symbol ⊗̂ means Hilbert tensor product, and
H∗ means the Hilbert dual of H . These elements (called vacuum elements) are
required to satisfy certain properties which we will not list here. However, one
important example is in order. When X has no boundary components (is a closed
surface), (2) becomes simply an element of MX (φ is dummy), and it follows from
the structure that MX is a representation of the mapping class group Mod(X).

However, physicists noticed that in some cases (e.g. the lattice theories) more
is true, namely that the representation of the mapping class group Mod(X) on MX

extends to the Siegel modular group Sp(2g,Z) where g is the genus of X (there
is a natural map Mod(X) → Sp(2g,Z) by taking 1st cohomology). The question
therefore arises: what does it mean for a CFT to be “Siegel-modular”, or, in other
words, to depend only on the cohomology of the worldsheet X?

It is the main purpose of this note to provide one possible answer to this
question. Our approach is to define a pseudo morphism of SPCMC’s

(3) C → J

where J is, roughly speaking, the SPCMC of all possible ‘structures that look like
cohomologies of worldsheets’. We define precisely what this means, and call such
structures ‘open abelian varieties’.

Defining the SPCMC of open abelian varieties is our main result. We also
show that the (chiral) lattice CFT corresponding to an even lattice indeed factors
through a CFT on J by the map (3), which explains its Siegel modularity. The
reader is invited to notice that such a discussion would be very difficult, if not
impossible, if the notion of SPCMC were not developed.

The present paper is organized as follows. In Section 2, we define open abelian
varieties, and discuss their moduli stack. In Section 3, we discuss gluing of open
abelian varieties, and their SPCMC structure. In Section 4, we discuss the Jacobian
map from the SPCMC of worldsheets to the SPCMC of open abelian varieties. In
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Section 5, we shall discuss the lattice conformal field theory on the SPCMC of open
abelian varieties.

2. Open abelian varieties

In this section, we will introduce a generalization of the concept of a (princi-
pally polarized) abelian variety to a notion which contains “Jacobians” of Riemann
surfaces with parametrized boundary. Again, the main motivation is to a purely
algebraic notion of “gluing”. While the concept we develop is far from obvious, one
can actually find in it a very pretty “open” version of principally polarized weight
1 pure Hodge structure with non-negative Hodge-degrees.

Construction 2.1. Let us start with the space V1 of real-analytic functions

f : R→ R

for which there exists a number Δf such that

f(x + 2π) = f(x) + Δf .

We may then alternately think of V1 as a space of “branched” functions on S1 by
applying the map eiz. There is an antisymmetric form S on V1 given by

(4) S(f, g) =

∫
S1

fdg − Δfg(0)−
1

2
ΔfΔg

(the integral over S1 is interpreted as the integral from 0 to 2π). Note that in (4),
the term Δfg(0) could have been equally well replaced by Δgf(0). The point is to
choose the terms so that S(f, g) = −S(g, f).

Given a pair of disjoint finite sets A+ and A−, we set

A = A
+ � A

−

.

(We think of A+ as the set of outbound and A− as the set of inbound boundary
components within a connected component.) Define

VA = {f = (fi)i ∈
∏

i∈A+
�A−

V1|
∑

i∈A+

Δfi
−

∑
i∈A−

Δfi
= 0}/〈(1)i〉.

Now choose a linear ordering on the set A. For i ∈ A, define εi = 1 if i ∈ A+ and
εi = −1 if i ∈ A

−. Define for f, g ∈ VA,

(5) S<(f, g) =
∑
i∈A

εiS(fi, gi) −
1

2

∑
i<j∈A

εiεj(Δfi
Δgj

− Δgi
Δfj

).

Note that since the space VA is fixed, we can also give it an integral structure, i.e.
choose once and for all a topological basis B< on which S< is hyperbolic.

The exact choice does not matter. Note also that although the form (5) depends
on the ordering of A, the antisymmetric forms S< for different orderings < are easily
calculated from each other, by adding differences of the corresponding terms

(6)
1

2

∑
i<j

εiεj(Δfi
Δgj

− Δgi
Δfj

).
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Instead of speaking of an ordering and an antisymmetric form, it will be more
useful for us to speak of a collection of antisymmetric forms S< related to each
other by the said formulas. We shall speak of antisymmetric forms S< related in
the standard way.

Remark 2.2. It will be important in the sequel to note that the form S< in
fact only depends on the cyclic ordering, i.e. if we take the smallest element 1 of A

and make it the greatest element without changing the order of the other elements,
then the form S does not change. To see this, note that the operation just described
results in adding to S the term

(7)
∑

1�=j∈A

ε1εj(Δf1Δgj
− Δg1Δfj

).

But we are also assuming

(8)
∑
j∈A

εjΔfj
= 0 =

∑
j∈A

εjΔgj
,

so (7) is equal to
ε
2

1
(Δf1Δg1 − Δg1Δf1) = 0.

Remark 2.3. There is another way of relating the forms S<, S<′ for different
orders <, <′ which will be of importance to us. Consider functions f = (fi)i and
g = (gi)i as above. Then define

(9) f
′

i = fi −
∑

{εjΔfj
|j < i and i <

′

j}.

We will refer to the map f �→ f ′ given by (9) as the standard transformation

VA

∼=
�� VA

corresponding to the change of the order < to <′. The relation we have in mind is
established by the following result.

Lemma 2.4. We have

S<(f, g) = S<′(f ′, g′).

Proof. We have

S<(f, g) =
∑
i∈A

εi(
∫
S1 fidgi − Δfi

gi(0) −
1

2
Δfi

Δgi
)

− 1

2

∑
i<j

εiεj(Δfi
Δgj

− Δgi
Δfj

)

=
∑
i∈A

εi(
∫
S1 f ′idg′i +

∑
j<i,i<′j

∫
S1 εjΔfj

dg′i − Δf ′
i
(g′i(0) +

∑
j<i,i<′j

εjΔgj
)

− 1

2
Δf ′

i
Δg′

i
) − 1

2

∑
i<j

εiεj(Δf ′
i
Δg′

j
− Δg′

i
Δf ′

j
)
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=
∑
i∈A

εi(
∫
S1

f ′idg′i − Δf ′
i
g′i(0) −

1

2
Δf ′

i
Δg′

i
)

+
∑
i∈A

εi(
∑

j<i,i<′j

εjΔf ′
j
Δg′

i
) −

∑
i∈A

εiΔf ′
i
(

∑
j<i,i<′j

εjΔg′
j
)

− 1

2

∑
i<j

εiεj(Δf ′
i
Δg′

j
− Δg′

i
Δf ′

j
)

=
∑
i∈A

εiS(f ′i , g
′

i)

+
∑

j<i,i<′j

εiεj(Δf ′
j
Δg′

i
− Δg′

j
Δf ′

i
)

− 1

2

∑
i<j

εiεj(Δf ′
i
Δg′

j
− Δg′

i
Δf ′

j
)

=
∑
i∈A

εiS(f ′i , g
′

i)

− 1

2

∑
j<i,i<′j

εiεj(Δf ′
i
Δg′

j
− Δg′

i
Δf ′

j
)

+ 1

2

∑
i<j,j<′i

εiεj(Δf ′
i
Δg′

j
− Δg′

i
Δf ′

j
)

− 1

2

∑
i<j

(Δf ′
i
Δg′

j
− Δg′

i
Δf ′

j
)

=
∑
i∈A

εiS(f ′i , g
′

i)−
1

2

∑
i<′j

εiεj(Δf ′
i
Δg′

j
− Δg′

i
Δf ′

j
)

= S<′(f ′, g′). �

It is also of interest to us that when <
′ is obtained from < by moving the

greatest element i to the lowest, then f ′j = fj for j �= i, and f ′i is obtained from fi

by adding the constant function equal to εiΔfi
. This means that when < and <′

correspond to the same cyclic order, the standard transformation is not necessarily
the identity, but is given by adding to each fi a constant function which is a fixed
integral multiple of Δfi

.

Definition 2.5. An open abelian variety (C, U, S, W, ι, V ⊥
Z

) consists of a (pos-
sibly empty) set C of finite sets (called open connected components) A = A+�A−

(whose elements are called outbound and inbound boundary components respec-
tively), a real vector space U with, for each system of linear orders < of each
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A ∈ C, an embedding

(10) V :=
⊕
A∈C

VA
⊆

ι<
�� U

such that the image ι<V is of finite codimension. (Note that the image ι<V does
not depend on <.) Further, for different choices of orders < and <′, the embeddings
ι< and ι<′ are related by composing with the standard transformation (see Remark
2.3). Further, a nondegenerate real symplectic form S is given on U , and (10) maps
the form ⊕

A∈C

S< on
⊕
A∈C

VA

to S. (Note that by Remark 2.3, it suffices to verify this assumption for one ι<.)
Next, there is given a smooth (in the standard sense, see below) complex

isotropic subspace W ⊂ UC such that

(11) W ⊕ W = UC,

(12) 2iS(x, x) > 0 for all x ∈ W

(here W denotes the complex conjugate of W ).

Additionally, there is an integral structure, which is the following subtle data:
First, there is an integral structure on the S-complement V ⊥ (=annihilator) of
ι<V , which means there is a subgroup V

⊥

Z
of V

⊥ on which S is isomorphic (but
not by a given isomorphism) to a hyperbolic antisymmetric form.

Next, we impose an identification on open abelian varieties according to the
following rule. Denote by Vconst,Z the subgroup of V consisting of functions which
are constant, and have integral value, on every boundary component. Similarly, let
Vdeg,Z denote the subspace of V of functions which have integral degree on each
boundary component, i.e. Δfj

∈ Z for all j ∈ A ∈ C. Fix a system of linear orders

< on each A ∈ C. Then two open abelian varieties (C1, U1, S1, W1, ι1, V
⊥

Z,1) and

(C2, U2, S2, W2, ι2, V
⊥

Z,2) are identified if C1 = C2, U1 = U2, S1 = S2, W1 = W2 and

the selection of the map ι< and V ⊥
Z

is subject to the following rules: We require

(13) V
⊥

Z,1 ⊆ V
⊥

Z,2 ⊕ ι2Vconst,Z,

(14) (ι1 − ι2)(Vdeg,Z) ⊆ V
⊥

Z,2 ⊕ ι2Vconst,Z.

Note that ι1− ι2 is a homomorphism. (Note that condition (14) implies that ι1− ι2

on V only depends on the degree, as it is determined by its restriction to Vdeg,Z,
and the target of that map is discrete. It then follows that on elements of V of
constant degree, in particular on Vconst,Z, ι1 = ι2. Because of this, one can replace
ι2 by ι1, and/or V

⊥

Z,1 by V
⊥

Z,2 in (13). Also, because of this and (13), we may replace

ι2 by ι1 and/or V ⊥
Z,2 by V ⊥

Z,1 on the right hand side of (14).)
Note also that by Remark 2.3, the choice of < does not matter in this identi-

fication, since the identification is invariant under standard transformation. Note
also that by the same remark, fixing <, we may replace ι< by ι<′ for any system
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of orders <′ which defines the same cyclic order on each A ∈ C without changing
the open abelian variety.

To define smoothness of a subspace W , recall that we have a standard polar-
ization of VC given by the isotropic subspaces V +, V − of functions on each copy
of S1 which holomorphically (resp. antiholomorphically) extend to the unit disk
(recall that polarizations do not depend on adding or subtracting finite-dimensional
subspaces). Now by smoothness of W we mean that the projection of W to V + is
a Fredholm operator and the projection of W to V − is a smooth operator, i.e. its
singular values (considering the Hilbert structures on W , V − given by (12) and the
analogous form on V

−) decrease exponentially.

Deciding which maps to call morphisms of open abelian varieties is an inter-
esting problem. For the purpose of the present paper, we will choose morphisms to
be only isomorphisms, which is unambiguous.

Definition 2.6. An isomorphism of open abelian varieties

(C, U, S, W, ι) → (C′, U ′, S′, W ′

, ι
′)

consists of a bijection b : C → C′, and for each A ∈ C a bijection bA : A → b(A)
preserving inbound and outbound boundary components, an isomorphism φ : U →
U ′ such that φ(W ) = W ′, φ carries S to S′, and for each system of orders < of all
A ∈ C, if we denote by <b the order induced by the system bA on b(A), bA and φ

conjugate ι< to an embedding which defines the same open abelian variety as ι′<b
.

In this paper, the category of open abelian varieties will be chosen to be the
category whose objects are open abelian varieties and whose morphisms are iso-
morphisms.

The identifications imposed in Definition 2.5 can be viewed more systematically
in the following way: Consider a particular embedding ι0 : V → U , and a particular
hyperbolic basis of V

⊥

Z
. Then we can identify U with V ⊕ V

⊥

R
via this embedding.

Now consider the group of all linear transformations

φ : V ⊕ V
⊥ → V ⊕ V

⊥

which can be represented by 2 × 2 matrices(
φV V φV V ⊥

φV ⊥V φV ⊥V ⊥

)
such that the map φV ⊥V ⊥ is an integral symplectic transformation, φV V ⊥(V ⊥

Z
) ⊆

Vconst,Z, φV ⊥V (Vdeg,Z) ⊆ V ⊥
Z

, (φV V − Id)(Vdeg,Z) ⊆ Vconst,Z. It is easy to check
that linear transformations of this type form a discrete group, which we denote by
Spopen(V,Z). This can be considered the group of identifications of open abelian
variety data.

More precisely, let us compute the moduli space of open abelian varieties for
a given set of open connected components. From the definition, it follows that the
moduli space is

(15) U(W )\Spsm(U)/Spopen(V,Z).
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The group U(W ) is the Hilbert unitary group on W , the group Spsm(U) is the real
symplectic group of U which when expressed as 2×2 matrices in the decomposition
W ⊕ W , the off-diagonal terms are smooth operators.

It is worth noting that the group Spsm(U) is in fact also contractible, so the
moduli space is a “K(π, 1)-stack”. To prove this, by Kuiper’s theorem, it suffices
to show that the coset space

(16) U(W )\Spsm(U)

is contractible. Expressing the form S as a 2× 2 matrix as discussed above, it is of
the form (

0 −iI

iI 0

)
,

so (16) is isomorphic to the contractible space

{exp

(
0 A

A 0

)
|A is symmetric smooth}.

Remark 2.7. An open abelian variety with no open connected (and hence no
boundary) components is simply a real symplectic space U with integral structure
and decomposition

UC = W ⊕ W

where W is positive-definite isotropic, in other words, SW×W = 0 and 2iS(x, x) >

0 for all x ∈ W . This is equivalent data to an abelian variety over C as in [6].

3. Gluing and SPCMC structure

If (I,+, 0) is a monoidal category, a strict 2-functor X from I
2 into the 2-

category of small categories is a pseudo commutative monoid with cancellation if it
is equipped with the basic operations of

(17) addition + : Xa,b × Xc,d → Xa+c,b+d

(18) unit 0 ∈ X0,0

(19) and gluing � : Xa+c,b+c → Xa,b

which satisfy the following axioms up to coherent isomorphisms: commutativity,
associativity, unitality, transitivity, distributivity, and trivial cancellation is trivial.
In this paper, (I,+, 0) is category of finite sets with disjoint union and 0 is the
empty set. We abbreviate the phrase stack of pseudo commutative monoids with
cancellation by SPCMC.

Theorem 3.1. There exists an SPCMC structure on the set of open abelian
varieties.

Remark 3.2. Before embarking on this story, let us briefly note the following
curious fact: although open abelian varieties model the notion of open connected
components, it does not model the notion of closed connected components. More-
over, for the same reason, while one can define genus as one half of the codimension
of V in U (which agrees with the usual genus in the case of a Jacobian of a surface),
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the structure does not model the genus of an individual open connected component.
It is worthwhile pointing out that one can consider a variant of our notion which
would keep track of both closed and open connected components, and would be sim-
ply a sequence of closed and open abelian varieties with one connected component
in our sense. Such structure would also form an SPCMC by our arguments.

The proof of Theorem 3.1 will occupy the remainder of this section. First, note
that the stack structure over complex manifolds and coverings follows from the
moduli space remarks at the end of the last section. Also, the operation of sum is
obvious, realized by direct sum in the obvious sense. So the main point to discuss
is gluing.

We have the decomposition

(20) U ∼= V ⊕ V
⊥

where V ⊥ is the S-annihilator of V in U . We therefore have a canonical projection
given by the decomposition (20)

(21) p : U → V.

Composing with the projection qA from V to VA for a connected component A, we
get a projection

(22) pA : U → VA.

Composing further, for j ∈ A, with the projection

qA,j : VA → V1/R

(where V1 is the space of real analytic branched functions on S1 as in Construction
2.1 and R is generated by the constants), we get a projection

(23) pA,j : U → V1/R.

All these maps of course also have complex forms, which we will denote by the same
symbol.

Now the idea of gluing an inbound boundary component i ∈ A− to an outbound
boundary component j ∈ B+, A, B ∈ C, is to set

(24) U
� = {a ∈ U |pA,i(a) = pB,j(a)}/Im(V1).

Here by Im(V1) we denote the image of V1 in U by sending an element x ∈ V1 to the
sum of ι<(xi) and ι<(xj) where xi (resp. xj) is the same function as x on the i’th
(resp. j’th) boundary component and zero everywhere else. The order < is selected
in such a way that i immediately precedes j (see discussion of Cases 1 and 2 below).
Then Im(V1), by our assumptions, S-annihilates {a ∈ U |pA,i(a) = pB,j(a)}, so we
can choose S� as the form induced by S. However, we will need to show that it
is a non-degenerate symplectic form. To this end, we will actually first give an
independent formula for gluing W , and then show that it is compatible with (24).

To glue W , we simply take

(25) W
� = {a ∈ W |pA,i(a) = pB,j(a)}.

Next, we will define the set of open connected components C� after gluing, which
will give us a space V � defined the same way as V , with C replaced by C�, and
an embedding ι�< after gluing corresponding to a system of orders < before gluing.
Of course, one can choose the order <, since for different orders the embeddings
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must be related by composing with a standard transformation. Now there are two
principal cases to distinguish:

Case 1: A = B. In this case, define C� as the set of components E� = E when
E �= A ∈ C, and A� = A − {i, j} provided A� �= ∅. Next, assume i < j < k for all
k ∈ A−{i, j}. Then let the order < after gluing be given by omitting i, j. Further,
assume that the boundary component corresponding to i is inbound. We define for
x ∈ V �, ι�<(x) to be the projection of ι<(y) for any y = (yk) ∈ V where yk = xk

when k �= i, j, and yi = yj is arbitrary. By definition, this embedding preserves the
symplectic form.

Case 2: A �= B. Then C� is the set of E� = E where A, B �= E ∈ C, and
A� = B� = (A ∪ B) − {i, j}, provided A� �= ∅. Then assume that i is the
greatest element of A and j is the least element of B. Assume again that the
i’th boundary component is inbound. Let the ordering on the glued connected
component (A ∪ B) − {i, j} be obtained by juxtaposing the ordering on A − {i}
before the ordering on B − {j}. Again, for x ∈ V

�, we define ι
�

<(x) to be the
projection of ι<(y) for any y = (yk) ∈ V where yk = xk when k �= i, j, and yi = yj

is arbitrary. (Note that in this case, there is a subtlety due to the fact that xk is
only defined up to adding two different constants for k ∈ A, B; what we mean is
that the difference of the constants is fixed by the requirement yi = yj.) Again, we
see that this embedding preserves antisymmetric forms.

Remark 3.3. In the Cases 1 and 2, when A� = ∅, it simply gets deleted from
the data (see comments in the paragraph below Theorem 3.1 at the beginning of
this section). It does not affect the rest of the gluing procedure.

It remains to relate the formulas (24), (25), and prove that S remains non-
degenerate. First, since we have complete control over the structure of U�, it is
easy to see that

(26)
g

� = g + 1 in Case 1,
g� = g in Case 2

where g� denotes 1/2 times the codimension of V � in U�. Additionally, since S�

is induced from S (at least for the particular choice of orderings), we know that

W� ⊂ U�

C
, W

�

⊂ U�

C
are isotropic and S�-dual to each other, so in particular

W
� ∩ W

�

= 0

and thus that the natural map

(27) W
� ⊕ W

�

→ U
�

C

is injective. What remains to be shown is that, viewing (27) as an inclusion,

(28) W
� + W

�

= U
�

C ,

or in other words that the map (27) is onto. To show this, we will take advantage
of Segal’s method [9] of relative dimension. Choosing a polarization of

(29) VC = V
+ ⊕ V

−

compatible with W (for example as discussed in the last section), let

W0 = Im(p|W ), W 0 = Im(p|W ).
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Here p|W respectively p|W denotes the restriction to W respectively W of the
complexification pC : UC → VC of the projection p in equations (20) and (21).
Denoting relative dimension with respect to the positive space V + by dimV + , i.e.

dimV +(Q) = index(πQ)

for Q ⊂ VC where πQ : Q → V + is the projection given by the decomposition, we
get

(30) dim(Ker(p|W )) + dimV +W0 + dim(Ker(p|W )) + dimV −W 0 = 2g

(since W0 and W 0 generate VC,

dimV +W0 + dimV −W 0 = dim(W0 ∩ W 0)).

But now one has

(31) dim(Ker(p|W�)) + dimV �+W
�

0
≥ dim(Ker(p|W )) + dimV +W0 + ε

where ε is 1 in Case 1 and 0 in Case 2 (this shift arises because of our treatment of
the constants on connected components). Equality arises if and only if

(32) W
�

0
+ W

�

0
= V

�

C .

Similarly, we have

(33) dim(Ker(p|W�)) + dimV �−W
�

0
≥ dim(Ker(p|W )) + dimV −W 0 + ε

and

(34) dim(Ker(p|W�)) + dimV +W
�

0
+ dim(Ker(p|W�)) + dimV −W

�

0
≤ 2g + 2ε.

Comparing (30), (31), (33), (34), we see that equality must arise in (31), (33), so
we have (32), which implies (28) by (26) and the comment preceeding (32).

Now integral structure is discussed as follows. First of all, V �⊥

Z
is generated by

V ⊥
Z

in Case 2, and is generated by V ⊥
Z

and elements which have integral degree on i

and differ by an integral value on i, j, and have 0 projection to the other boundary
components (well defined since we are in the same boundary component) in Case
1. Such elements must generate V ⊥

C
by the discussion of the previous paragraph.

Additionally, a direct verification proves that equivalence is preserved by gluing.

To define the operations of an SPCMC as defined in [3], we need to soup up
our gluing definition to glue simultaneously several pairs of boundary components,
each consisting of one inbound and one outbound boundary component.

Regarding the gluing of U and W , there are obvious generalizations of formulas
(24) and (25) for multiple pairs of components. The trickiest part is the discussion
of the ordering of boundary components, since in the case of multiple boundary
components, we can no longer rely on distinguishing two cases as we did above.
The procedure for generalizing to the case of gluing several pairs is as follows:
First, note that for an open abelian variety X, we can associate an antisymmetric
form S< with any ordering of the entire set of boundary components of X, regard-
less of the open connected components. Simply relate the forms corresponding to
the orderings in the standard way, and the embeddings ι< by composing with the
standard transformations. (Note that even though the components of an element
in each open connected component are only defined up to a separate additive con-
stant, this does not affect standard transformations.) For the operation of disjoint
union, we simply juxtapose the order (this is possible, as permuting cyclically the
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boundary components of each disjoint summand does not change the form S). The
general procedure for gluing is to change the order of boundary components (while
relating S in the standard way and ι<’s by composing with standard transforma-
tions) so that all pairs of boundary components to be glued are arranged so that
the outbound component immediately follows the inbound, i.e. the inbound is i’th
and the outbound is i + 1’st, if the boundary components are indexed by integers.
The key observation is that permuting i and i + 1 past another boundary compo-
nent will not change the value of the form S, since the terms of (5) involving i and
i + 1 cancel out, since fi and fi+1 are the same function when gluing. Similarly,
the standard transformations corresponding to such permutations are identities on
functions where fi and fi+1 coincide. More generally, embeddings with respect to
orders of this specified form which are related by composing with standard transfor-
mations before gluing remain related by composing with standard transformations
after gluing, since terms coming from the glued boundary components cancel out.

After such arrangement we take the induced embedding ι�< to be associated
with the order < which omits all the pairs of the glued boundary components, and
leaves the order of the others unchanged. For a direct definition of the integral
structure, V �⊥

Z
is generated by V ⊥

Z
and elements which can be lifted to an element

f of the sum of copies of V1 over all the boundary components in such a way that
fk = 0 on any boundary component not glued, fi has integral degree and fi − fj is
a constant integral function when i, j are glued. We see that this composite gluing
produces an open abelian variety, since it will be, for a particular order selected,
isomorphic to the open abelian variety obtained by gluing the pairs of boundary
components successively.

Next, we must prove that the disjoint union and gluing operations just defined
have the coherence isomorphisms and diagrams required in an SPCMC [3].

The coherence isomorphisms correspond simply to the identities required for a
commutative monoid with cancellation (Def 3.4 of [3]). The identities are commuta-
tivity, associativity, and unitality of sum, unitality and transitivity of cancellation,
and distributivity of cancellation under addition. The isomorphisms are by defini-
tion determined by what they do on W , where sum corresponds to direct sum, and
gluing is given by the generalization of (25) to multiple pairs. This is coherent with
respect to the obvious maps. It is also easy to see that the corresponding maps are
compatible with the ι<’s and the integral structure.

Having defined the coherence isomorphisms, we need to consider the commuta-
tivity of coherence diagrams. Those diagrams are defined in [3]. All the diagrams
required are of the following form. Denote by Xa,b the set of open abelian varieties
with inbound (resp. outbound) boundary components indexed by the finite set
a (resp. b). Recall the notation for the basic operations in equations (17), (18),
and (19). We consider all words W which can be written using n distinct vari-
ables x1, ..., xn, each xi representing an open abelian variety with inbound (resp.
outbound) boundary components indexed by vi (resp. wi). The vi’s and wi’s are
in turn words in m variables a1, ..., am (representing finite sets), using the finite
set-level operations +, 0. No variable ai is allowed to occur more than once among
the vi’s, or among the wi’s. However, a variable occuring among the vi’s may also
occur among the wi’s (note that otherwise, the operation � could not be applied).
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Now coherence diagrams [3] are obtained by the following procedure: Alter a
word W repeatedly by applying one of the identities (commutativity, associativity,
unitality of +, unitality and transitivity of �, and distributivity). Denote the word
obtained by the end result of this sequence of alterations by W

′. Then it is possible
that the same word W

′ could also be obtained from W by a different sequence
of alterations. Any time this occurs, we have an obvious corresponding coherence
diagram. Our task is to show that all such diagrams commute.

However, this is quite easy, since an isomorphism between open abelian varieties
is determined by the isomorphism of the W ’s. Now we have a canonical injection

(35) WX� → WX,

and also canonical projections

(36) WX1+X2 → WXi
.

Therefore, by induction, we obtain a map

(37) WW

φi
W

�� WXi
,

i = 1, ..., n, whose product is injective. By considering all types of coherence iso-
morphisms again (units, �-transitivity, +-commutativity and associativity), we see
that the maps (35) and (36) commute with the maps induced by the coherence
isomorphisms. Consequently, the two paths p1 and p2 from the word W to the
word W

′ induce a commutative diagram

(38)

WW

pj∗

��

φi
W

���
��

��
��

�

Wi

WW′ ,

φi
W′

����������

j = 1, 2, i = 1, ..., n. Since however the product of the maps φi
W′ is injective, we

conclude that p1∗ = p2∗, as required.

4. The Jacobian of a worldsheet with boundary

In this paper, a worldsheet Σ is a Riemann surface whose boundary components
c1, ..., cn are parametrized by analytic diffeomorphisms

φi : S
1 → ci.

Taking a chart of Σ (and thus identifying with a subset of C), boundary components
oriented counterclockwise (resp. clockwise) are called inbound (resp. outbound).
Worldsheets form an SPCMC C, as proved in [3].

Theorem 4.1. There exists a morphism of SPCMC’s

(39) T : C → J .

extending the Torelli map on the moduli stack of closed Riemann surfaces.
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We will also call the map T the Torelli map, by extension of the closed case.
The proof of Theorem 4.1 will occupy the remainder of this section.

Definition 4.2. A cut worldsheet is a pair (Σ,Γ) where Σ is a worldsheet and

Γ ⊂ Σ

is a graph, i.e. a 1-dimensional CW complex whose edges are piecewise analytic,
subject to the two conditions. First, the boundary components ci are required to be
edges of Γ and the points φi(1) are the vertices (in particular, the boundary com-
ponents are not subdivided). Recall that the φi are the boundary parametrizations
from above. Second, the connected components of Σ−Γ must be surfaces of genus
0 and their number must be equal to the number of the connected components of
Σ.

Thus, Γ basically cuts each connected component of Σ into a surface of genus
0 without disconnecting it.

Lemma 4.3. A structure of a cut worldsheet (we will say simply cut structure)
exists on every worldsheet.

Proof. Without loss of generality, we can assume Σ is connected. To construct
Γ, we can first choose a set of disjoint collectively non-separating curves in Σ which
cut it to a surface Σ′ of genus 0, and let the vertices of Γ be the images of 0 under
the parametrizations. Then connect the vertices by disjoint open edges which cut
Σ into a disk. �

It will be convenient to be a little more specific about the choice of cut structure
constructed in the proof of Lemma 4.3. Note that a cut structure on a connected
worldsheet specifies a cyclic order of boundary components: changing for the mo-
ment the orientation of the boundary components to outbound if necessary, this is
simply the order in which the boundary components appear if we travel the bound-
ary of the disk obtained by cutting the worldsheet along Γ. Now, if Σ is connected,
we will call (Σ,Γ) a standard cut structure on Σ if the cyclic order of the boundary
components of the genus 0 worldsheet Σ′ defined in the proof of Lemma 4.3 is of
the form

(40) c1, ..., cn, d1, ..., d2g,

where c1, ..., cn are the boundary components of Σ, and Σ is obtained from Σ′ by
gluing d2i−1 with d2i, i = 1, ..., g. We may refer to the pairs d2i−1, d2i as pairs of
hidden boundary components of Σ′. A cut structure on a general worldsheet Σ will
be called standard if its restriction to every connected component of Σ is standard.

Now for a Riemann surface with standard cut structure (Σ,Γ), we define an
open abelian variety T (Σ,Γ) as follows:

Without loss of generality, we may assume that Σ is not closed, for in the closed
case we just take the ordinary Jacobian. We may further assume that Σ is con-
nected, as there is an obvious operation of direct sum on open abelian varieties (as
already remarked). Under the assumption, then, there is only one open connected
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component A, and its elements are the boundary components of Σ. Let, then, W

be the space of holomorphic functions

f : Σ − Γ → C

which extend to holomorphic functions on the universal cover Σ̃

f̃ : Σ̃ → C

such that for every deck transformation

σ : Σ̃ → Σ̃

there exists a number nσ,f ∈ C such that

f̃(σz) − f̃(z) = nσ,f for all z ∈ Σ̃,

factored out by the space of functions constant on each connected component.
The space W is defined analogously with the word “holomorphic” replaced by
“antiholomorphic”. Then we must define

UC = W ⊕ W.

To define the form S on U , first define, for f ∈ U , a 1-form ωf on Σ by

ωf = df̃ .

Then define the ordering < of boundary components as the order in which the
boundary components occur on the boundary of Σ − Γ in the counterclockwise
direction. (Recall that only the cyclic order matters.) Then define

(41) S(f, g) =

∫
Σ

ωfωg.

Lemma 4.4. The restriction

(42) U → VA

is onto. More precisely, (42) has a splitting which is canonical on functions of
degree 0 on each boundary component, and canonical in the general case subject to
selecting a standard cut structure on Σ.

Proof. Assume without loss of generality that Σ is connected and not closed.
Recall that by the Dirichlet principle, for a (single-valued) real-analytic function
φ0 on ∂Σ, there exists a unique harmonic function φ on Σ such that

φ|∂Σ = φ0.

We can then represent uniquely

φ ∈ W ⊕ W,

which gives a canonical splitting of (42) on functions of degree 0. To find a splitting
on functions of non-zero degrees, note that, using the notation (40), c1,..., cn, d2,
d4,...,d2g and the paths p1, ..., pg on the boundary of the disk D from the vertex vi of
Γ on d2i−1 and the corresponding point on d2i form a basis of H1(Σ,Z). Therefore,
there exists a harmonic form with any given residues along c1, ..., cn with sum 0, and
residues 0 along d2, ..., d2g, p1, ..., pg. Integrating the form we obtain a function φ,
and subtracting φ from the original function reduces the general case to the degree
0 case in terms of existence and uniqueness. �
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Lemma 4.5. Let (Σ,Γ) be a genus 0 cut worldsheet and let < be an order of
boundary components compatible with the cyclic order specified by the cut. Then,
for real analytic functions f, g on ∂Σ,

(43) S(f̃ , g̃) = S<(f, g)

where S< is the form defined in Construction 2.1, S is (41), and f̃ , g̃ are the
harmonic continuations of f, g to the disk obtained by cutting Σ along Γ.

Proof. Let D be the disk obtained from Σ by cutting along Γ. By Stokes’
theorem, we have

(44) S(f̃ , g̃) =
∫
D ωf̃ωg̃ =

∫
∂D f̃dg̃.

We claim that the right hand side is equal to (5) in the order specified. To see this,
we can assume that all the boundary components are outbound, and the graph Γ
has no vertices except the vertices v1, ..., vn on the boundary components c1, ..., cn,
and edges connecting vi, vi+1, i = 1, ..., n − 1 (since we can always reach such case
by continuous deformation which does not change the value of (44)).

In this case, denoting by fi, gi the restrictions of f, g to ci, the contribution to
the right hand side of (44) other than from the boundary components c1, ..., cn is

(g2(0) − g1(0)− Δg1)Δf1 + (g3(0) − g2(0)− Δg2 )(Δf1 + Δf2) + ...

... + (gn(0) − gn−1(0) − Δgn−1)(Δf1 + ... + Δfn−1)

= −
n∑
i=1

gi(0)Δfi
−

∑
i≤j

Δfi
Δgj

= −
n∑
i=1

gi(0)Δfi
− 1

2

n∑
i=1

Δfi
Δgi

− 1
2

∑
i<j

(Δfi
Δgj

− Δgi
Δfj

).

�

Lemma 4.6. The conclusion of Lemma (4.5) extends to all worldsheets with
standard cut structure, provided

f̃ |d2i−1 = f̃ |d2i
of degree 0

and
g̃|d2i−1 = g̃|d2i

of degree 0.

Proof. It suffices to assume, without loss of generality, that Σ is connected.
Then simply apply Lemma (4.5) to Σ′. The additional terms related to d2i−1, d2i

cancel out. �

Note that the function f̃ in Lemma (4.6) is determined uniquely by f and Γ.
Thus, fixing Γ, we can now define an open abelian variety T (Σ,Γ) by choosing

W as above, and letting the map (10) be defined by the correspondence f �→ f̃ .
Regarding the integral structure, a function f ∈ V ⊥ is integral if all the numbers
nσ,f are integers. By the proof of Lemma (4.4), this is equivalent to putting

V
⊥

Z = {f ∈ U | f |∂Σ = 0, deg(f |d2i
) ∈ Z, f |d2i−1 − f |d2i

∈ Z}.

To show correctness of our definition, it remains to show that T (Σ,Γ) does not
depend on the choice of standard cut structure Γ. In other words, we need to show
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that the open abelian varieties constructed by two different choices Γ1, Γ2 of Γ are
related by conditions (13) and (14). Let us use the same notation as in (13) and
(14), with ιi, V ⊥

Z,i constructed from Γi. Assume again, without loss of generality,

that Σ is connected. Looking first at (13), we see from the above comments that
for f ∈ V ⊥

Z,1, df has integral periods with respect to H1(Σ,Z) and f has 0 degrees
on the boundary components. These conditions do not depend on Γi. However,
there is an additional condition that the branch of the function f on the disk D

obtained by cutting Σ along Γ has 0 restriction to the boundary components of
Σ. We see that changing the fundamental domain D results in possibly selecting
different branches of the function on the boundary components of Σ, which results
in adding an integral linear combination of the periods of df , which are integral
constant functions, as claimed.

Regarding (14), we have already shown that the selection of f̃ is canonical
in case of f having 0 degrees, so we know (14) in this case. In the general case,
again, if f ∈ Vdeg,Z, then dιif have integral periods with respect to generators of
H1(Σ,Z). In addition, the restrictions of f1 and f2 to the boundary component cj

differ at most by selection of a branch (since we use different fundamental domains
for calculating the restriction), i.e. by an integral constant function. This proves
(14).

To complete the proof of Theorem 4.1, it remains to show that the map T is
compatible with gluing. We follow again the two cases of the definition of gluing
in the previous section.

Case 1: A = B. Assume, without loss of generality, that Σ is connected, Γ is
a standard cut structure on Σ, and the boundary components are c1, ..., cn, as in
(40). Without loss of generality, then, Σ� is obtained from Σ by gluing cn−1 and
cn. Then the projection Γ� of Γ onto Σ� defines a standard cut structure on Σ�,
and

(45) T (Σ,Γ)� = T (Σ�
,Γ�)

by definition.

Case 2: A �= B. Without loss of generality, Σ = Σ1 � Σ2 and we have standard
cut structures Γi on Σi such that

Γ = Γ1 � Γ2,

and the boundary components of Σ′i are

ci,1, ..., ci,ni
, di,1, ..., di,2gi

.

Without loss of generality, further, we are gluing c1,n1 to c2,1. Then we obtain a
standard cut structure Γ� on Σ� by taking the projection of Γ1 ∪ Γ2 and omitting
the edge corresponding to c1,n1 (or equivalently, c2,1). Again, by definition, we then
have (45).

The compatibility of T with disjoint union is obvious, as is compatibility with
coherence isomorphisms (the point here, again, being that isomorphisms of open
abelian varieties are determined by the isomorphisms of the W ’s, so the more subtle
structure does not need to be discussed to prove commutativity of diagrams).
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5. The lattice conformal field theory on the SPCMC of open abelian
varieties

We begin by the same considerations as in [4], starting on p. 351. Consider an
even lattice L and a bilinear form

b : L × L → Z/2

which satisfies

b(x, x) ≡
1

2
〈x, x〉 mod 2.

Let T = LC/L. We let TS1 denote the space of all real analytic maps S1 → T . We
choose a universal cover T

′

S1 of TS1 , which can be considered as a space of maps
[0, 1] → LC. On T ′S1 , we have a cocycle

c(f̃ , g̃) = exp
2πi

2

∮
S1

(f̃dg̃ − Δf̃g(0) + b(Δf̃ ,Δg̃))

but L is canonically a normal subgroup of the resulting C×-central extension T̃
′

S1 ,

so we obtain a canonical C×-central extension T̃S1 = T̃ ′S1/L,

1 → C× → T̃S1 → TS1 → 1.

For λ ∈ L′/L where L′ is the dual of L, there is now a level 1 Hilbert representation

Hλ of T̃S1 (its real subgroup acts by unitary bounded operators) distinguished by

the fact that the constant subgroup T ⊂ T̃S1 acts by e2πi〈?,λ〉. Our conformal field
theory associated with L, b has L′/L as its set of labels and Hλ as its Hilbert spaces.

Now consider an open abelian variety Y = (C, U, S, W, ι). Assume without loss
of generality that there is only one open connected component A. Consider the
pullback

(46) W̃
��

��

W

��⊕
j∈A

V1 �� VA

(“putting back the constants”). Assuming there is only one connected component,
(46) gives a short exact sequence

(47) 0 → C→ W̃ → W → 0.

Now let U0

Z
⊂ UZ be the sum of V ⊥

Z
and the lattice spanned by 1j ∈ V0 · j, j ∈ A.

Then

WL = {w ∈ W̃ ⊗ L|S(w, u) ∈ L for every u ∈ U
0

Z}/L

(L ⊂ LC ⊂ W̃ ⊗ L is embedded by the first map (47) tensored with L). We note
that when Y = T (Σ) for a worldsheet Σ, then WL is canonically identified with the
space of holomorphic functions Σ → T = LC/L. Next, we construct a restriction
homomorphism

(48) r : WL →
∏
j∈A

TS1 .
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In fact, this map is induced simply by tensoring with L the pullback to W̃ of the
projection

(49) r
′ : W → VC.

In fact, let us note that we can assume without loss of generality that

(50) (49) is injective.

Otherwise, Y is a direct sum of Ker(r′) ⊕ Ker(r′) (a closed abelian variety) and
its S-complement.

Next, note that

(51)
The canonical central extension

∏̃
j∈A

TS1 canonically splits

when pulled back to WL.

But in fact, this is completely analogous to the case of surfaces (since the data used
there depend only on the Jacobian), which is treated in [4], formulas (58)-(61).
Then in the present case, the conformal field theory data is given by the space of
fixed points

(52)

⎛⎝ ⊗̂
j∈A

H
(∗)

λj

⎞⎠WL

for labels λj , j ∈ A (to simplify notation, the superscript (∗) stands for the dual
when j ∈ A− and is void when j ∈ A+). Here Hλ, λ ∈ L′/L are the level 1

irreducible representations of T̃S1 . In the case of a closed abelian variety Y , the
data required are given simply by the space of theta functions on Y ⊗L (see formula
(98) of [4]).

The main statement to prove is that the dimension of the space (52) is equal
to

(53) |L′/L|g

where g is the genus of Y when we have the condition∑
j∈A

εjλj = 0 ∈ L
′

/L

where εj = 1 resp. −1 when j is outbound resp. inbound, and the dimension of
the space (52) is 0 otherwise. To this end, choose a “reference” surface Σ of genus
0 (i.e. a disk in C with a collection of disjoint open disks inside it removed) which
has boundary components which match those of Y , with opposite orientation. Now
the beginning point is that

(54)
⊕

{
⊗̂
j∈A

Hλj
|
∑
j

εjλj = 0}

is contained in the space of sections of the line bundle associated with the principal
bundle

(55)
∏̃
j∈A

TS1/Hol(Σ, T )
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over ∏
j∈A

TS1/Hol(Σ, T )

(In fact, the only reason equality does not occur is convergence issues; a proof
follows from the theory of loop groups [7], we do not give the details.)

So this shows that the sum of (52) over
∑
j

εjλj = 0 is contained in (and equal

to if we can prove a certain convergence condition) the space of sections of the line
bundle associated with the principal bundle

(56) WL\
∏̃
j∈A

Tj/Hol(Σ, T )

over

(57) WL\
∏
j∈A

Tj/Hol(Σ, T ).

But (57) is the closed abelian variety A obtained by gluing TΣ to Y tensored with
L, and (56) is the θ-bundle.

So it remains to show the convergence condition. Again, the method is anal-
ogous to [4], Lemma 3. One first uses the boson-fermion correspondence to show
the convergence of the “tower modes” of the vacuum operator, i.e. the summand
of momentum 0. Lemma 5 then deals with sum over different momenta. The sum
over momenta is treated exactly in the same way in the present case. To discuss the
tower modes, there is also boson-fermion correspondence in the category of open
abelian varieties. It suffices to discuss the genus 0 case, where on the fermionic side,
the vacuum is represented simply by the space W (or more precisely its image in
the appropriate Grassmanian). But that element is smooth because we are working
in the smooth moduli space.
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Pure weight perfect Modules on divisorial schemes

Toshiro Hiranouchi and Satoshi Mochizuki

Abstract. We introduce the notion of weight for pseudo-coherent Modules on

a scheme. For a divisorial scheme X and a regular closed immersion i : Y ↪→ X

of codimension r, We show that there is a canonical derived Morita equivalence

between the DG-category of perfect complexes on X whose cohomological

supports are in Y and the DG-category of bounded complexes of weight r

pseudo-coherent OX -Modules supported on Y . This implies that there is a

canonical isomorphism between their K-groups (resp. cyclic homology groups).

As an application, we decide a generator of the topological filtration on non-

connected K-theory (resp. cyclic homology theory) for affine Cohen-Macaulay

schemes.

1. Introduction

The aim of this paper is to introduce the notion of weight on a class of pseudo-
coherent Modules on a scheme. Let X be a divisorial scheme (in the sense of
[14], cf. Def. 2.12) and i : Y ↪→ X a regular closed immersion of codimension
r. A pseudo-coherent OX -Module supported on Y is said to be of (Thomason-
Trobaugh) weight r if it is of Tor-dimension � r. Here the word “weight” is coming
from the weight of the Adams operations in [15]. We denote by Wtr(X on Y )
the exact category of pseudo-coherent OX -Modules of weight r supported on the
subspace Y and Perf (X on Y ) the exact category of perfect complexes on X whose
cohomological supports are in Y . We shall prove the following theorem:

Theorem (Th. 3.3). There is an equivalence of categories from the derived
category of the exact category of bounded complexes inWtr(X on Y ) to the derived
category of Perf (X on Y ).

From this theorem we have an isomorphism between the Bass-Thomason-
Trobaugh non-connected K-theory KB(X on Y ) [25](resp. the Keller-Weibel cyclic
homology HC(X on Y ) [16], [29]) and the Schlichting non-connected K-theory
K

S(Wtr(X on Y )) [20] (resp. HC(Wtr(X on Y )) [17]). That is, we have

K
B
q (X on Y ) � K

S
q (Wtr(X on Y ))

(resp. HCq(X on Y ) � HCq(Wt
r(X on Y ))),

1991 Mathematics Subject Classification. Primary 19D10; 19D35 Secondary 19D55.
The first author is partially supported by GCOE, Kyoto University.

This research is supported by JSPS core-to-core program 18005.
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for all q ∈ Z. For the connected K-theory, this result is nothing other than Exercise
5.7 in [25]. However, there are only hints in loc. cit. We could not find a reference
where the exercise was carried out in detail1.

As mentioned in Exercise 5.7 of [25], our theorem implies, for divisorial schemes,
the conjecture of Gersten [6] on describing the homotopy fiber of K

B(X) →
KB(X�Y ) by the K-theory of a certain exact category (see also [7] and [18]). For
a general closed immersion, there is an example due to Deligne ([6]) which suggests
difficulty of the conjecture. However, the example indicates that for an appropriate
scheme X , we have a good class of pseudo-coherent OX -Modules, that is, Modules
of pure weight. This notion is closely related to Weibel’s K-dimensional conjecture
[28] (see Conj. 5.3), Gersten’s conjecture [5] and its consequences. These subjects
will be treated in a sequel to this paper. Notice that there are different notions of
pure weight by Grayson [8] and Walker [27] and these two notions are compatible in
a particular situation [26]. The authors hope to compare the Thomason-Trobaugh
weight with Walker’s.

In §2, we recall some fundamental facts on Tor-dimension of OX -Modules,
Verdier’s coherator theory and so on. In §3, we define the notion of weight and
state our main theorem again. In §4 we prove our main theorem. Finally, we give
some applications of the theorem in §5.

Convention. A complex means a chain complex whose boundary morphism is in-
crease level of term by one. For an additive category A, we denote by Ch(A)
the category of chain complexes in A. The word “OX -Module” means a sheaf on
a scheme X which is a sheaf of modules over the sheaf of rings OX . We denote
by Mod(X) the abelian category of OX -Modules and Qcoh(X) the category of
quasi-coherent OX -Modules. An algebraic vector bundle over the scheme X is a
locally free OX -Module of finite rank. In particular a line bundle is an algebraic
vector bundle of rank one (= an invertible sheaf). For the terminologies of algebraic
K-theory, we follow [22]. For example, for a complicial biWaldhausen category C
we denote its derived category by T (C). In particular, for an exact category E we
define D(E) := T (Ch(E)).

Acknowledgments. The second author is thankful to Masana Harada, Charles A.
Weibel for giving several comments to Exercise 5.7 in [25], Marco Schlichting for
teaching about elementary questions of negative K-theory via e-mail, Paul Balmer
for bringing him the preprint [1] and Mark E. Walker for sending the thesis [26] to
him.

2. Preliminary

2.1. Tor-dimension. We briefly review the definition and fundamental prop-
erties of Tor-dimension of OX -Modules on a scheme X .

Definition 2.1. Let M be an OX -Module.

(i) M is flat if the functor ? ⊗OX
M : Mod(X) → Mod(X) defined by N �→

N ⊗OX
M is exact.

1In Proposition 2 of [19], there is a proof of the exercise for Grothendieck groups (q = 0) when

X is the spectrum of a Cohen-Macaulay local ring and Y is the closed point of X. Furthermore,

in Theorem 3.1 of [30], we have a proof of the theorem in the case of CodimX Y = 1 and q ≥ 0.
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(ii) A Tor-dimension of M is the minimal integer n such that there is a resolution
of M,

0 → Fn → Fn−1 → · · · → F0 → M → 0,

where all Fi are flat. We write as Td(M) = n.

Now we list some well-known facts on Tor-dimension.

Lemma 2.2 ([14], Exp. I, 5.8.3; [11], 6.5.7.1). Let M be an OX-Module.

(i) If M is a flat and finitely presented OX-Module, then M is an algebraic vector
bundle.

(ii) The following conditions are equivalent:
(a) Td(M) � d.

(b) For any OX-Module N and any n > d, we have TorOX

n (M,N ) = 0.

(c) For any OX-Module N , we have TorOX

d+1
(M,N ) = 0.

(d) If there is an exact sequence

0 → Nd → Fd−1 → Fd−2 → · · · → F0 → M → 0,

where all Fi are flat, then Nd is also flat.

(iii) For any short exact sequence of OX-Modules

0 → M → M′ → M′′ → 0,

we have Td(M′) � max{Td(M), Td(M′′)}.

(iv) For any x ∈ X and quasi-coherent OX-Modules M, N , we have an isomor-
phism

T OROX

n (M,N )x
∼

→ TorOX,x

n (Mx,Nx).

As its consequence, we have the following formula.

Td(M) � sup
x∈X

TdOX,x
(Mx).

We define a notion similar to Tor-dimension for unbounded complexes.

Definition 2.3 ([25], Def. 2.2.11). Let E• be a complex of OX -Modules.

(i) E
• has (globally) finite Tor-amplitude if there are integers a � b and for all

OX -Module F , Hk(E•⊗L
OX

F) = 0 unless a � k � b. (In the situation, we say that
E
• has Tor-amplitude contained in [a, b]).

(ii) E• has locally finite Tor-amplitude if X is covered by opens U such that E•|U
has finite Tor-amplitude.

Remark 2.4. (i) If the scheme X is quasi-compact, then every locally finite
Tor-amplitude complex E• of OX -Modules is globally finite Tor-amplitude.

(ii) For three vertexes of a distinguished triangle in the derived category ofMod(X),
if two of these three vertexes are globally finite Tor-amplitude then the third vertex
is also.
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2.2. The coherator. There are two abelian categories Qcoh(X) and
Mod(X) and the canonical inclusion functor φX : Qcoh(X) ↪→ Mod(X) which
is exact, closed under extensions, reflects exactness, preserves and reflects infinite
direct sums. In general, the functor φX does not preserve injective objects in
Qcoh(X). But for coherent schemes, there is the theory of “coherator”(cf. [14],
Exp. II; [25], Appendix B).

Definition 2.5 ([12], 1.2.1, 1.2.7; [13], Exp. VI; [25], B.7). A scheme X is
said to be quasi-separated if the diagonal map X → X × X is quasi-compact or
equivalently if the intersection of any pair of affine open sets in X is quasi-compact.
It is said to be semi-separated if there is a basis for the topology of X which is
consisting of affine open sets and closed under finite intersection. It is said to be
coherent (resp. strictly coherent)2if it is quasi-compact and quasi-separated (resp.
quasi-compact and semi-separated).

Note that every separated scheme is semi-separated and every semi-separated
scheme is quasi-separated. Therefore every strictly coherent scheme is coherent.

Proposition 2.6 ([14], Exp. II, 3.2; [25], Appendix B). Let X be a coherent
scheme.

(i) φX has a right adjoint functor, the coherator QX : Mod(X) → Qcoh(X)
and the canonical adjunction map id → QXφX is an isomorphism. In particular
Qcoh(X) has enough injective and closed under limits.

(ii) The coherator QX preserves colimits.

(iii) We further assume that X is strictly coherent. For any E• ∈ D+(Qcoh(X))
and F • ∈ D+(Mod(X)) with quasi-coherent cohomology, the canonical adjunction
maps E• → RQXφXE• and φXRQXF • → F • are quasi-isomorphisms.

2.3. Perfect and pseudo-coherent complexes. We review the notion of
pseudo-coherent and perfect complexes on a scheme X .

Definition 2.7 ([14], Exp. I; [25], §2.2). Let E• be a complex of OX -Modules.

(i) E• is strictly perfect (resp. strictly pseudo-coherent) if it is a bounded complex
(resp. bounded above complex) of algebraic vector bundles.

(ii) E• is perfect (resp. n-pseudo-coherent) if it is locally quasi-isomorphic (resp.
n-quasi-isomorphic) to strictly perfect complexes. More precisely, for any point
x ∈ X , there is a neighborhood U of x in X , a strictly perfect complex F

•, and
a quasi-isomorphism (resp. an n-quasi-isomorphism) F •

∼

→ E•|U . E• is said to be
pseudo-coherent if it is n-pseudo-coherent for all integer n.

Lemma 2.8 ([25], §2.2). Let E
• be a complex of OX-Modules on X.

(i) If E• is strictly pseudo-coherent, then it is pseudo-coherent.

(ii) In general, a pseudo-coherent complex may not be locally quasi-isomorphic to
a strictly pseudo-coherent complex. But if E• is pseudo-coherent complex of quasi-
coherent OX-Modules, then E

• is locally quasi-isomorphic to a strictly pseudo-
coherent complex.

2The notion of coherence is coming from topoi theory but we use this notion for schemes

(cf. [13]).
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(iii) If E• is a pseudo-coherent, then all cohomology sheaf Hi(E•) is quasi-coherent.
In particular, a pseudo-coherent OX-Module is a quasi-coherent OX -Module. More-
over if we assume X is quasi-compact and E• is pseudo-coherent, then E• is coho-
mologically bounded above.

(iv) Moreover if we assume X is noetherian, we have the following equivalent con-
ditions.
(a) E• is pseudo-coherent.
(b) E• is cohomologically bounded above and all the cohomology sheaf Hk(E•) are
coherent OX-Modules.
In particular, a pseudo-coherent OX-Module is coherent.

(v) The complex E• is perfect if and only if E• is pseudo-coherent and has locally
finite Tor-amplitude.

(vi) Pseudo-coherence and perfection have 2 out of 3 properties. Namely, let E•,
F • and G• be the three vertexes of a distinguished triangle in the derived category
of Mod(X) and if two of these three vertexes are pseudo-coherent (resp. perfect)
then the third vertex is also.

(vii) For any complexes of OX-Modules F • and G•, F • ⊕ G• is pseudo-coherent
(resp. perfect) if and only if F • and G• are.

(viii) A strictly bounded complex of perfect OX-Modules E
• is perfect.

Definition 2.9. (i) For any OX -Module F , we denote its support by

SuppF := {x ∈ X ;Fx �= 0}.

(ii) ([24], 3.2) For a complex of OX -Modules E•, the cohomological support of E•

is the subspace Supph E• ⊂ X those points x ∈ X at which the stalk complex of
OX,x-module E•x is not acyclic.

(iii) For any closed subset Y of X , we denote by Perf (X on Y ) (resp.
Perfqc(X on Y ), sPerf(X on Y )) the complicial biWaldhausen category of glob-
ally finite Tor-amplitude perfect complexes (resp. globally finite Tor-amplitude per-
fect complexes of quasi-coherent OX -Modules, strictly perfect complexes) whose co-
homological support on Y . Here, the cofibrations are the degree-wise split monomor-
phisms, and the weak equivalences are the quasi-isomorphisms. Put

Perf r(X) :=
⋃

CodimX Y �r

Perf (X on Y ).

Lemma 2.10. (i) For any short exact sequence of OX-Modules

0 → F → G → H → 0,

we have SuppG = SuppF ∪SuppH.

(ii) For a complex of OX-Modules E•, we have

SupphE
• =

⋃
n∈Z

SuppHn(E•).

Lemma 2.11. For a strictly coherent scheme X and its closed set Y , the canon-
ical inclusion functor Perfqc(X on Y ) ↪→ Perf (X on Y ) induces an equivalence of
categories between their derived categories.
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Proof. It is enough to show the inverse functor of T (Perf qc(X on Y )) →
T (Perf (X on Y )) is given by the coherator QX . For any complex E• in
T (Perf (X on Y )), RQXE• is quasi-coherent. Thus it is enough to show that
the complex RQXE• is perfect and its cohomological support is in Y . To prove
this, we may replace E

• by an object which is quasi-isomorphic to E
• since per-

fection and cohomological support are invariant under quasi-isomorphism. As X

is quasi-compact, E• is cohomologically bounded. By replacing a truncation of E•

we may assume that E• is strictly bounded. Then by Proposition 2.6 (iii), RQXE•

is quasi-isomorphic to E•. Hence, RQXE• is perfect and its cohomological support
is in Y . �

2.4. Divisorial schemes. On a divisorial scheme (defined below), a pseudo-
coherent OX -Module is just a quasi-coherent OX -Module which has a resolution by
algebraic vector bundles and that such a Module has Tor-dimension ≤ r if it has a
resolution of length ≤ r by algebraic vector bundles (see Cor. 2.16).

Definition 2.12 ([14], Exp. II, 2.2.5; [25], Def. 2.1.1). A quasi-compact
scheme X is said to be divisorial if it has an ample family of line bundles. That
is it has a family of line bundles {Lα} which satisfies the following condition (see
op. cit. for another equivalent conditions): For any f ∈ Γ(X,L⊗nα ), we put the open
set Xf := {x ∈ X | f(x) �= 0}. Then {Xf} is a basis for the Zariski topology of X

where n runs over all positive integer, Lα runs over the family of line bundles and
f runs over all global sections of all of L⊗nα .

Immediately, every divisorial scheme is semi-separated and therefore strictly
coherent.

Example 2.13. (i) A quasi-projective scheme over an affine scheme is divisorial.
So classical algebraic varieties are divisorial. Since every scheme is locally affine,
every scheme is locally divisorial.

(ii) A separated regular noetherian scheme is divisorial.

(iii) Let k be a field and X an affine space Ank with double origin. Then X is regular
noetherian but is not divisorial ([25], Exerc. 8.6).

Lemma 2.14 ([10], 5.5.8; [14], Exp. II, 2.2.3.1). For a line bundle L on a
divisorial scheme X and a section f ∈ Γ(X,L), the canonical open immersion
Xf → X is affine.

Theorem 2.15 (Global resolution theorem, [14], Exp. II; [25], Prop. 2.3.1).
Let X be a divisorial scheme.

(i) Any pseudo-coherent complex of quasi-coherent OX-Modules is globally quasi-
isomorphic to a strictly pseudo-coherent complex.

(ii) Any perfect complex is isomorphic to a strictly perfect complex in D(Mod(X)).

Corollary 2.16. Let X be a divisorial scheme and M a pseudo-coherent OX -
Module. Then the Module M is a quasi-coherent OX-Module which has a (possibly
infinite) resolution

· · · → Fi → Fi−1 → · · · → F0 → M → 0

by algebraic vector bundles Fi. Furthermore, the Module M has Tor-dimension ≤ r

if it has a resolution of length ≤ r by algebraic vector bundles.
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Proof. The pseudo-coherent OX -Module M is quasi-coherent (Lem. 2.8 (iii)).
By Th. 2.15 (i), M has a resolution · · · → Fi → Fi−1 → · · · → F0 → M → 0 by
algebraic vector bundles Fi. Now we assume that M has Tor-dimension ≤ r. By
replacing Fr with the image of Fr+1 → Fr, we have an exact sequence 0 → Nr →
Fr−1 → · · · → F0 → M → 0 where Nr is flat (Lem. 2.2 (ii)) and obviously finitely
presented and thus Nr is an algebraic vector bundle (Lem. 2.2 (i)). �

2.5. Regular closed immersion. There are several definitions of regular
immersion on a scheme X (see [12] and [14], Exp. VII). Both are equivalent if the
scheme X is noetherian. We adopt the definition in [14].

Definition 2.17. Let u : L → OX be a morphism of OX -Modules from an
algebraic vector bundle L to OX . The Koszul complex associated with u is the
strictly perfect complex Kos•(u) defined as follows: For n > 0, we put

Kos−n(u)(= Kosn(u)) :=

n∧
L, and

dn(x1 ∧ · · · ∧ xn) :=

n∑
r=1

(−1)
r−1

u(xr)x1 ∧ · · · ∧ x̂r ∧ · · · ∧ xn.

Definition 2.18 ([14], Exp. VII, 1.4). (i) An OX -Module homomorphism u :
L → OX from an algebraic vector bundle L to OX is said to be regular if Kos•(u)
is a resolution of OX/ Imu.

(ii) An ideal sheaf I on X is regular if locally on X , there is a regular map u :
L → OX such that Imu = I. More precisely, this means that if there is an open
covering {Ui}i∈I of X and for each i ∈ I, there is a regular map ui : L |Ui

→ OUi

such that Imui = I |Ui
.

(iii) A closed immersion Y ↪→ X is said to be regular if the defining ideal of Y is
regular. We put NX/Y := I / I2 and call it the conormal sheaf of the regular closed
immersion.

Lemma 2.19 ([12]). Let Y ↪→ X be a regular closed immersion whose defining
ideal is I.

(i) The ideal sheaf I satisfies the following conditions:
(a) I is of finite type.

(b) For each n, In / In+1 is a locally free OX / I-Module of finite type.
(c) The canonical map

Sym
OX /I(NX/Y ) → GrI(OX)

is an isomorphism of OX / I-Algebras. Here Sym
OX /I(NX/Y ) is the symmetric

algebra associated with NX/Y , GrI(OX) =
⊕

n�0
In / In+1 is the graded algebra

associated with I-adic filtration in OX and the canonical map is defined by the
universal property of symmetric algebra.

(ii) If the scheme X is noetherian, then I is regular in the sense of op. cit.That is,
for any point x ∈ X there is an open neighborhood U of x, and a regular sequence
f1, . . . , fr ∈ Γ(U, I) which generates I |U .
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3. Weight on pseudo-coherent Modules

Definition 3.1. Let X be a scheme. A pseudo-coherent OX -Module F is
of weight r if it is of Tor-dimension � r and there is a regular closed immersion
Y ↪→ X of codimension r in X such that SuppF ⊂ Y .

We denote byWtr(X) the category of pseudo-coherent OX -Modules of weight
r. For a closed subspace Y ⊂ X and a non-negative integer r, we denote by
Wtr(X on Y ) the category of pseudo-coherent OX -Modules supported on the sub-
space Y of weight r. Immediately, a pseudo-coherent OX -Module of weight 0 is
just an algebraic vector bundle.

Lemma 3.2. For a regular closed immersion Y ↪→ X of codimension r in a
scheme X, the category Wtr(X on Y ) is closed under extensions and direct sum-
mand in the abelian category Mod(X). In particular, Wtr(X on Y ) is an idem-
potent complete exact category.

Proof. The assertion follows from Lemma 2.2 (iii), Lemma 2.10 (i), and
Lemma 2.8 (vii). �

A pseudo-coherent OX -Module F of weight r has globally finite Tor-amplitude.
Thus it is perfect by Lemma 2.8 (v) and we have an inclusion functor
Wtr(X on Y ) ↪→ Perf(X on Y ). Moreover we have the natural inclusion func-

tor Chb(Wtr(X on Y )) ↪→ Perf (X on Y ) by Lemma 2.8 (viii). Now, we state our
main theorem again.

Theorem 3.3. Let X be a divisorial scheme and Y ↪→ X a regular closed im-
mersion of codimension r. Then the inclusion Chb(Wtr(X on Y )) ↪→
Perf (X on Y ) induces an equivalence of categories between their derived categories.

Consider the inclusion functor Wtr(X on Y ) ↪→ Chb(Wtr(X on Y )) which
sends F in Wtr(X on Y ) to the complex which is F in degree 0 and 0 in other

degrees. We denote by KS(Chb(Wtr(X on Y )); qis) the K-theory spectrum of the

Waldhausen category associated withChb(Wtr(X on Y )) whose weak equivalences
are the quasi-isomorphisms (for the definition of the spectrum KS , see [21]). The
inclusion above induces a homotopy equivalence

K
S(Wtr(X on Y ))

∼

→ K
S(Chb(Wtr(X on Y )); qis)

by the Gillet-Waldhausen theorem for non-connected K-theory ([20], Th. 3.4).
From the theorem above and Schlichting’s approximation theorem ([21], Th. 9), we
have

K
S(Chb(Wtr(X on Y )); qis)

∼

→ K
S(X on Y ).

The comparison theorem (op. cit., Th. 5) says KS(X on Y )
∼

→ KB(X on Y ). For
the cyclic homology groups, we have similar isomorphisms from our main theorem
and the derived invariance by [17]. Hence we get the following corollary.

Corollary 3.4. In the notation above, we have

K
S(Wtr(X on Y ))

∼

→ K
S(X on Y )

∼

→ K
B(X on Y ),

HC(Wtr(X on Y ))
∼

→ HC(X on Y ).
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4. Proof of the main theorem

In this section, we prove Theorem 3.3. First we consider the following two
categories. Let B be the category of perfect complexes in Ch−(Wtr(X on Y ))
and C the category of perfect complexes of quasi-coherent OX -Modules supported
on Y . By Lemma 2.8, the categories B and C are closed under extensions and
direct summand in Ch(Mod(X)). Therefore, they are idempotent complete exact
categories. Note that any perfect complex has globally finite Tor-amplitude on X

(Rem. 2.4 and Lem. 2.8 (v)). From Lemma 2.8 (iii), we have the following exact
inclusion functors:

Chb(Wtr(X on Y ))
α
→ B

β
→ C

γ
→ Perf (X on Y ).

First we shall prove α induces an equivalence of categories between their derived
categories. Recall the following lemmas.

Lemma 4.1 ([25], 1.9.7 and [23]). Let i : X → Y be a fully faithful complicial
exact functor between complicial biWaldhausen categories which closed under the
formation of canonical homotopy pullbacks and pushouts and assume their weak
equivalence classes are just quasi-isomorphism classes. If i satisfies the condition
(DE) or (DE)op below, then i induces category equivalences between their derived
categories:

(DE) For any object Y in Y, there is an object X in X and a weak equivalence
i(X) → Y .

(DE)op For any object Y in Y, there is an object X in X and a weak equivalence
Y → i(X).

Lemma 4.2 ([2], Lem. 2.6). Let E be an idempotent complete exact categories
and f : X• → Y • a quasi-isomorphism between bounded above complexes in Ch(E).
Assume X• or Y • is strictly bounded. Say the other one as Z•. Then there is a
sufficiently small N such that Z

• → τ
�N

Z
• is a quasi-isomorphism and τ

�N
Z
• is

in Chb(E).

Lemma 4.3. The inclusion α : Chb(Wtr(X on Y )) ↪→ B satisfies the condition
(DE)op in Lemma 4.1. In particular, we have an equivalence of categories

T (Chb(Wtr(X on Y )))
∼

→ T (B).

Proof. Let E be the category of pseudo-coherentOX -Modules of Tor-dimension
� r. It is closed under extensions (Lem. 2.2 (iii)) and direct summand (Lem. 2.8
(vii)). In particular, it is an idempotent complete exact category. We denote
by D the category of perfect complexes in Ch−(E) whose cohomological support
is in Y . Fix a complex P • in B. By the global resolution theorem (Th. 2.15),
P • is quasi-isomorphic to a strict perfect complex. Since we have an inclusion
sPerf(X on Y ) ⊂ D, P

• is quasi-isomorphic to a bounded complex in D. Now
applying Lemma 4.2 to E , there exists an integer N such that the canonical map
P • → τ�NP • is a quasi-isomorphism. Since Supp(Im dN−1) is in Y , τ�NP • is

actually in Chb(Wtr(X on Y )). The assertion follows from it. �

Next, we consider the inclusion β : B ↪→ C.

Proposition 4.4. The inclusion functor β : B ↪→ C satisfies the condition
(DE) in Lemma 4.1.
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To prove Proposition 4.4, we need the following lemmas.

Lemma 4.5. (i) Let I be the definition ideal of Y . Then OX/Ip is of weight r

for any non-negative integer p.

(ii) Let F be a pseudo-coherent OX-Module of weight r and L an algebraic vector
bundle. Then, L⊗OX

F is of weight r.

Proof. (i) First we notice that OX / I is in Wtr(X on Y ) by Koszul resolu-
tion. Next since In / In+1 is locally isomorphic to direct sum of OX / I, we learn
that In / In+1 is also in Wtr(X on Y ) by Lemma 2.2 (iv). Using Lemma 3.2 for

0 → In+1
/ In+p → In / In+p → In / In+1 → 0,

the dévissage argument shows that In / In+p is also inWtr(X on Y ) for any non-
negative integer n and positive integer p.
(ii) Since L is flat, we have an inequality Td(L⊗OX

F) � r. We also have a formula

SuppL⊗OX
F = SuppL∩SuppF ⊂ Y.

Therefore L⊗OX
F is of weight r. �

Lemma 4.6 ([25], Lem. 1.9.5). Let A be an abelian category and D a full sub
additive category of A. Let C be a full subcategory of Ch(A) satisfies the following
conditions:
(a) C is closed under quasi-isomorphisms. That is, any complex quasi-isomorphic
to an object in C is also in C.
(b) Every complex in C is cohomologically bounded above.

(c) Chb(D) is contained in C.

(d) C contains the mapping cone of any map from an object in Chb(D) to an object
in C.
Finally, Suppose the following condition, so “D has enough objects to resolve”:
(e) For any integer n, any C• in C such that Hi(C•) = 0 for any i � n and any
epimorphism in A, A � Hn−1(C•), then there exists a D in D and a morphism
D → A such that the composite D � Hn−1(C•) is an epimorphism in A.

Then, for any D• in Ch−(D)∩C, any C• in C, and any morphism x : D• → C•,
there exist a E• in Ch−(D) ∩ C, a degree-wise split monomorphism a : D• → E•

and a quasi-isomorphism y : E
•
∼

→ C
• such that x = y◦a. Moreover if x : D

• → C
•

is an n-quasi-isomorphism for some integer n, then one may choose E• above so
that ak : Dk → Ek is an isomorphism for k � n.

Lemma 4.7. Let X be a divisorial scheme whose ample family of line bundles
is {Lα} and E• a perfect complex on X. Then there are line bundles Lαk

in the
ample family, integers mk and sections fk ∈ Γ(X,L⊗mk

αk
) (1 � k � m) such that

(a) For each k, Xfk
is affine.

(b) {Xfk
}1�k�m is an open cover of X.

(c) For each k, E•|Xfk
is quasi-isomorphic to a strictly perfect complex.

Proof. Since E• is perfect, we can take an affine open covering {Ui}i∈I of X

such that E•|Ui
is quasi-isomorphic to a strictly perfect complex for each i ∈ I.

Since {Lα} is an ample family, for each x ∈X, there are an ix ∈ I, a line bundle
Lαx

in the ample family, an integer mx and a section fx ∈ Γ(X,L⊗mx

αx
) such that

x ∈ Xfx
⊂ Uix . Since Uix is affine, Xfx

is affine by Lemma 2.14. Now {Xfx
}x∈X is
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an affine open covering of X and has a finite sub covering by quasi-compactness of
X . �

Lemma 4.8 ([25], Lem. 1.9.4 (b)). Let E• be a strictly pseudo-coherent complex

on X such that Hi(E•) = 0 for i � m. Then Ker d
m−1 is an algebraic vector bundle.

In particular Hm−1(E•) is of finite type.

Proof of Prop. 4.4. Let {Lα} be an ample family of line bundles on X and
I the defining ideal of Y . We denote by D the additive category generated by
all the L⊗mα ⊗OX

OX / Ip with integer m and positive integer p. By Lemma 4.5,
D ⊂ Wtr(X on Y ). We intend to apply Lemma 4.6 to A = Qcoh(X on Y ) the
category of quasi-coherent OX -Modules whose support on Y . We have to check the
assumptions in Lemma 4.6. Only non-trivial assumption is the condition “having
enough objects to resolve”. Let C• be a complex in C such that Hi(C•) = 0 for
i � n, and F � Hn−1(C•) an epimorphism in A. By Lemma 4.7, there are line
bundles Lαk

integers mk and their sections fk ∈ Γ(X,L⊗mk

αk
) (1 � k � m) such

that they satisfy the following conditions.
(a) For each k, Xfk

is affine.
(b) {Xfk

}
1�k�m is an open cover of X .

(c) For each k, C•|Xfk
is quasi-isomorphic to a strictly perfect complex.

Fix an integer k. Since Hn−1(C•)|Xfk
is of finite type by Lemma 4.8, there is sub

OXfk
-Module of finite type G ⊂ F |Xfk

such that the composition G ↪→ F |Xfk
�

Hn−1(C•)|Xfk
is an epimorphism. Now since G and I |Xfk

are OXfk
-Modules of

finite type (Lemma 2.19 (i)), we have (I |Xfk
)
pk G = 0 for some pk. Therefore G is

considered as OX/ Ipk |Xfk
-Module of finite type. Hence we have an epimorphism

(OX/ Ipk |Xfk
)
⊕tk

� G. We have an OX -Modules homomorphism (OX/ Ipk)
⊕tk →

F ⊗OX
L⊗mksk

αk
for some integer sk ([9], 9.3.1 and [12], 1.7.5). Therefore considering

the same argument for every k, we get a morphism
m⊕
k=1

(OX/ Ipk ⊗OX
L⊗−mksk

αk
)⊕tk → F

whose composition with F � Hn−1(C•) is an epimorphism in Qcoh(X on Y ). �

Finally, we shall prove that γ induces an equivalence of categories between their
derived categories. Now we consider the following exact inclusion functors:

C
γ1
→ Perfqc(X on Y )

γ2
→ Perf (X on Y ).

Lemma 2.11 assert that γ2 induces a homotopy equivalence on spectra. Thus, it is
enough to show that the inclusion functor γ1 induces an equivalence of categories
between their derived categories. More strongly we prove the following proposition:

Proposition 4.9. The local cohomological functor

RΓY = lim
−→
p

EXT (OX/ Ip, ?) : T (Perfqc(X on Y )) → T (C)

gives the inverse functor of the inclusion functor γ1.

Proof. Let us consider the functor

ΓY := lim
−→
p

HOM(OX/ Ip, ?) : Qcoh(X) → Qcoh(X on Y ).
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Since I is of finite type, for any OX -Module M inQcoh(X on Y ), we have ΓY M =
M. This identity and the existence of the canonical natural transformation ΓY →
id imply that ΓY is a right adjoint functor of the inclusion Qcoh(X on Y ) ↪→
Qcoh(X). Therefore Qcoh(X on Y ) has enough injective objects and ΓY is left
exact. Now we will prove that the counit map RΓY E

• → E
• is quasi-isomorphism

for any cohomologically bounded complexes of quasi-coherent OX -Modules E• with
cohomologically supported in Y . For an injective resolution E• ↪→ I•, we have
RΓY E• = lim

−→p
HOM(OX/Ip, I•). To prove the canonical map

lim
−→
p

HOM(OX/Ip, I•) → HOM(OX , I
•) = I

•

is quasi-isomorphism, for any affine open set U = SpecA in X , by Lemma 4.10
below, we have an isomorphism

RHOM(OX/Ip, I•)|U
∼

→ RHOM(OX/Ip|U , I
•|U ).

Let I•|U → J̃• be an injective resolution in Qcoh(U), where each J i is an injective

A-module and J̃ i is the Module associated with J i. Then we have a short exact
sequence of complexes for each non-negative integer p,

0 → Hom(A/K
p
, J
•) → J

• → Hom(Kp
, J
•) → 0,

where K̃ := I|U . Now lim
−→p

HOM(Kp, J•) is acyclic on Y ∩ U by Lemma 4.11

below. Next we show that RΓY preserves perfection. Let us take a complex E•

in T (Perfqc(X on Y )). Since X is quasi-compact, E• is cohomologically bounded.
From the argument in the previous paragraph, we learn that RΓY E

• is quasi-
isomorphic to E•. Since perfection is invariant under quasi-isomorphisms, we get
the assertion. Combining the obvious fact that γ1 is fully faithful, we conclude that
RΓY gives an inverse functor of γ1. �

Lemma 4.10 ([30], Cor. 2.2). Let X be a strictly coherent scheme. For any
pseudo-coherent OX-Module F and any E• ∈ D+(Qcoh(X)), and any quasi-
compact open subscheme U ⊂ X, we have

RHOM(F , E
•)|U

∼

→ RHOM(F|U , E
•|U ).

Here, the derived functors are taken in Qcoh(X).

Lemma 4.11. For a commutative ring with unit A, its finitely generated ideal I

and a finitely generated A-module M , lim
−→p

HomA(Ip, M) is supported on SpecA�

V (I).

Proof. If I is generated by an element f , we have an isomorphism

lim
−→
p

HomA((fp), M)
∼

→ Mf .

defined by φ ∈ HomA((fp), M) maps to φ(fp)/fp ∈ Mf .
If I is generated by elements f1, . . . , fr, for any non-negative integer p, we put

I(p) := (fp
1
, . . . , fpr ). Then we have a surjective map

r⊕
k=1

Af
p
k � I

(p)
.
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Since {I(p)} and {Ip} are cofinal, therefore we have an injection

lim
−→
p

HomA(Ip, M) ↪→
r∏

k=1

HomA((fpk ), M).

Hence we get the assertion by the previous paragraph. �

5. Applications

In this section, we assume that A is a Cohen-Macaulay ring of Krull dimension d

and X = Spec A. By the very definition, the ring A satisfies the following condition
(cf. [3], §2.5, Prop. 7): For any height r ideal J in A, there is an A-regular sequence
x1, . . . , xr contained in J . In this case, a coherent A-module of weight d is just a
module of finite length and finite projective dimension.

Proposition 5.1. For any integer 0 � r � d and a closed subset Y ⊂ X,
Wtr(X on Y ) is closed under extensions inMod(X). In particularWtr(X on Y )
is an idempotent complete exact category.

Proof. Let us consider a short exact sequence

F 	 G � H

in Mod(X) where F and H are in Wtr(X on Y ). Then G is of Tor-dimension
� r, SuppG ⊂ Y and CodimX SuppG � r. Therefore there is an A-regular se-
quence x1, . . . , xr with SuppG ⊂ V (x1, . . . , xr). Hence we conclude that G is in
Wtr(X on Y ). �

Theorem 5.2. For any integer 0 � r � d, the canonical inclusion functor

Chb(Wtr(X)) ↪→ Perf r(X) induces an equivalence of categories between their de-
rived categories. In particular, we have canonical homotopy equivalences of spectra
and mixed complexes

K
S(Wtr(X))

∼

→ K
S(Perf r(X)),

HC(Wtr(X))
∼

→ HC(Perf r(X)).

Proof. We can write the categories Chb(Wtr(X)) and Perf r(X) as follows:

Chb(Wtr(X)) = lim
Y⊂X

Chb(Wtr(X on Y )),

Perf r(X) = lim
Y⊂X

Perf (X on Y ),

where the limits taking over the regular closed immersions of codimension � r.
Hence we get the result by Theorem 3.3 and continuity of the functor T . �

As another application of our main theorem, we recall Weibel’s K-dimensional
conjecture.

Conjecture 5.3 (K-dimensional conjecture). For any noetherian scheme Z

of finite Krull-dimension n, and integer q > n, we have KB
−q(Z) = 0.

This conjecture is recently proved for schemes which are essentially of finite
type over a field of characteristic 0 in [4]. According to [1], if for any local ring

OZ,z of Z, we have KB
−q(SpecOZ,z on {z}) = 0 for q > dimOZ,z , then the above

conjecture is true for Z. Now, assume the ring A is local with maximal ideal
m. Since X = SpecA is Cohen-Macaulay, Y := V (m) ↪→ X is a regular closed
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immersion of codimension d. From Corollary 3.4 we have KS(Wtd(X on Y ))
∼

→
KB(X on Y ), and the conjecture for any Cohen-Macaulay scheme is reduced to

vanishing of K
S
−q(Wt

d(X on Y )) for q > d.
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Higher localized analytic indices and strict deformation

quantization

Paulo Carrillo Rouse

Abstract. This paper is concerned with the localization of higher analytic

indices for Lie groupoids. Let G be a Lie groupoid with Lie algebroid AG . Let

τ be a (periodic) cyclic cocycle over the convolution algebra C∞
c
(G ). We say

that τ can be localized if there is a morphism

K
0(A∗G )

Indτ
−→ C

satisfying Indτ (a) = 〈indDa, τ〉 (Connes pairing). In this case, we call Indτ
the higher localized index associated to τ . In [CR08a] we use the algebra of

functions over the tangent groupoid introduced in [CR08b], which is in fact a

strict deformation quantization of the Schwartz algebra S (AG ), to prove the

following results:

• Every bounded continuous cyclic cocycle can be localized.

• If G is étale, every cyclic cocycle can be localized.

We will recall this results with the difference that in this paper, a formula

for higher localized indices will be given in terms of an asymptotic limit of

a pairing at the level of the deformation algebra mentioned above. We will

discuss how the higher index formulas of Connes-Moscovici, Gorokhovsky-Lott

fit in this unifying setting.

1. Introduction

This paper is concerned with the localization of higher analytic indices for Lie
groupoids. In [CM90], Connes and Moscovici defined, for any smooth manifold M

and every Alexander-Spanier class [ϕ̄] ∈ H̄ev
c (M), a localized index morphism

(1) Indϕ : K
0

c (T
∗

M) −→ C.

which has as a particular case the analytic index morphism of Atiyah-Singer for
[1] ∈ H̄0(M).

Indeed, given an Alexander-Spanier cocycle ϕ on M , Connes-Moscovici con-
struct a cyclic cocycle τ(ϕ) over the algebra of smoothing operators, Ψ−∞(M)
(lemma 2.1, ref.cit.). Now, if D is an elliptic pseudodifferential operator over M ,
it defines an index class indD ∈ K0(Ψ

−∞(M)) ≈ Z. Then they showed (theorem
2.4, ref.cit.) that the pairing

(2) 〈indD, τ(ϕ)〉

only depends on the principal symbol class [σD] ∈ K0(T ∗M) and on the class of
ϕ, and this defines the localized index morphism (1). Connes-Moscovici go further
to prove a localized index formula generalizing the Atiyah-Singer theorem. They
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used this formula to prove the so called Higher index theorem for coverings which
served for proving the Novikov conjecture for Hyperbolic groups.

We discuss now the Lie groupoid case. This concept is central in non commu-
tative geometry. Groupoids generalize the concepts of spaces, groups and equiv-
alence relations. In the late 70’s, mainly with the work of Alain Connes, it be-
came clear that groupoids appeared naturally as substitutes of singular spaces
[Con79, Mac87, Ren80, Pat99]. Many people have contributed to realizing
this idea. We can find for instance a groupoid-like treatment in Dixmier’s works on
transformation groups, [Dix], or in Brown-Green-Rieffel’s work on orbit classifica-
tion of relations, [BGR77]. In foliation theory, several models for the leaf space of
a foliation were realized using groupoids, mainly by people like Haefliger ([Hae84])
and Wilkelnkemper ([Win83]), to mention some of them. There is also the case of
Orbifolds, these can be seen indeed as étale groupoids, (see for example Moerdijk’s
paper [Moe02]). There are also some particular groupoid models for manifolds with
corners and conic manifolds worked by people like Monthubert [Mon03], Debord-
Lescure-Nistor ([DLN06]) and Aastrup-Melo-Monthubert-Schrohe ([AMMS]) for
example. Furthermore, Connes showed that many groupoids and algebras asso-
ciated to them appeared as ‘non commutative analogues‘ of smooth manifolds to
which many tools of geometry such as K-theory and Characteristic classes could
be applied [Con79, Con94]. Lie groupoids became a very natural place where to
perform pseudodifferential calculus and index theory, [Con79, MP97, NWX99].

The study of the indices in the groupoid case is, as we will see, more delicate
than the classical case. There are new phenomena appearing. If G is a Lie groupoid,
a G -pseudodifferential operator is a differentiable family (see [MP97, NWX99])
of operators. Let P be such an operator, the index of P , indP , is an element of
K0(C

∞

c (G )). We have also a Connes-Chern pairing

K0(C
∞

c (G )) × HC
even(C∞c (G ))

〈 , 〉
−→ C.

We would like to compute the pairings of the form

(3) 〈indD, τ〉

for D a G -pseudodifferential elliptic operator. For instance, the Connes-Mosocovici
Higher index theorem gives a formula for the above pairing when the groupoid G

is the groupoid associated to a Γ-covering and for cyclic group cocycles.
Now, the first step in order to give a formula for the pairing (3) above is to

localize the pairing, that is, to show that it only depends on the principal symbol
class in K0(A∗G ) (this would be the analog of theorem 2.4, [CM90]).

Let τ be a (periodic) cyclic cocycle over C∞c (G ). We say that τ can be localized
if the correspondence

(4) Ell(G )
ind

K0(C
∞

c (G ))
〈 ,τ〉

C

factors through the principal symbol class morphism, where Ell(G ) is the set of G -
pseudodifferential elliptic operators. In other words, if there is a unique morphism
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K0(A∗G )
Indτ−→ C which fits in the following commutative diagram

(5) Ell(G )
ind

[psymb]

K0(C
∞

c (G ))
〈 ,τ〉

C

K0(A∗G )

Indτ

i.e., satisfying Indτ (a) = 〈indDa, τ〉, and hence completely characterized by this
property. In this case, we call Indτ the higher localized index associated to τ .

In this paper, we prove a localization result using an appropriate strict defor-
mation quantization algebra. For stating the main theorem we need to introduce
some terms.

Let G be a Lie groupoid. It is known that the topological K-theory group
K0(A∗G ), encodes the classes of principal symbols of all G -pseudodifferential el-
liptic operators, [AS68]. On other hand the K-theory of the Schwartz algebra
of the Lie algebroid satisfies K0(S (AG )) ≈ K0(A∗G ) (see for instance [CR08a]
Proposition 4.5).

In [CR08b], we constructed a strict deformation quantization of the algebra
S (AG ). This algebra is based on the notion of the tangent groupoid which is a
deformation groupoid associated to any Lie groupoid: Indeed, associated to a Lie
groupoid G ⇒ G (0), there is a Lie groupoid

G
T := AG × {0}

⊔
G × (0, 1] ⇒ G

(0) × [0, 1],

compatible with AG and G , called the tangent groupoid of G . We can now recall
the main theorem in ref.cit.

Theorem. There exists an intermediate algebra Sc(G
T ) consisting of smooth

functions over the tangent groupoid

C
∞

c (G T ) ⊂ Sc(G
T ) ⊂ C

∗

r (G
T ),

such that it is a field of algebras over [0, 1], whose fibers are

S (AG ) at t = 0, and

C
∞

c (G ) for t �= 0.

Let τ be a (q + 1)−multilinear functional over C∞c (G ). For each t �= 0, we let
τt be the (q + 1)-multilinear functional over Sc(G

T ) defined by

(6) τt(f
0
, ..., f

q) := τ(f0

t , ..., f
q
t ).

It is immediate that if τ is a (periodic) cyclic cocycle over C∞c (G ), then τt is a
(periodic) cyclic cocycle over Sc(G

T ) for each t �= 0.
The main result of this paper is the following:

Theorem 1. Every bounded cyclic cocycle can be localized. Moreover, in this
case, the following formula for the higher localized index holds:

(7) Indτ (a) = limt→0〈ã, τt〉,

where ã ∈ K0(Sc(G
T )) is such that e0(ã) = a ∈ K0(A∗G ). In fact the pairing

above is constant for t �= 0.
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Where, a multilinear map τ : C
∞

c (G ) × · · · × C
∞

c (G )︸ ︷︷ ︸
q+1−times

→ C is bounded if it

extends to a continuous multilinear map C
k
c (G ) × · · · × C

k
c (G )︸ ︷︷ ︸

q+1−times

τk−→ C, for some

k ∈ N. The restriction of taking bounded continuous cyclic cocycles in the last
theorem is not at all restrictive. In fact, all the geometrical cocycles are of this
kind (Group cocycles, The transverse fundamental class, Godbillon-Vey and all the
Gelfand-Fuchs cocycles for instance).

Moreover, for the case of étale groupoids, the explicit calculations of the Peri-
odic cohomologies spaces developed in [BN94, Cra99] allow us to conclude that
the formula (7) above holds for every cyclic cocycle (Corollary 4.8).

At the end of this work we will discuss how the higher index formulas of Connes-
Moscovici, Gorokhovsky-Lott ([CM90, GL03]) fit in this unifying setting.

Acknowledgments I would like to thank Georges Skandalis for reading an earlier
version of this paper and for the very useful comments and remarks he did to it.

I would also like to thank the referee for his remarks to improve this work.

2. Index theory for Lie groupoids

2.1. Lie groupoids. Let us recall what a groupoid is:

Definition 2.1. A groupoid consists of the following data: two sets G and
G (0), and maps

· s, r : G → G (0) called the source and target map respectively,
· m : G (2) → G called the product map (where G (2) = {(γ, η) ∈ G × G :

s(γ) = r(η)}),

such that there exist two maps, u : G (0) → G (the unit map) and i : G → G (the
inverse map), such that, if we denote m(γ, η) = γ · η, u(x) = x and i(γ) = γ−1, we
have

1. r(γ · η) = r(γ) and s(γ · η) = s(η).
2. γ · (η · δ) = (γ · η) · δ, ∀γ, η, δ ∈ G when this is possible.
3. γ · x = γ and x · η = η, ∀γ, η ∈ G with s(γ) = x and r(η) = x.
4. γ · γ−1 = u(r(γ)) and γ−1 · γ = u(s(γ)), ∀γ ∈ G .

Generally, we denote a groupoid by G ⇒ G (0).

Along this paper we will only deal with Lie groupoids, that is, a groupoid in
which G and G (0) are smooth manifolds (possibly with boundary), and s, r, m, u are
smooth maps (with s and r submersions, see [Mac87, Pat99]). For A, B subsets
of G (0) we use the notation GB

A for the subset {γ ∈ G : s(γ) ∈ A, r(γ) ∈ B}.
Our first example of Lie groupoids will be the Lie groups, we will give other

examples below.

Example 2.2 (Lie Groups). Let G be a Lie group. Then

G ⇒ {e}

is a Lie groupoid with product given by the group product, the unit is the unit
element of the group and the inverse is the group inverse

Lie groupoids generalize Lie groups. Now, for Lie groupoids there is also a
notion playing the role of the Lie algebra:
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Definition 2.3 (The Lie algebroid of a Lie groupoid). Let G → G (0) be a Lie
groupoid. The Lie algebroid of G is the vector bundle

AG → G
(0)

given by definition as the normal vector bundle associated to the inclusion G (0) ⊂ G

(we identify G (0) with its image by u).

For the case when a Lie groupoid is given by a Lie group as above G ⇒ {e},
we recover AG = TeG. Now, in the Lie theory is very important that this vector
space, TeG, has a Lie algebra structure. In the setting of Lie groupoids the Lie
algebroid AG has a structure of Lie algebroid. We will not need this in this paper.

Let us put some classical examples of Lie groupoids.

Example 2.4 (Manifolds). Let M be a C∞-manifold. We can consider the
groupoid

M ⇒ M

where every morphism is the identity over M .

Example 2.5 (Groupoid associated to a manifold). Let M be a C∞-manifold.
We can consider the groupoid

M × M ⇒ M

with s(x, y) = y, r(x, y) = x and the product given by (x, y) ◦ (y, z) = (x, z). We
denote this groupoid by GM .

Example 2.6. [Fiber product groupoid associated to a submersion] This is a

generalization of the example above. Let N
p
→ M be a submersion. We consider

the fiber product N ×M N := {(n, n′) ∈ N ×N : p(n) = p(n′)},which is a manifold
because p is a submersion. We can then take the groupoid

N ×M N ⇒ N

which is only a subgroupoid of N × N .

Example 2.7 (G-spaces). Let G be a Lie group acting by diffeomorphisms in
a manifold M . The transformation groupoid associated to this action is

M �G ⇒ M.

As a set M �G = M × G, and the maps are given by s(x, g) = x · g, r(x, g) = x,
the product given by (x, g) ◦ (x · g, h) = (x, gh), the unit is u(x) = (x, e) and with
inverse (x, g)−1 = (x · g, g

−1).

Example 2.8 (Vector bundles). Let E
p
→ X be a smooth vector bundle over a

manifold X . We consider the groupoid

E ⇒ X

with s(ξ) = p(ξ), r(ξ) = p(ξ), the product uses the vector space structure and it is
given by ξ ◦η = ξ +η, the unit is zero section and the inverse is the additive inverse
at each fiber.

Example 2.9 (Haefliger’s groupoid). Let q be a positive integer. The Hae-
fliger’s groupoid Γq has as space of objects Rq. A morphism (or arrow) x �→ y in Γq

is the germ of a (local) diffeomorphism (Rq, x) → (Rq, y). This Lie groupoid and
its classifying space play a vey important role in the theory of foliations, [Hae84].
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Example 2.10 (Orbifolds). An Orbifold is an étale groupoid for which (s, r) :
G → G (0) × G (0) is a proper map. See [Moe02] for further details.

Example 2.11 (Groupoid associated to a covering). Let Γ be a discret group

acting freely and properly in M̃ with compact quotient M̃/Γ := M . We denote

by G the quotient M̃ × M̃ by the diagonal action of Γ. We have a Lie groupoid
G ⇒ G (0) = M with s(x̃, ỹ) = y, r(x̃, ỹ) = x and product (x̃, ỹ) ◦ (ỹ, z̃) = (x̃, z̃).

A particular of this situation is when Γ = π1(M) and M̃ is the universal
covering. This groupoid played a main role in the Novikov’s conjecture proof for
hyperbolic groups given by Connes and Moscovici, [CM90].

Example 2.12 (Holonomy groupoid of a Foliation). Let M be a compact man-
ifold of dimension n. Let F be a subvector bundle of the tangent bundle TM . We
say that F is integrable if C∞(F ) := {X ∈ C∞(M, TM) : ∀x ∈ M, Xx ∈ Fx} is a
Lie subalgebra of C∞(M, TM). This induces a partition in embedded submanifolds
(the leaves of the foliation), given by the solution of integrating F .

The holonomy groupoid of (M, F ) is a Lie groupoid

G (M, F ) ⇒ M

with Lie algebroid AG = F and minimal in the following sense: any Lie groupoid
integrating the foliation 1 contains an open subgroupoid which maps onto the ho-
lonomy groupoid by a smooth morphism of Lie groupoids.

The holonomy groupoid was constructed by Ehresmann [Ehr65] and Winkelnkem-
per [Win83] (see also [CC00], [God91], [Pat99]).

2.1.1. The convolution algebra of a Lie groupoid. We recall how to define an
algebra structure in C

∞

c (G ) using smooth Haar systems.

Definition 2.13. A smooth Haar system over a Lie groupoid is a family of
measures μx in Gx for each x ∈ G (0) such that,

• for η ∈ G y
x we have the following compatibility condition:∫

Gx

f(γ)dμx(γ) =

∫
Gy

f(γ ◦ η)dμy(γ)

• for each f ∈ C∞c (G ) the map

x �→

∫
Gx

f(γ)dμx(γ)

belongs to C∞c (G (0))

A Lie groupoid always posses a smooth Haar system. In fact, if we fix a smooth
(positive) section of the 1-density bundle associated to the Lie algebroid we obtain
a smooth Haar system in a canonical way. We suppose for the rest of the paper a
given smooth Haar system given by 1-densities (for complete details see [Pat99]).
We can now define a convolution product on C∞c (G ): Let f, g ∈ C∞c (G ), we set

(f ∗ g)(γ) =

∫
Gs(γ)

f(γ · η−1)g(η)dμs(γ)(η)

This gives a well defined associative product.

1having F as Lie algebroid
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Remark 2.14. There is a way to define the convolution algebra using half
densities (see Connes book [Con94]).

2.2. Analytic indices for Lie groupoids. As we mentioned in the introduc-
tion, we are going to consider some elements in the K-theory group K0(C

∞

c (G )).
We recall how these elements are usually defined (See [NWX99] for complete de-
tails): First we recall a few facts about G -Pseudodifferential calculus:

A G -Pseudodifferential operator is a family of pseudodifferential operators
{Px}x∈G (0) acting in C∞c (Gx) such that if γ ∈ G and

Uγ : C
∞

c (Gs(γ)) → C
∞

c (Gr(γ))

the induced operator, then we have the following compatibility condition

Pr(γ) ◦ Uγ = Uγ ◦ Ps(γ).

We also admit, as usual, operators acting in sections of vector bundles E → G (0).
There is also a differentiability condition with respect to x that can be found in
[NWX99].

In this work we are going to work exclusively with uniformly supported oper-
ators, let us recall this notion. Let P = (Px, x ∈ G (0)) be a G -operator, we denote
by kx the Schwartz kernel pf Px. Let

supp P := ∪xsupp kx, and

suppμP := μ1(supp P ),

where μ1(g
′, g) = g′g−1. We say that P is uniformly supported if suppμP is com-

pact.
We denote by Ψm(G , E) the space of uniformly supported G -operators, acting

on sections of a vector bundle E. We denote also

Ψ∞(G , E) =
⋃
m Ψm(G , E) et Ψ−∞(G , E) =

⋂
m Ψm(G , E).

The composition of two such operators is again of this kind (lemma 3, [NWX99]).
In fact, Ψ∞(G , E) is a filtered algebra (theorem 1, rf.cit.), i .e.,

Ψm(G , E)Ψm′

(G , E) ⊂ Ψm+m′

(G , E).

In particular, Ψ−∞(G , E) is a bilateral ideal.

Remark 2.15. The choice on the support justifies on the fact that Ψ−∞(G , E)
is identified with C∞c (G , End(E)), thanks the Schwartz kernel theorem (theorem 6
[NWX99]).

The notion of principal symbol extends also to this setting. Let us denote by π :
A∗G → G (0) the projection. For P = (Px, x ∈ G (0)) ∈ Ψm(G , E, F ), the principal
symbol of Px, σm(Px), is a C∞ section of the vector bundle End(π∗xr

∗E, π∗xr
∗F )

over T ∗Gx (where πx : T ∗Gx → Gx), such that at each fiber the morphism is
homogeneous of degree m (see [AS68] for more details). There is a section σm(P )
of End(π∗E, π∗F ) over A∗G such that

(8) σm(P )(ξ) = σm(Px)(ξ) ∈ End(Ex, Fx) si ξ ∈ A
∗

xG

Hence (8) above, induces a unique surjective linear map

(9) σm : Ψm(G , E) → S
m(A∗G , End(E, F )),

with kernel Ψm−1(G , E) (see for instance proposition 2 [NWX99]) and where
S m(A∗G , End(E, F )) denotes the sections of the fiber End(π∗E, π∗F ) over A∗G

homogeneous of degree m at each fiber.
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Definition 2.16 (G -Elliptic operators). Let P = (Px, x ∈ G (0)) be a G -
pseudodifferential operator. We will say that P is elliptic if each Px is elliptic.

We denote by Ell(G ) the set of G -pseudodifferential elliptic operators.

The linear map (9) defines a principal symbol class [σ(P )] ∈ K0(A∗G ):

(10) Ell(G )
σ

−→ K
0(A∗G ).

Connes, [Con79], proved that if P = (Px, x ∈ G (0)) ∈ Ell(G ), then it exists
Q ∈ Ψ−m(G , E) such that

IE − PQ ∈ Ψ−∞(G , E) et IE − QP ∈ Ψ−∞(G , E),

where IE denotes the identity operator over E. In other words, P defines a quasi-
isomorphism in (Ψ+∞, C∞c (G )) and thus an element in K0(C

∞

c (G )) explicitly (when
E is trivial) given by

(11)

[
T

(
1 0
0 0

)
T
−1

]
−

[(
1 0
0 0

)]
∈ K0(C̃∞c (G )),

where 1 is the unit in C̃∞c (G ) (unitarisation of C∞c (G )), and where T is given by

T =

(
(1 − PQ)P + P PQ − 1

1 − QP Q

)
with inverse

T
−1 =

(
Q 1 − QP

PQ − 1 (1 − PQ)P + P

)
.

If E is not trivial we obtain in the same way an element of K0(C
∞

c (G , End(E, F )))
≈ K0(C

∞

c (G )) since C
∞

c (G , End(E, F ))) is Morita equivalent to C
∞

c (G ).

Definition 2.17 (G -Index). Let P be a G -pseudodifferential elliptic operator.
We denote by indP ∈ K0(C

∞

c (G )) the element defined by P as above. It is called
the index of P . It defines a correspondence

(12) Ell(G )
ind
−→ K0(C

∞

c (G )).

Example 2.18 (The principal symbol class as a Groupoid index). Let G be a
Lie groupoid. We can consider the Lie algebroid as Lie groupoid with its vector
bundle structure AG ⇒ G (0). Let P be a G -pseudodifferential elliptic operator,
then the principal symbol σ(P ) is a AG -pseudodifferential elliptic operator. Its
index, ind(σ(P )) ∈ K0(C

∞

c (AG )) can be pushforward to K0(C0(A
∗G )) using the

inclusion of algebras C∞c (AG )
j

↪→ C0(A
∗G ) (modulo Fourier), the resulting image

gives precisely the map (10) above, i.e., j∗(ind σ(P )) = [σ(P )] ∈ K0(C0(A
∗G )) ≈

K
0(A∗G ).

We have a diagram

Ell(G )
ind

σ

K0(C
∞

c (G ))

K0(A∗G ) ,

where the pointed arrow does not always exist. It does in the classical cases, but
not for general Lie groupoids as shown by the next example ([Con94] pp. 142).



HIGHER LOCALIZED ANALYTIC INDICES · · · 99

Example 2.19. Let R→ {0} be the groupoid given by the group structure in
R. In [Con94] (proposition 12, II.10.γ), Connes shows that the map

D �→ indD ∈ K0(C
∞

c (R))

defines an injection of the projective space of no zero polynomials D = P ( ∂
∂x) into

K0(C
∞

c (R)).

We could consider the morphism

(13) K0(C
∞

c (G ))
j

−→ K0(C
∗

r (G ))

induced by the inclusion C∞c (G ) ⊂ C∗r (G ), then the composition

Ell(G )
ind
−→ K0(C

∞

c (G ))
j

−→ K0(C
∗

r (G ))

does factors through the principal symbol class. In other words, we have the fol-
lowing commutative diagram

Ell(G )
ind

σ

K0(C
∞

c (G ))

j

K0(A∗G )
inda

K0(C
∗

r (G )).

Indeed,, inda is the index morphism associated to the exact sequence of C
∗-algebras

([Con79], [CS84], [MP97], [NWX99])

(14) 0 → C
∗

r (G ) −→ Ψ0(G )
σ

−→ C0(S
∗

G ) → 0

where Ψ0(G ) is a certain C∗−completion of Ψ0(G ), S∗G is the sphere vector bundle
of A∗G and σ is the extension of the principal symbol.

Definition 2.20. [G -Analytic index] Let G ⇒ G (0) be a Lie groupoid. The
morphism

(15) K
0(A∗G )

inda−→ K0(C
∗

r (G ))

is called the analytic index of G .

The K-theory of C∗-algebras has very good cohomological properties, however
as we are going to discuss in the next subsection, it is sometimes preferable to work
with the indices at the level of C∞c -algebras.

2.2.1. Pairing with Cyclic cohomology: Index formulas. The interest to keep
track on the C∞c -indices is because at this level we can make explicit calculations via
the Chern-Weil-Connes theory. In fact there is a pairing [Con85, Con94, Kar87]

(16) 〈 , 〉 : K0(C
∞

c (G )) × HP
∗(C∞c (G )) → C

There are several known cocycles over C∞c (G ). An important problem in Noncom-
mutative Geometry is to compute the above pairing in order to obtain numerical
invariants from the indices in K0(C

∞

c (G )), [Con94, CM90, GL06]. Let us illus-
trate this affirmation with the following example.

Example 2.21. [CM90, Con94] Let Γ be a discrete group acting properly

and freely on a smooth manifold M̃ with compact quotient M̃/Γ := M . Let

G ⇒ G (0) = M be the Lie groupoid quotient of M̃ × M̃ by the diagonal action of
Γ.
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Let c ∈ H∗(Γ) := H∗(BΓ). Connes-Moscovici showed in [CM90] that the
higher Novikov signature, Signc(M), can be obtained with the pairing of the sig-
nature operator Dsign and a cyclic cocycle τc associated to c:

(17) 〈τc, indDsgn〉 = Signc(M, ψ).

The Novikov conjecture states that these higher signatures are oriented homotopy
invariants of M . Hence, if indDsign ∈ K0(C

∞

c (G )) is a homotopy invariant of
(M, ψ) then the Novikov conjecture would follow. We only know that j(indDsign) ∈
K0(C

∗

r (G )) is a homotopy invariant. But then we have to extend the action of τc to
K0(C

∗

r (G )). Connes-Moscovici show that this action extends for Hyperbolic groups.

The pairing (16) above is not interesting for C∗-algebras. Indeed, the Cyclic
cohomology for C∗-algebras is trivial (see [CST04] 5.2 for an explanation). In fact,
as shown by the example above, a very interesting problem is to compute the pairing
at the C∞c -level and then extend the action of the cyclic cocycles to the K-theory
of the C∗-algebra. This problem is known as the extension problem and it was
solved by Connes for some cyclic cocycles associated to foliations, [Con86], and by
Connes-Moscovici, [CM90], for group cocycles when the group is hyperbolic.

The most general formula for the pairing (16), known until these days (as far the
author is aware), is the one of Gorokhovsky-Lott for Foliation groupoids ([GL06],
theorem 5.) which generalized a previous Connes formula for étale groupoids
([Con94], theorem 12, III.7.γ, see also [GL03] for a superconnection proof). It
basically says the following: Let G ⇒ M be a foliation groupoid (Morita equivalent
to an étale groupoid). It carries a foliation F . Let ρ be a closed holonomy-invariant
transverse current on M . Suppose G acts freely, properly and cocompactly on a
manifold P . Let D be a G -elliptic differential operator on P . Then the following
formula holds:

(18) 〈IndD, ρ〉 =

∫
P/G

Â(TF )ch([σD])ν∗(ωρ),

where ωρ ∈ H∗(BG , o) is a universal class associated to ρ and ν : P/G → BG is a
classifying map.

Now, we can expect an easy (topological) calculation only if the map D �→
〈D , τ〉 (τ ∈ HP ∗(C∞c (G )) fix) factors through the symbol class of D, [σ(D)] ∈
K0(A∗G ): we want to have a diagram of the following kind:

Ell(G )
ind

σ

K0(C
∞

c (G ))
〈 ,τ〉

C

K
0(A∗G )

τ

.

This paper is concerned with the solution of the factorization problem just
described. Our approach will use a geometrical deformation associated to any Lie
groupoid, known as the tangent groupoid. We will discuss this in the next section.

3. Index theory and strict deformation quantization

3.1. Deformation to the normal cone. The tangent groupoid is a partic-
ular case of a geometric construction that we describe here.

Let M be a C∞ manifold and X ⊂ M be a C∞ submanifold. We denote by
N M

X the normal bundle to X in M , i .e., N M
X := TXM/TX .
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We define the following set

D
M
X := N

M
X × 0

⊔
M × R∗(19)

The purpose of this section is to recall how to define a C∞-structure in DM
X . This

is more or less classical, for example it was extensively used in [HS87].
Let us first consider the case where M = Rp × Rq and X = Rp × {0} (where

we identify canonically X = Rp). We denote by q = n − p and by Dn
p for DR

n

Rp as
above. In this case we clearly have that Dn

p = Rp×Rq×R (as a set). Consider the
bijection ψ : Rp × Rq × R→ Dn

p given by

(20) ψ(x, ξ, t) =

{
(x, ξ, 0) if t = 0
(x, tξ, t) if t �= 0

which inverse is given explicitly by

ψ
−1(x, ξ, t) =

{
(x, ξ, 0) if t = 0
(x,

1

t ξ, t) if t �= 0

We can consider the C∞-structure on Dn
p induced by this bijection.

We pass now to the general case. A local chart (U , φ) in M is said to be a
X-slice if

1) φ : U
∼=
→ U ⊂ Rp × Rq

2) If U ∩ X = V , V = φ−1(U ∩ Rp × {0}) (we denote V = U ∩Rp × {0})

With this notation, DU
V ⊂ Dn

p as an open subset. We may define a function

(21) φ̃ : D
U

V → D
U
V

in the following way: For x ∈ V we have φ(x) ∈ Rp × {0}. If we write φ(x) =
(φ1(x), 0), then

φ1 : V → V ⊂ Rp

is a diffeomorphism. We set φ̃(v, ξ, 0) = (φ1(v), dNφv(ξ), 0) and φ̃(u, t) = (φ(u), t)
for t �= 0. Here dNφv : Nv → Rq is the normal component of the derivative dφv

for v ∈ V . It is clear that φ̃ is also a bijection (in particular it induces a C∞

structure on DU
V

). Now, let us consider an atlas {(Uα, φα)}α∈Δ of M consisting of

X−slices. Then the collection {(DUα

Vα
, ˜φα)}α∈Δ is a C∞-atlas of DM

X (proposition

3.1 in [CR08b]).

Definition 3.1 (Deformation to the normal cone). Let X ⊂ M be as above.
The set DM

X equipped with the C∞ structure induced by the atlas described in the
last proposition is called ”The deformation to normal cone associated to X ⊂ M”.

Remark 3.2. Following the same steps, we can define a deformation to the
normal cone associated to an injective immersion X ↪→ M .

One important feature about this construction is that it is in some sense func-
torial. More explicitly, let (M, X) and (M ′, X ′) be C∞-pairs as above and let
F : (M, X) → (M ′, X ′) be a pair morphism, i.e., a C∞ map F : M → M ′, with

F (X) ⊂ X ′. We define D(F ) : DM
X → DM ′

X′ by the following formulas:

D(F )(x, ξ, 0) = (F (x), dNFx(ξ), 0) and
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D(F )(m, t) = (F (m), t) for t �= 0, where dNFx is by definition the map

(N M
X )x

dNFx−→ (N M ′

X′ )F (x)

induced by TxM
dFx−→ TF (x)M

′.

Then D(F ) : DM
X → DM ′

X′ is a C∞-map (proposition 3.4 in [CR08b]).

3.2. The tangent groupoid.

Definition 3.3 (Tangent groupoid). Let G ⇒ G (0) be a Lie groupoid. The
tangent groupoid associated to G is the groupoid that has DG

G (0) as the set of arrows

and G (0) × R as the units, with:

· sT (x, η, 0) = (x, 0) and rT (x, η, 0) = (x, 0) at t = 0.
· sT (γ, t) = (s(γ), t) and rT (γ, t) = (r(γ), t) at t �= 0.
· The product is given by mT ((x, η, 0), (x, ξ, 0)) = (x, η + ξ, 0) and

mT ((γ, t), (β, t)) = (m(γ, β), t) if t �= 0 and if r(β) = s(γ).
· The unit map uT : G (0) → G T is given by uT (x, 0) = (x, 0) and uT (x, t) =

(u(x), t) for t �= 0.

We denote G T := DG

G (0) and AG := N G

G (0) .

As we have seen above G T can be considered as a C∞ manifold. As a conse-
quence of the functoriality of the Deformation to the normal cone, one can show
that the tangent groupoid is in fact a Lie groupoid. Indeed, it is easy to check that

if we identify in a canonical way DG
(2)

G (0) with (G T )(2), then

m
T = D(m), s

T = D(s), r
T = D(r), u

T = D(u)

where we are considering the following pair morphisms:

m : ((G )(2), G (0)) → (G , G
(0)),

s, r : (G , G
(0)) → (G (0)

, G
(0)),

u : (G (0)
, G

(0)) → (G , G
(0)).

Remark 3.4. Finally, let {μx} be a smooth Haar system on G , i.e., a choice of
G -invariant Lebesgue measures. In particular we have an associated smooth Haar
system on AG (groupoid given by the vector bundle structure), which we denote
again by {μx}. Then the following family {μ(x,t)} is a smooth Haar system for the
tangent groupoid of G (details may be found in [Pat99]):

• μ(x,0) := μx at (G T )(x,0) = AxG and

• μ(x,t) := t−q · μx at (G T )(x,t) = Gx for t �= 0, where q = dim Gx.

In this article, we are only going to consider these Haar systems for the tangent
groupoids.

3.2.1. Analytic indices for Lie groupoids as deformations. Let G ⇒ G (0) be a
Lie groupoid and

K
0(A∗G )

inda−→ K0(C
∗

r (G )),

its analytic index. This morphism can also be constructed using the tangent
groupoid and its C∗-algebra.

It is easy to check that the evaluation morphisms extend to the C∗-algebras:

C
∗

r (G
T )

ev0−→ C
∗

r (AG ) and
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C
∗

r (G
T )

evt−→ C
∗

r (G ) for t �= 0.

Moreover, since G × (0, 1] is an open saturated subset of G T and AG an open
saturated closed subset, we have the following exact sequence ([HS87])

(22) 0 → C
∗

r (G × (0, 1]) −→ C
∗

r (G
T )

ev0−→ C
∗

r (AG ) → 0.

Now, the C∗-algebra C∗r (G × (0, 1]) ∼= C0((0, 1], C
∗

r (G )) is contractible. This im-
plies that the groups Ki(C

∗

r (G × (0, 1])) vanish, for i = 0, 1. Then, applying the
K−theory functor to the exact sequence above, we obtain that

Ki(C
∗

r (G
T ))

(ev0)∗
−→ Ki(C

∗

r (AG ))

is an isomorphism, for i = 0, 1. In [MP97], Monthubert-Pierrot show that

(23) inda = (ev1)∗ ◦ (ev0)
−1

∗
,

modulo the Fourier isomorphism identifying C∗r (AG ) ∼= C0(A
∗G ) (see also [HS87]

and [NWX99]). Putting this in a commutative diagram, we have

(24) K0(C
∗

r (G
T ))

e0

≈

e1

K0(A∗G )
inda

K0(C
∗

r (G )).

Compare the last diagram with (31) above.
The algebra C∗r (G

T ) is a strict deformation quantization of C0(A
∗G ), and the

analytic index morphism of G can be constructed by means of this deformation.
In the next section we are going to discuss the existence of a strict deformation
quantization algebra associated the tangent groupoid but in more primitive level,
that is, not a C∗-algebra but a Schwartz type algebra. We will use afterwards to
define other index morphisms as deformations.

3.3. A Schwartz algebra for the tangent groupoid. In this section we
will recall how to construct the deformation algebra mentioned at the introduction.
For complete details, we refer the reader to [CR08b].

The Schwartz algebra for the Tangent groupoid will be a particular case of a
construction associated to any deformation to the normal cone.

Definition 3.5. Let p, q ∈ N and U ⊂ Rp × Rq an open subset, and let
V = U ∩ (Rp × {0}).

(1) Let K ⊂ U × R be a compact subset. We say that K is a conic compact
subset of U × R relative to V if

K0 = K ∩ (U × {0}) ⊂ V

(2) Let ΩU
V = {(x, ξ, t) ∈ Rp×Rq×R : (x, t · ξ) ∈ U}, which is an open subset

of Rp × Rq × R and thus a C∞ manifold. Let g ∈ C∞(ΩU
V ). We say that

g has compact conic support, if there exists a conic compact K of U × R
relative to V such that if (x, tξ, t) /∈ K then g(x, ξ, t) = 0.

(3) We denote by Sc(Ω
U
V ) the set of functions g ∈ C∞(ΩU

V ) that have compact
conic support and that satisfy the following condition:
(s1) ∀ k, m ∈ N, l ∈ Np and α ∈ Nq there exist C(k,m,l,α) > 0 such that

(1 + ‖ξ‖2)k‖∂lx∂
α
ξ ∂

m
t g(x, ξ, t)‖ ≤ C(k,m,l,α)
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Now, the spaces Sc(Ω
U
V ) are invariant under diffeomorphisms. More precisely:

Let F : U → U
′ be a C

∞-diffeomorphism such that F (V ) = V
′; let F̃ : ΩU

V → ΩU ′

V ′

be the induced map. Then, for every g ∈ Sc(Ω
U ′

V ′), we have that g̃ := g ◦ F̃ ∈
Sc(Ω

U
V ) (proposition 4.2 in [CR08b]).

This compatibility result allows to give the following definition.

Definition 3.6. Let g ∈ C∞(DM
X ).

(a) We say that g has conic compact support K, if there exists a compact
subset K ⊂ M × R with K0 := K ∩ (M × {0}) ⊂ X (conic compact
relative to X) such that if t �= 0 and (m, t) /∈ K then g(m, t) = 0.

(b) We say that g is rapidly decaying at zero if for every (U , φ) X-slice chart
and for every χ ∈ C∞c (U ×R), the map gχ ∈ C∞(ΩU

V ) (ΩU
V as in definition

3.5.) given by

gχ(x, ξ, t) = (g ◦ ϕ
−1)(x, ξ, t) · (χ ◦ p ◦ ϕ

−1)(x, ξ, t)

is in Sc(Ω
U
V ), where

· p is the deformation of the pair map (M, X)
Id
−→ (M, M), i.e., p :

DM
X → M × R is given by (x, ξ, 0) �→ (x, 0), and (m, t) �→ (m, t) for

t �= 0, and
· ϕ := φ̃−1 ◦ ψ : ΩU

V → DU
V

, where ψ and φ̃ are defined at (20) and
(21) above.

Finally, we denote by Sc(D
M
X ) the set of functions g ∈ C∞(DM

X ) that are
rapidly decaying at zero with conic compact support.

Remark 3.7.

(a) Obviously C∞c (DM
X ) is a subspace of Sc(D

M
X ).

(b) Let {(Uα, φα)}α∈Δ be a family of X−slices covering X . We have a decom-
position of Sc(D

M
X ) as follows (see remark 4.5 in [CR08b] and discussion

below it):

Sc(D
M
X ) =

∑
α∈Λ

Sc(D
Uα

Vα
) + C

∞

c (M × R∗).(25)

The main theorem in [CR08b] (Theorem 4.10) is the following

Theorem 3.8. The space Sc(G
T ) is stable under convolution, and we have the

following inclusions of algebras

C
∞

c (G T ) ⊂ Sc(G
T ) ⊂ C

∗

r (G
T )

Moreover, Sc(G
T ) is a field of algebras over R, whose fibers are

S (AG ) at t = 0, and

C
∞

c (G ) for t �= 0.

In the statement of this theorem, S (AG ) denotes the Schwartz algebra over
the Lie algebroid. Let us briefly recall the notion of Schwartz space associated to
a vector bundle: For a trivial bundle X ×Rq → X , S (X ×Rq) := C∞c (X, S (Rq))
(see [Trè06]). In general, S (E) is defined using local charts. More precisely, a
partition of the unity argument, allows to see that if we take a covering of X ,
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{(Vα, τα)}α∈Δ, consisting on trivializing charts, then we have a decomposition of
the following kind:

(26) S (E) =
∑
α

S (Vα × Rq).

The ”Schwartz algebras” have in general the good K−theory groups. As we said
in the introduction, we are interested in the group K0(A∗G ) = K0(C0(A

∗G )). It is
not enough to take the K−theory of C∞c (AG ) (see example 2.19). As we showed
in [CR08a] (proposition 4.5), S (A∗G ) has the wanted K-theory, i.e., K0(A∗G ) ∼=
K0(S (AG )). In particular, our deformation algebra restricts at zero to the right
algebra.

From now on it will be important to restrict our functions on the tangent
groupoid to the closed interval [0, 1]. We keep the notation Sc(D

M
X ) for the re-

stricted space. All the results above remain true. So for instance Sc(G
T ) is an

algebra which is a field of algebras over the closed interval [0, 1] with 0-fiber S (AG )
and C∞c (G ) otherwise.

We have the following short exact sequence of algebras ([CR08a], proposition
4.6):

0 −→ J −→ Sc(G
T )

e0−→ S (AG ) −→ 0,(27)

where J = Ker(e0) by definition.

4. Higher localized indices

Definition 4.1. Let τ be a (periodic) cyclic cocycle over C∞c (G ). We say that
τ can be localized if the correspondence

(28) Ell(G )
ind

K0(C
∞

c (G ))
〈 ,τ〉

C

factors through the principal symbol class morphism. In other words, if there is a

unique morphism K0(A∗G )
Indτ−→ C which fits in the following commutative diagram

(29) Ell(G )
ind

[psymb]

K0(C
∞

c (G ))
〈 ,τ〉

C

K0(A∗G )

Indτ

i.e., satisfying Indτ (a) = 〈indDa, τ〉, and hence completely characterized by this
property. In this case, we call Indτ the higher localized index associated to τ .

Remark 4.2. If a cyclic cocycle can be localized then the higher localized
index Indτ is completely characterized by the property: Indτ ([σD]) = 〈indD, τ〉,
∀D ∈ Ell(G ).

We are going to prove first a localization result for Bounded cyclic cocycles, we
recall its definition.

Definition 4.3. A multilinear map τ : C
∞

c (G ) × · · · × C
∞

c (G )︸ ︷︷ ︸
q+1−times

→ C is bounded

if it extends to a continuous multilinear map C
k
c (G ) × · · · × C

k
c (G )︸ ︷︷ ︸

q+1−times

τk−→ C, for some

k ∈ N.
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We can re-state theorem 6.9 in [CR08a] in the following way:

Theorem 4.4. Let G ⇒ G (0) be a Lie groupoid, then

(i) Every bounded cyclic cocycle over C∞c (G ) can be localized.

(ii) Moreover, if the groupoid is étale, then every cyclic cocycle can be localized.

We will recall the main steps for proving this result. For this purpose we need
to define the intermediate group

K0(C
∞

c (G )) → K
B
0

(G ) → K0(C
∗

r (G )).

Let us denote, for each k ∈ N, K
h,k
0

(G ) the quotient group of K0(C
k
c (G )) by the

equivalence relation induced by K0(C
k
c (G × [0, 1]))

e0
⇒
e1

K0(C
k
c (G )). Let K

F
0

(G ) =

lim
←−k

K
h,k
0

(G ) be the projective limit relative to the inclusions Ck
c (G ) ⊂ Ck−1

c (G ).

We can take the inductive limit

lim
−→
m

K
F
0

(G × R2m)

induced by KF
0

(G ×R2m)
Bott
−→ KF

0
(G ×R2(m+1)) (the Bott morphism). We denote

this group by

(30) K
B
0

(G ) := lim
−→
m

K
F
0

(G × R2m),

Now, theorem 5.4 in [CR08a] establish the following two assertions:

(1) There is a unique group morphism

ind
B
a : K

0(A∗G ) → K
B
0

(G )

that fits in the following commutative diagram

(31) K0(Sc(G
T ))

e0 eB
1

K0(A∗G )
indB

a

K
B
0

(G ),

where eB
1

is the evaluation at one K0(Sc(G
T ))

e1−→ K0(C
∞

c (G )) followed
by the canonical map K0(C

∞

c (G )) → KB
0

(G ).
(2) This morphism also fits in the following commutative diagram

(32) Ell(G )

σ

ind
K0(C

∞

c (G ))

K0(A∗G )

id

indB
a

KB
0

(G )

K
0(A∗G )

inda

K0(C
∗

r (G )) .



HIGHER LOCALIZED ANALYTIC INDICES · · · 107

Next, it is very easy to check (see [CR08a] Proposition 6.7) that if τ is a

bounded cyclic cocycle, then the pairing morphism K0(C
∞

c (G ))
〈 ,τ〉
−→ extends to

KB
0

(G ), i.e., we have a commutative diagram of the following type:

(33) K0(C
∞

c (G ))
<,τ>

ι

C

KB
0

(G )

τB

Now, theorem 4.4 follows immediately because we can put together diagrams
(32) and (33) to get the following commutative diagram

(34) Ell(G )
ind

σ

K0(C
∞

c (G ))
〈 ,τ〉

C

K0(A∗G )
indB

a

KB
0

(G )

τB

.

4.1. Higher localized index formula. In this section we will give a formula
for the Higher localized indices in terms of a pairing in the strict deformation
quantization algebra Sc(G

T ). We have first to introduce some notation :
Let τ be a (q + 1)−multilinear functional over C

∞

c (G ). For each t �= 0, we let
τt be the (q + 1)-multilinear functional over Sc(G

T ) defined by

(35) τt(f
0
, ..., f

q) := τ(f0

t , ..., f
q
t ).

In fact, if we consider the evaluation morphisms

et : Sc(G
T ) → C

∞

c (G ),

for t �= 0, then it is obvious that τt is a (b, B)-cocycle (periodic cyclic cocycle) over
Sc(G

T ) if τ is a (b, B)-cocycle over C∞c (G ). Indeed, τt = e∗t (τ) by definition.
We can now state the main theorem of this article.

Theorem 4.5. Let τ be a bounded cyclic cocycle then the higher localized index

of τ , K0(A∗G )
Indτ−→ C, is given by

(36) Indτ (a) = limt→0〈ã, τt〉,

where ã ∈ K0(Sc(G
T )) is such that e0(ã) = a ∈ K0(A∗G ). In fact the pairing

above is constant for t �= 0.

Remark 4.6. Hence, if τ is a bounded cyclic cocycle and D is a G -pseudodifferential
elliptic operator, then we have the following formula for the pairing:

(37) 〈indD, τ〉 = 〈σ̃D, τt〉,

for each t �= 0, and where σ̃D ∈ K0(Sc(G
T )) is such that e0(σ̃) = σD. In particular,

(38) 〈indD, τ〉 = limt→0〈σ̃D, τt〉.

For the proof of the theorem above we will need the following lemma.

Lemma 4.7. For s, t ∈ (0, 1], τs and τt define the same pairing map

K0(Sc(G
T )) −→ C.
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Proof. Let p be an idempotent in S̃c(G T ) = Sc(G
T )⊕C. It defines a smooth

family of idempotents pt in S̃c(G T ). We set at := dpt

dt (2pt − 1). Hence, a simple
calculation shows

d

dt
〈τ, pt〉 =

2n∑
i=0

τ(pt, ..., [at, pt], ..., pt) =: Lat
τ(pt, ..., pt).

Now, the Lie derivatives Lxt
act trivially on HP 0(Sc(G

T )) (see [Con85, Goo85]),
then 〈τ, pt〉 is constant in t. Finally, by definition, 〈τt, p〉 = 〈τ, pt〉. Hence t �→ 〈τt, p〉
is a constant function for t ∈ (0, 1]. �

Proof of theorem 4.5. Putting together diagrams (31) and (34), we get the
following commutative diagram

(39) Ell(G )
ind

σ

K0(C
∞

c (G ))

〈 ,τ〉

K
0(A∗G )

indB
a

KB
0

(G ) τB
C

K0(Sc(G
T ))

eB
1 τ1e0

.

In other words, for a ∈ K0(A∗G ), Indτ (a) = 〈ã, τ1〉. Now, by lemma 4.7 we can
conclude that

Indτ (a) = 〈ã, τt〉,

for each t �= 0. In particular the limit when t tends to zero is given by

Indτ (a) = limt→0〈ã, τt〉.

�

For étale groupoids, we can state the following corollary.

Corollary 4.8. If G ⇒ G (0) is an étale groupoid, then formula (36) holds for
every cyclic cocycle.

Proof. Thanks to the works of Burghelea, Brylinski-Nistor and Crainic
([Bur85, BN94, Cra99]), we know a very explicit description of the Periodic
cyclic cohomology for étale groupoids. For instance, we have a decomposition of
the following kind (see for example [Cra99] theorems 4.1.2. and 4.2.5)

(40) HP
∗(C∞c (G )) = ΠOH

∗+r
τ (BNO),

where NO is an étale groupoid associated to O (the normalizer of O, see 3.4.8 in
ref.cit.). For instance, when O = G (0), NO = G .

Now, all the cyclic cocycles coming from the cohomology of the classifying
space are bounded. Indeed, we know that each factor of HP ∗(C∞c (G )) in the
decomposition (40) consists of bounded cyclic cocycles (see last section of [CR08a]).
Now, the pairing

HP
∗(C∞c (G )) × K0(C

∞

c (G )) −→ C

is well defined. In particular, the restriction of the pairing to HP ∗(C∞c (G ))|O
vanishes for almost every O. The conclusion is now immediate from the theorem
above. �
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Once we have the formula (36) above, it is well worth it to recall why the
evaluation morphism

(41) K0(Sc(G
T ))

e0−→ K
0(A∗G )

is surjective. Let [σ] ∈ K0(S (AG )) = K0(A∗G ). We know from the G -pseudo-
differential calculus that [σ] can be represented by a smooth homogeneous elliptic
symbol (see [AS68, CH90, MP97, NWX99]). We can consider the symbol
over A∗G × [0, 1] that coincides with σ for all t, we denote it by σ̃. Now, since

AG T = AG × [0, 1], we can take P̃ = (Pt)t∈[0,1] a G T -elliptic pseudodifferential

operator associated to σ, that is, σP̃ = σ̃. Let i : C∞c (G T ) → Sc(G
T ) be the

inclusion (which is an algebra morphism), then i∗(ind P̃ ) ∈ K0(Sc(G
T )) is such

that e0,∗(i∗(ind P̃ )) = [σ]. Hence, the lifting of a principal symbol class is given by

the index of P̃ = (Pt)t∈[0,1] and theorem 4.5 says that the pairing with a bounded
cyclic cocycle does not depend on the choice of the operator P . Now, for compute
this index, as in formula (11), one should find first a parametrix for the family

P̃ = (Pt)t∈[0,1].
For instance, in [CM90] (section 2), Connes-Moscovici consider elliptic differ-

ential operators over compact manifolds, let us say an operator D ∈ DOr(M ;E, F )−1.
Then they consider the family of operators tD (multiplication by t in the normal

direction) for t > 0 and they construct a family of parametrix Q̃(t). The corre-
sponding idempotent is then homotopic to W (tD), where

(42) W (D) =

(
e
−D∗D

e
−

1
2D

∗D( I−e
−D∗D

D∗D )
1
2D
∗

e−
1
2DD∗

( I−e
−DD∗

DD∗ )
1
2D I − e−D

∗D

)
is the Wasserman idempotent. In the language of the tangent groupoid, the family
D̃ = {Dt}t∈[0,1] where D0 = σD and Dt = tD for t > 0, defines a G T -differential
elliptic operator. What Connes and Moscovici compute is precisely the limit on
right hand side of formula (36).

Also, in [MW94] (section 2), Moscovici-Wu proceed in a similar way by using

the finite propagation speed property to construct a parametrix for operators D̃ =
{Dt}t∈[0,1] over the tangent groupoid. Then they obtain as associated idempotent
the so called graph projector. What they compute after is again a particular case
of the right hand side of (36).

Finally, in [GL03] (section 5.1), Gorokhovsky-Lott use the same technics as
the two previous examples in order to obtain their index formula.

Remark 4.9. As a final remark is interesting to mention that in the formula
(36) both sides make always sense. In fact the pairing

〈ã, τt〉

is constant for t �= 0.
We could then consider the differences

ητ (D) := 〈indD, τ〉 − limt→0〈σ̃D, τt〉

for any D pseudodifferential elliptic G -operator.
For Lie groupoids (the base is a smooth manifold) these differences do not seem

to be very interesting, however it would be interesting to adapt the methods and
results of this paper to other kind of groupoids or higher structures, for example to
Continuous families groupoids, groupoids associated to manifolds with boundary
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or with conical singularities ([Mon03, DLN06]). Then probably these kind of
differences could give interesting data. See [MW94, LP05] for related discussions.
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[CH90] Alain Connes and Nigel Higson, Déformations, morphismes asymptotiques et K-théorie
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Abstract. We give a completely algebraic proof of the Bogomolov-Tian-

Todorov theorem. More precisely, we shall prove that if X is a smooth projec-

tive variety with trivial canonical bundle defined over an algebraically closed

field of characteristic 0, then the L∞-algebra governing infinitesimal deforma-

tions of X is quasi-isomorphic to an abelian differential graded Lie algebra.
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Introduction

Let X be a smooth projective variety over an algebraically closed field K of
characteristic 0, with tangent sheaf ΘX . Given an affine open cover U = {Ui} of
X , we can consider the Čech complex Č(U ,ΘX). By classical deformation the-
ory [Kod86, Se06], the group H1(U ,ΘX) classifies first order deformations of
X , while H2(U ,ΘX) is an obstruction space for X . Moreover, as a consequence
of the results contained in [Hin97, HiS97a, HiS97b, FMM08], there exists a
canonical sequence of higher brackets on Č(U ,ΘX), defining an L∞ structure and
governing deformations of X over local Artinian K-algebras, via Maurer-Cartan
equation. When K = C, such L∞ structure is canonically quasi-isomorphic to
the Kodaira-Spencer differential graded Lie algebra of X , whose Maurer-Cartan
equation corresponds to the integrability condition of almost complex structures
[GM90].

Assume now that X has trivial canonical bundle, the well known Bogomolov-
Tian-Todorov (BTT) theorem states that X has unobstructed deformations. This
was first proved by Bogolomov in [Bo78] in the particular case of complex hamil-
tonian manifolds; then, Tian [Ti87] and Todorov [To89] proved independently the
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theorem for compact Kähler manifolds with trivial canonical bundle. Their proofs
are transcendental and make a deep use of the underlying differentiable structure
as well of the ∂∂-Lemma.

More algebraic proofs of BTT theorem, based on T 1-lifting theorem and de-
generation of the Hodge spectral sequence, were given in [Ra92] for K = C and in
[Kaw92, FM99] for any K as above.

For K = C, the BTT theorem is also a consequence of the stronger result
[GM90, Ma04b] that the Kodaira-Spencer differential graded Lie algebra of X is
quasi-abelian, i.e., quasi-isomorphic to an abelian differential graded Lie algebra.
This result, also proved with transcendental methods, is important for applications
to Mirror symmetry [BK98].

The main result of this paper is to give a purely algebraic proof of the quasi-
abelianity of the L∞-algebra Č(U ,ΘX) when X is projective with trivial canonical
bundle. This is achieved using the degeneration of the Hodge-de Rham spectral
sequence, proved algebraically by Faltings, Deligne and Illusie [Fa88, DeIl87],
and the L∞ description of the period map [FiMa08].

More precisely, we prove the following theorems.

Theorem (A). Let X be a smooth projective variety of dimension n defined
over an algebraically closed field of characteristic 0. If the contraction map

H
∗(ΘX)

i
−→ Hom∗(H∗(Ωn

X), H∗(Ωn−1
X ))

is injective, then for every affine open cover U of X, the L∞-algebra Č(U ,ΘX) is
quasi-abelian.

Theorem (B). Let X be a smooth projective variety defined over an alge-
braically closed field of characteristic 0. If the canonical bundle of X is trivial or
torsion, then the L∞-algebra Č(U ,ΘX) is quasi-abelian.

The paper goes as follows: the first section is intended for the non expert
reader and is devoted to recall the basic notions of differential graded Lie algebras,
L∞-algebras and their role in deformation theory.

In Section 2, we review the construction of the Thom-Whitney complex asso-
ciated with a semicosimplicial complex.

In Section 3, following [FMM08], we introduce semicosimplicial differential
graded Lie algebras, the associated Thom-Whitney DGLAs and the L∞ structure
on the associated total complexes. We also investigate some properties of mapping
cones associated with a morphism of DGLAs.

In Sections 4, we collect some technical results about Cartan homotopies and
contractions.

In Section 5, we give the definition of the deformation functor H1

sc
(exp g

Δ), as-
sociated with a semicosimplicial Lie algebra g

Δ, introduced essentially in [Hin97,
Pr03] and described in more detailed way in [FMM08]. Moreover, following
[FMM08], we prove, in a complete algebraic way, that the infinitesimal deforma-
tions of a smooth variety X , defined over a field of characteristic 0, are controlled
by the L∞-algebra Č(U ,ΘX), where U is an open affine cover of X .

Section 6 is devoted to the algebraic proof of the previous Theorems A and B
together with some applications to deformation theory.
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1. Review of DGLAs and L∞-algebras

Let K be a fixed algebraically closed field of characteristic zero. A differential
graded vector space is a pair (V, d), where V = ⊕iV

i is a Z-graded vector space and
d : V i → V i+1 is a differential of degree +1. For every integer n, we define a new
differential graded vector space V [n] by setting

V [n]i = V
n+i

, dV [n] = (−1)ndV .

A differential graded Lie algebra (DGLA for short) is the data of a differential
graded vector space (L, d) together with a bilinear map [−,−] : L × L → L (called
bracket) of degree 0 such that:

(1) (graded skewsymmetry) [a, b] = −(−1)deg(a) deg(b)[b, a].
(2) (graded Jacobi identity) [a, [b, c]] = [[a, b], c] + (−1)deg(a) deg(b)[b, [a, c]].
(3) (graded Leibniz rule) d[a, b] = [da, b] + (−1)deg(a)[a, db].

In particular, the Leibniz rule implies that the bracket of a DGLA L induces a
structure of graded Lie algebra on its cohomology H

∗(L) = ⊕iH
i(L).

Example 1.1. Let (V, dV ) be a differential graded vector space and Homi(V, V )
the space of morphisms V → V of degree i. Then, Hom∗(V, V ) =

⊕
i Homi(V, V )

is a DGLA with bracket

[f, g] = fg − (−1)deg(f) deg(g)gf,

and differential d given by

d(f) = [dV , f ] = dV f − (−1)deg(f)fdV .

For later use, we point out that there exists a natural isomorphism

H
∗(Hom∗(V, V ))

�

−→Hom∗(H∗(V ), H∗(V )).

A morphism of differential graded Lie algebras ϕ : L → M is a linear map
that preserves degrees and commutes with brackets and differentials. A quasi-
isomorphism of DGLAs is a morphism that induces an isomorphism in cohomology.
Two DGLAs L and M are said to be quasi-isomorphic if they are equivalent under
the equivalence relation generated by: L ∼ M if there exists a quasi-isomorphism
φ : L → M .

Next, denote by Set the category of sets (in a fixed universe) and by Art =
ArtK the category of local Artinian K-algebras with residue field K. Unless oth-
erwise specified, for every objects A ∈ Art, we denote by mA its maximal ideal.
Given a DGLA L, we define the Maurer-Cartan functor MCL : Art → Set by
setting [Ma99]:

MCL(A) =

{
x ∈ L

1 ⊗ mA | dx +
1

2
[x, x] = 0

}
,
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where the DGLA structure on L⊗mA is the natural extension of the DGLA struc-
ture on L. The gauge action ∗ : exp(L0 ⊗ mA) × MCL(A) −→ MCL(A) may be
defined by the explicit formula

e
a ∗ x := x +

∑
n≥0

[a,−]n

(n + 1)!
([a, x] − da).

The deformation functor DefL : Art −→ Set associated to a DGLA L is:

DefL(A) =
MCL(A)

gauge
=

{x ∈ L1 ⊗ mA | dx +
1

2
[x, x] = 0}

exp(L0 ⊗ mA)
.

Remark 1.2. Every morphism of DGLAs induces a natural transformation of
the associated deformation functors. A basic result asserts that if L and M are
quasi-isomorphic DGLAs, then the associated functor DefL and DefM are isomor-
phic [SS79, GM88, GM90], [Ma99, Corollary 3.2], [Ma04b, Corollary 5.52].

Next, we briefly recall the definition of an L∞ structures on a graded vector
space V . For a more detailed description of such structures we refer to [SS79,
LS93, LM95, Ma02, Fu03, Kon03, Get04, FiMa07] and [Ma04b, Chap-
ter IX].

Let V be a graded vector space: we denote by
⊙n

V its graded symmetric n-th
power. Given v1, . . . , vn homogeneous elements of V , for every permutation σ we
have

v1 ! · · · ! vn = ε(σ; v1, . . . , vn) vσ(1) ! · · · ! vσ(n),

where ε(σ; v1, . . . , vn) is the Koszul sign. When the sequence v1, . . . , vn is clear from
the context, we simply write ε(σ) instead of ε(σ; v1, . . . , vn).

Definition 1.3. Denote by Σn the group of permutations of the set {1, 2, . . . , n}.
The set of unshuffles of type (p, n−p) is the subset S(p, n−p) ⊂ Σn of permutations
σ such that σ(1) < σ(2) < · · · < σ(p) and σ(p + 1) < σ(p + 2) < · · · < σ(n).

Definition 1.4. An L∞ structure on a graded vector space V is a sequence
{qk}k≥1 of linear maps qk ∈ Hom1(!k(V [1]), V [1]) such that the map

Q :
⊕
n≥1

n⊙
V [1] →

⊕
n≥1

n⊙
V [1],

defined as

Q(v1 ! · · · ! vn) =

n∑
k=1

∑
σ∈S(k,n−k)

ε(σ)qk(vσ(1) ! · · · ! vσ(k))! vσ(k+1) ! · · · ! vσ(n),

is a codifferential on the reduced symmetric graded coalgebra
⊕

n≥1

⊙n
V [1]: in

other words, the datum (V, q1, q2, q3, . . .) is called an L∞-algebra if QQ = 0.

If (V, q1, q2, q3, . . .) is an L∞-algebra, then q1q1 = 0 and therefore (V [1], q1) is
a differential graded vector space. The relation between DGLAs and L∞-algebras
is given by the following example.

Example 1.5 ([Qui69]). Let (L, d, [ , ]) be a differential graded Lie algebra
and define:

q1 = −d : L[1] → L[1],

q2 ∈ Hom1(!2(L[1]), L[1]), q2(v ! w) = (−1)deg(v)[v, w],
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and qk = 0 for every k ≥ 3. Then (L, q1, q2, 0, . . .) is an L∞-algebra.

An L∞-morphism (V, q1, q2, . . .) → (W, p1, p2, . . .) of L∞-algebras is a sequence
f∞ = {fn} of degree zero linear maps

fn :

n⊙
V [1] → W [1], n ≥ 1,

such that the (unique) morphism of graded coalgebras

F :
⊕
n≥1

n⊙
V [1] →

⊕
n≥1

n⊙
W [1],

lifting
∑

n fn :
⊕

n≥1

⊙n
V [1] → W [1], commutes with the codifferentials. This

condition implies that the linear part f1 : V [1] → W [1] of an L∞-morphism f∞ :
(V, q1, q2, . . .) → (W, p1, p2, . . .) satisfies the condition f1◦q1 = p1◦f1, and therefore
f1 is a map of differential complexes (V [1], q1) → (W [1], p1).

An L∞-morphism f∞ = {fn} is said to be linear if fn = 0, for every n ≥ 2.
Notice that an L∞-morphism between two DGLAs is linear if and only if it is a
morphism of differential graded Lie algebras.

A quasi-isomorphism of L∞-algebra is an L∞-morphism, whose linear part is
a quasi-isomorphism of complexes. Two L∞-algebras are quasi-isomorphic if they
are equivalent under the equivalence relation generated by the relation: L ∼ M if
there exists a quasi-isomorphism φ : L → M .

Definition 1.6. An L∞-algebra (V, q1, q2, . . .) is called abelian if qi = 0 for
every i ≥ 2. An L∞-algebra is called quasi-abelian if it is quasi-isomorphic to an
abelian L∞-algebra.

Given an L∞-algebra (V, q1, q2, . . .) and a differential graded commutative al-
gebra A, there exists a natural L∞ structure on the tensor product V ⊗ A. The
Maurer-Cartan functor MCV associated with the L∞-algebra V is the functor [SS79,
Fu03, Kon03]:

MCV : Art→ Set

MCV (A) =

⎧⎨⎩γ ∈ V [1]0 ⊗ mA

∣∣∣∣∣∣
∑
j≥1

qj(γ
�j)

j!
= 0

⎫⎬⎭ .

Two elements x and y ∈ MCV (A) are homotopy equivalent if there exists g(s) ∈
MCV⊗K[s,ds](A) such that g(0) = x and g(1) = y. Then, the deformation functor
DefV associated with the L∞-algebra V is

DefV : Art→ Set, DefV (A) =
MCV (A)

homotopy
.

Example 1.7. Given an abelian L∞-algebra (V, q1, 0, 0, . . .), for every A ∈ Art
there exists a canonical isomorphism

DefV (A) = H
0(V [1], q1) ⊗ mA.

Remark 1.8. If L is a DGLA, then the deformation functor associated with
L, viewed as an L∞-algebra, is isomorphic to the previous one (Maurer-Cartan
modulo gauge equivalence) [SS79, Ma02, Fu03, Kon03].



118 DONATELLA IACONO AND MARCO MANETTI

Remark 1.9. As for the DGLAs, every morphism of L∞-algebras induces a
natural transformation of the associated deformation functors. If two L∞-algebras
are quasi-isomorphic, then there exists an isomorphism between the associated de-
formation functors [Fu03, Kon03], [Ma04b, Corollary IX.22]. In particular, the
deformation functor of a quasi-abelian L∞-algebra is unobstructed.

Lemma 1.10. Let (V, q1, q2, . . .), (W, r1, r2, . . .) be L∞-algebras with W quasi-
abelian and f∞ : V → W an L∞-morphism. If f1 is injective in cohomology, then
V is quasi-abelian.

Proof. According to homotopy classification of L∞-algebras (see e.g.
[Kon03]), if H is the cohomology of the complex (W, r1), there exists an L∞

structure on H and a surjective quasi-isomorphism of L∞-algebras p∞ : W → H .
The L∞ structure on H depends, up to isomorphism, by the quasi-isomorphism
class of W and therefore every bracket on H is trivial.

Replacing W with H and f∞ with p∞f∞ it is not restrictive to assume ri = 0
for every i. There exist a graded vector space K and a morphism of graded vector
spaces β : W [1] → K[1] such that the composition

(V [1], q1)
f1
−→(W [1], 0)

β
−→(K[1], 0)

is a quasi-isomorphism of complexes. Then, β is a linear L∞-morphism and the
composition

(V, q1, q2, . . .)
f∞
−−→ (W, 0, 0, . . .)

β
−→ (K, 0, 0, . . .)

is a quasi-isomorphism of L∞-algebras. �

2. The Thom-Whitney complex

Let Δmon be the category whose objects are the finite ordinal sets [n] =
{0, 1, . . . , n}, n = 0, 1, . . ., and whose morphisms are order-preserving injective
maps among them. Every morphism in Δmon, different from the identity, is a
finite composition of coface morphisms:

∂k : [i − 1] → [i], ∂k(p) =

{
p if p < k

p + 1 if k ≤ p
, k = 0, . . . , i.

The relations about compositions of them are generated by

∂l∂k = ∂k+1∂l , for every l ≤ k.

According to [EZ50, We94], a semicosimplicial object in a category C is a
covariant functor AΔ : Δmon → C. Equivalently, a semicosimplicial object AΔ is a
diagram in C:

A0

��
�� A1

��
��
�� A2

��
��
��
��
· · · ,

where each Ai is in C, and, for each i > 0, there are i + 1 morphisms

∂k : Ai−1 → Ai, k = 0, . . . , i,

such that ∂l∂k = ∂k+1∂l, for any l ≤ k.
Given a semicosimplicial differential graded vector space

V
Δ : V0

��
�� V1

��
��
�� V2

��
��
��
��
· · · ,
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the graded vector space
⊕

n≥0 Vn[−n] has two differentials

d =
∑
n

(−1)ndn, where dn is the differential of Vn,

and

∂ =
∑
i

(−1)i∂i, where ∂i are the coface maps.

More explicitly, if v ∈ V i
n, then the degree of v is i + n and

d(v) = (−1)ndn(v) ∈ V
i+1

n , ∂(v) = ∂0(v)−∂1(v)+· · ·+(−1)n+1
∂n+1(v) ∈ V

i
n+1

.

Since d∂ + ∂d = 0, we define Tot(V Δ) as the graded vector space
⊕

n≥0 Vn[−n],
endowed with the differential d + ∂.

Example 2.1. Let U = {Ui} be an affine open cover of a smooth variety X ,
defined over an algebraically closed field of characteristic 0; denote by ΘX the
tangent sheaf of X . Then, we can define the Čech semicosimplicial Lie algebra
ΘX(U) as the semicosimplicial Lie algebra

ΘX(U) :
∏

i ΘX(Ui)
��
��
∏

i<j ΘX(Uij)
��
��
��

∏
i<j<k ΘX(Uijk)

��
��
��
��
· · · ,

where the coface maps ∂h :
∏

i0<···<ik−1

ΘX(Ui0···ik−1
) →

∏
i0<···<ik

ΘX(Ui0···ik) are

given by

∂h(x)i0...ik = xi0...îh...ik |Ui0···ik

, for h = 0, . . . , k.

Since every Lie algebra is, in particular, a differential graded vector space (con-
centrated in degree 0), it makes sense to consider the total complex Tot(ΘX(U)),
which coincides with the Čech complex Č(U ,ΘX).

Example 2.2. Let Ω∗X be the algebraic de Rham complex of a smooth variety
X of dimension n:

Ω∗X : 0 → OX = Ω0

X
d

−→Ω1

X
d

−→· · ·
d

−→Ωn
X → 0.

Given an affine open cover U = {Ui} of X , we can define a semicosimplicial differ-
ential graded vector space

Ω∗X(U) :
∏

i Ω
∗

X(Ui)
��
��
∏

i<j Ω∗X(Uij)
��
��
��

∏
i<j<k Ω∗X(Uijk)

��
��
��
��
· · · ,

where
∏

i0<···<ik

Ω∗X(Ui0···ik) is the complex

∏
i0<i1<···<ik

OX(Ui0···ik)
d
→

∏
i0<i1<···<ik

Ω1

X(Ui0···ik)
d
→ · · ·

∏
i0<···<in

Ωn
X(Ui0···in).

Here the total complex Tot(Ω∗X(U)) is the Čech complex Č(U ,Ω∗X) of Ω∗X , with
respect to the affine cover U .

Let V Δ be a semicosimplicial differential graded vector space and (APL)n the
differential graded commutative algebra of polynomial differential forms on the
standard n-simplex {(t0, . . . , tn) ∈ Kn+1 |

∑
ti = 1} [FHT01]:

(APL)n =
K[t0, . . . , tn, dt0, . . . , dtn]

(1 −
∑

ti,
∑

dti)
.
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For every n, m the tensor product Vn⊗ (APL)m is a differential graded vector space
and then also

∏
n Vn ⊗ (APL)n is a differential graded vector space.

Denoting by

δ
k : (APL)n → (APL)n−1, δ

k(ti) =

⎧⎪⎨⎪⎩
ti if 0 ≤ i < k

0 if i = k

ti−1 if k < i

, k = 0, . . . , n,

the face maps, for every 0 ≤ k ≤ n, there are well-defined morphisms of differential
graded vector spaces

Id ⊗ δ
k : Vn ⊗ (APL)n → Vn ⊗ (APL)n−1,

∂k ⊗ Id : Vn−1 ⊗ (APL)n−1 → Vn ⊗ (APL)n−1.

The Thom-Whitney differential graded vector space TotTW (V Δ) of V Δ is the differ-
ential graded subvector space of

∏
n Vn⊗(APL)n, whose elements are the sequences

(xn)n∈N satisfying the equations

(Id ⊗ δ
k)xn = (∂k ⊗ Id)xn−1, for every 0 ≤ k ≤ n.

In [Whi57], Whitney noted that the integration maps∫
Δn

⊗ Id: (APL)n ⊗ Vn → C[n] ⊗ Vn = Vn[n]

give a quasi-isomorphism of differential graded vector spaces

I : (TotTW (V Δ), dTW ) → (Tot(V Δ), dTot).

Moreover, there exist an explicit injective quasi-isomorphism of differential graded
vector spaces

E : Tot(V Δ) → TotTW (V Δ)

and an explicit homotopy

h : TotTW (V Δ) → TotTW (V Δ)[−1],

such that

IE = IdTot(V Δ); EI − IdTotT W (V Δ) = hdTW + dTWh.

Moreover, the morphisms I, E, h are functorial and commute with morphisms of
semicosimplicial differential graded vector spaces. For more details and explicit
description of E and h, we refer to [Dup76, Dup78, NaA87, Get04, FMM08,
CG08].

Let V
Δ and W

Δ be two semicosimplicial graded vector spaces, with degeneracy
maps ∂k,n and ∂

′

k,n, respectively. Then, we define the tensor product (V ⊗W )Δ as

the semicosimplicial graded vector space, such that (V ⊗W )Δn = Vn ⊗ Wn and the

degeneracy maps are defined on each factor, i.e., ∂k,n = ∂
′

k,n⊗∂
′′

k,n : (V ⊗W )Δn−1 →

(V ⊗ W )Δn .

Remark 2.3. The Thom-Withney construction is compatible with tensor prod-
uct, i.e., there exists a natural transformation

Φ: TotTW (V Δ) ⊗ TotTW (WΔ) → TotTW ((V ⊗ W )Δ)

Indeed, we have to prove that x⊗y ∈ TotTW ((V ⊗W )Δ), for every pair of sequences
x = (xn)n∈N ∈ TotTW (V Δ) and y = (yn)n∈N ∈ TotTW (WΔ).
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We have

∂k ⊗ Id(xn ⊗ yn) = (∂k ⊗ Id(xn)) ⊗ (∂k ⊗ Id(yn)),

and,

Id ⊗ δ
k(xn+1 ⊗ yn+1) = (Id ⊗ δ

k(xn+1)) ⊗ (Id ⊗ δ
k(yn+1)).

It is sufficient to observe that the right parts of the above two equation are the
same for every k ≤ n.

In particular, every bilinear map of semicosimplicial graded vector spaces V Δ×
WΔ → ZΔ induces a bilinear map TotTW (V Δ) × TotTW (WΔ) → TotTW (ZΔ).

3. Semicosimplicial differential graded Lie algebras and mapping cones

Let

g
Δ : g0

��
�� g1

��
��
�� g2

��
��
��
��
· · · ,

be a semicosimplicial differential graded Lie algebra. Every gi is a DGLA and so,
in particular, a differential graded vector space, thus we can consider the total
complex Tot(gΔ).

Example 3.1. Every morphism χ : L → M of differential graded Lie algebras
can be interpreted as the semicosimplicial DGLA

χ
Δ : L

��
�� M

��
��
�� 0 , ∂0 = χ, ∂1 = 0,

and the total complex Tot(χΔ) coincides with the mapping cone of χ, i.e.,

Tot(χΔ)i = L
i ⊕ M

i−1
, d(l, m) = (dl, χ(l)− dm).

Even in the case of L and M Lie algebras, it is not possible to define a canon-
ical bracket on the mapping cone, making Tot(χΔ) a DGLA and the projection
Tot(χΔ) → L a morphism of DGLAs. To see this it is sufficient to consider L = M

the Lie subalgebra of sl(2,K) generated by the matrices

A =

(
0 1

0 0

)
, B =

(
1 0

0 −1

)
,

and χ equal to the identity. If Tot(χΔ) is a DGLA then, by functoriality, for every
x ∈ L the subspace generated by x, χ(x) is a subalgebra and, for every λ ∈ K, the
linear map B �→ B, A �→ λA is an automorphism of DGLA. It is an easy exercise
to prove that these properties imply the failure of Jacobi identity.

Even if the complex Tot(gΔ) has no natural DGLA structure, it can be en-
dowed with a canonical L∞ structure by homological perturbation theory [FiMa07,
FMM08].

Indeed, as in the previous section, we can consider the Thom-Whitney construc-
tion also for semicosimplicial differential graded Lie algebras: it is evident that in
such case we have TotTW (V Δ) a differential graded lie algebra. In this case, the
morphisms I, E, h are functorial and commute with morphisms of semicosimplicial
DGLAs. Moreover, these morphisms I, E, h can be used to apply the following ba-
sic result about L∞-algebras, dating back to Kadeishvili’s work on the cohomology
of A∞ algebras [Kad82]; see also [HK91].
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Theorem 3.2 (Homotopy transfer). Let (V, q1, q2, q3, . . .) be an L∞-algebra
and (C, δ) a differential graded vector space. Assume we have two morphisms of
complexes

π : (V [1], q1) → (C[1], δ[1]), ı1 : (C[1], δ[1]) → (V [1], q1)

and a linear map h ∈ Hom−1(V [1], V [1]) such that hq1 + q1h = ı1π − Id.
Then, there exist a canonical L∞-algebra structure (C, 〈 〉1, 〈 〉2, . . .) on C ex-

tending its differential complex structure, and a canonical L∞-morphism
ı∞ : (C, 〈 〉1, 〈 〉2, . . .) → (V, q1, q2, q3, . . .) extending ı1. In particular, if ı1 is an
injective quasi isomorphism of complexes, then also ı∞ is an injective quasi-
isomorphism of L∞-algebras.

Proof. See [FiMa07] and references therein; explicit formulas for the quasi-
isomorphism ı∞ and the brackets 〈 〉n have been described by Merkulov in [Me99];
then, it has been remarked by Kontsevich and Soibelman in [KS00, KS01] (see
also [Fu03]) that Merkulov’s formulas can be nicely written as summations over
rooted trees. �

Corollary 3.3 ([FiMa07, FMM08]). There exists a canonical L∞-algebra

structure T̃ot(gΔ) on the differential graded vector space Tot(gΔ), together with an

injective quasi-isomorphism E∞ : T̃ot(gΔ) → TotTW (gΔ).

Proof. It is sufficient to apply Theorem 3.2 to the morphisms I, E, h, in order

to define a canonical L∞-algebra structure T̃ot(gΔ) on Tot(gΔ), and an injective

quasi-isomorphism E∞ : T̃ot(gΔ) → TotTW (gΔ) extending E.

Notice that E∞ induces an isomorphism of functors Def
T̃ot(gΔ)

�

−−→ DefTotT W (gΔ).

�

Let χ : L → M be a morphism of differential graded Lie algebras over a field K
of characteristic 0. We have already seen, in Example 3.1, that χ can be interpreted
as the semicosimplicial DGLA

χ
Δ : L

0
��

χ
�� M

��
��
�� 0 · · · ,

and therefore we have a canonical L∞ structure on the total complex

Tot(χΔ) = ⊕
i
Tot(χΔ)i, Tot(χΔ)i = L

i ⊕ M
i−1

.

The brackets

μn :

n∧
Tot(χΔ) → Tot(χΔ)[2 − n], n ≥ 1,

have been explicitly described in [FiMa07]. Namely, one has

μ1(l, m) = (dl, χ(l)− dm), l ∈ L, m ∈ M,

μ2((l1, m1) ∧ (l2, m2)) =

(
[l1, l2],

1

2
[m1, χ(l2)] +

(−1)deg(l1)

2
[χ(l1), m2]

)
and for n ≥ 3

μn((l1, m1)∧· · ·∧(ln, mn)) = ±
Bn−1

(n − 1)!

∑
σ∈Sn

ε(σ)[mσ(1), [· · · , [mσ(n−1), χ(lσ(n))] · · · ]].



AN ALGEBRAIC PROOF OF BOGOMOLOV-TIAN-TODOROV THEOREM 123

Here the Bn’s are the Bernoulli numbers, ε is the Koszul sign and we refer to
[FiMa07] for the exact determination of the overall ± sign in the formulas (it will
not be needed in the present paper).

Proposition 3.4. In the notation above, assume that:

(1) χ : L → M is injective,
(2) χ : H∗(L) → H∗(M) is injective.

Then, the L∞-algebra T̃ot(χΔ) is quasi-abelian.

Proof. Since H0(Hom∗(L, L)) = Hom0(H∗(L), H∗(L)) and H0(Hom∗(M, L)) =
Hom0(H∗(M), H∗(L)), the surjective morphism

Hom∗(M, L) → Hom∗(L, L), φ �→ φχ,

induces surjective maps

H
0(Hom∗(M, L)) → H

0(Hom∗(L, L)), Z
0(Hom∗(M, L)) → Z

0(Hom∗(L, L))

and then the identity on L can be lifted to a morphism π : M → L of differential
graded vector spaces. Denoting V = ker(π), we have a direct sum decomposition
of differential graded vector spaces M = χ(L) ⊕ V .

Denote by d the differential on M , by assumption d(V ) ⊂ V and the inclusion
V [−1] ↪→ Tot(χΔ) is an injective quasi-isomorphism. Let H be a graded vector
space, endowed with trivial differential, and g : H → V [−1] an injective morphism

of differential graded vector spaces, inducing an isomorphism H
∼

−→H∗(V [−1]). The
linear map

f : H → T̃ot(χΔ)), f(h) = (0, g(h)),

is annihilated by every bracket of T̃ot(χΔ) and then it is an injective quasi isomor-
phism of L∞-algebras. �

Example 3.5. Let W be a differential graded vector space and let U ⊂ W be a
differential graded subspace. Assume that the induced morphism H∗(U) → H∗(W )
is injective, then the injective morphism of DGLAs

χ : {f ∈ Hom∗(W, W ) | f(U) ⊂ U} → Hom∗(W, W )

satisfies the hypothesis of Proposition 3.4. In fact, the same argument used above
shows that there exists a direct sum decomposition of differential graded vector
spaces W = U ⊕ V . Next, consider the subspace

K = {f ∈ Hom∗(W, W ) | f(W ) ⊂ V, f(V ) = 0}.

It is straightforward to check that K is a complementary subcomplex of the image
of χ inside Hom∗(W, W ).

Remark 3.6. Let W be a differential graded vector space and let U ⊂ W be
a differential graded subspace. It is showed in [FiMa06], that the deformation
functor associated with the morphism of DGLAs

χ : {f ∈ Hom∗(W, W ) | f(U) ⊂ U} → Hom∗(W, W ),

i.e., the deformation functor associated to the L∞-algebra T̃ot(χΔ), has a natural
interpretation as the local structure of the derived Grassmannian of W at the
point U . Moreover, Proposition 3.4 implies that the derived Grassmannian of W

is smooth at the points corresponding to subspaces U such that H∗(U) → H∗(W )
is injective.
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4. Semicosimplicial Cartan homotopies

The abstract notion of Cartan homotopy has been introduced in [FiMa06,
FiMa08] as a powerful tool for the construction of L∞ morphisms.

Definition 4.1. Let L and M be two differential graded Lie algebras. A linear
map of degree −1

i : L → M

is called a Cartan homotopy if, for every a, b ∈ L, we have:

i[a,b] = [ia, dM ib + idLb] and [ia, ib] = 0.

For every Cartan homotopy i, it is convenient to consider the map

l : L → M, la = dM ia + idLa.

It is straightforward to check that l is a morphism of DGLAs and the conditions of
Definition 4.1 become

i[a,b] = [ia, lb] and [ia, ib] = 0.

As a morphism of complexes, l is homotopic to 0 (with homotopy i).

Example 4.2. Let X be a smooth algebraic variety, ΘX the tangent sheaf and
(Ω∗X , d) the algebraic de Rham complex. Then, for every open subset U ⊂ X , the
contraction

ΘX(U) ⊗ Ωk
X(U)

�

−−−−→ Ωk−1
X (U)

induces a linear map of degree −1

i : ΘX(U) → Hom∗(Ω∗X(U),Ω∗X(U)), iξ(ω) = ξ�ω

that is a Cartan homotopy. In fact, the differential of ΘX(U) is trivial and the
differential on the DGLA Hom∗(Ω∗X(U),Ω∗X(U)) is φ �→ [d, φ] = dφ− (−1)deg(φ)φd.
Therefore, since ia has degree −1, we have that la = dia + iad is the Lie derivative
and the above conditions reduce to the classical Cartan’s homotopy formulas:

(1) [ia, ib] = 0;
(2) i[a,b] = laib − ibla = [la, ib] = [ia, lb],

The relation between Cartan’s homotopy and L∞ algebras is given by the
following theorem.

Theorem 4.3 ([FiMa08, Corollary 3.7]). Let χ : N → M be a morphism of
DGLAs and i : L → M be a Cartan homotopy. Assume that φ : L → N is a
morphism of DGLAs, such that χφ = l = dM i + idL. Then, the linear map

Φ: L −→ T̃ot(χΔ) Φ(a) = (φ(a), ia)

is a linear L∞-morphism. In particular, if N is a subalgebra of M containing l(L)
and χ is the inclusion, then the map

L −→ T̃ot(χΔ) a �→ (la, ia)

is a linear L∞-morphism.

Proof. Straightforward consequence of the explicit description of the L∞

structure of T̃ot(χΔ). �
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Remark 4.4. It is plain from definition that Cartan homotopies are stable
under composition with morphisms of DGLAs. More precisely, if f : L′ → L and
g : M → M ′ are morphisms of differential graded Lie algebras and i : L → M is a
Cartan homotopy, then also gif : L′ → M ′ is a Cartan homotopy.

Lemma 4.5. Let i : L → M be a Cartan homotopy and A be a differential
graded commutative algebra. Then the map

i ⊗ Id: L ⊗ A → M ⊗ A

(x ⊗ a) �→ ix ⊗ a

is a Cartan homotopy.

Proof. By definition, for any x ⊗ a and y ⊗ b ∈ L ⊗ A, we have

[(i ⊗ Id)x⊗a, (i ⊗ Id)y⊗b] = [ix ⊗ a, iy ⊗ b] = (−1)deg(a)(deg(y)−1)[ix, iy] ⊗ ab = 0.

Moreover, denoting l = dM i + idL and l̃ = dM⊗A(i ⊗ Id) + (i ⊗ Id)dL⊗A we have

l̃x⊗a = dM⊗A(ix ⊗ a) + (i ⊗ Id)(dLx ⊗ a + (−1)deg(x)x ⊗ dAa) =

= dM ix ⊗ a − (−1)deg(x)x ⊗ dAa + idLx ⊗ a + (−1)deg(x)x ⊗ dAa = lx ⊗ a.

Thus, for any x ⊗ a and y ⊗ b ∈ L ⊗ A, we get

(i ⊗ Id)[x⊗a,y⊗b] = (i ⊗ Id)(−1)deg(a) deg(y)[x,y]⊗ab = (−1)deg(a) deg(y)i[x,y] ⊗ ab =

(−1)deg(a) deg(y)[ix, ly] ⊗ ab = [ix ⊗ a, ly ⊗ b] = [(i ⊗ Id)x⊗a, l̃y⊗b].

�

Definition 4.6. Let L be a differential graded Lie algebra and V a differential
graded vector space. A bilinear map

L × V
�

−−−−→ V

of degree −1 is called a contraction if the induced map

i : L → Hom∗(V, V ), il(v) = l�v,

is a Cartan Homotopy.

The notion of contraction is stable under scalar extensions, more precisely:

Lemma 4.7. Let V be a differential graded vector space and

L × V
�

−−−−→ V

a contraction. Then, for every differential graded commutative algebra A, the nat-
ural extension

(L ⊗ A) × (V ⊗ A)
�

−−−−→ (V ⊗ A) (l ⊗ a)�(v ⊗ b) = (−1)deg(a) deg(v)l�v ⊗ ab,

is a contraction.

Proof. According to Remark 4.4, Lemma 4.5 and Definition 4.6, it is sufficient
to prove that the natural map α : Hom∗(V, V )⊗ A → Hom∗(V ⊗ A, V ⊗ A),

α(φ ⊗ a)(v ⊗ b) = (−1)deg(a) deg(v)φ(v) ⊗ ab,

is a morphism of DGLAs. This is completely straightforward and it is left to the
reader. �
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The notions of Cartan homotopy and contraction extend naturally to the semi-
cosimplicial setting. Here, we consider only the case of contractions.

Definition 4.8. Let g
Δ be a semicosimplicial DGLA and V Δ a semicosimpli-

cial differential graded vector space. A semicosimplicial contraction

g
Δ × V

Δ �

−−→ V
Δ

,

is a sequence of contractions gn × Vn
�

−−→ Vn, n ≥ 0, commuting with coface maps,
i.e., ∂k(l�v) = ∂k(l)�∂k(v), for every k.

Proposition 4.9. Every semicosimplicial contraction

g
Δ × V

Δ �

−−→ V
Δ

extends naturally to a contraction

TotTW (gΔ) × TotTW (V Δ)
�

−−→ TotTW (V Δ).

Proof. By definition, for every n, we have a Cartan homotopy

i : gn → Hom∗(Vn, Vn),

and so, by Lemma 4.7, a Cartan homotopy

i : gn ⊗ (APL)n → Hom∗(Vn ⊗ (APL)n, Vn ⊗ (APL)n).

Therefore, it is enough to prove that ix(y) ∈ TotTW (V Δ), for every pair of sequences
x = (xn)n∈N ∈ TotTW (gΔ) and y = (yn)n∈N ∈ TotTW (V Δ); it follows from Remark
2.3.

�

5. Semicosimplicial Lie algebras and deformations of smooth varieties

Let g
Δ be a semicosimplicial Lie algebra, then we can apply the construc-

tion of Section 3 in order to construct the Thom-Whitney DGLA TotTW (gΔ), the

L∞-algebra T̃ot(gΔ) and their associated (and isomorphic) deformation functors
Def

T̃ot(gΔ)
� DefTotTW (gΔ).

Beyond this way, there is another natural, and more geometric, way to define a
deformation functor, see [Pr03, Definitions 1.4 and 1.6] and [FMM08, Section 3].
More precisely, if g

Δ is a semicosimplicial Lie algebra, then we denote

Z
1

sc(exp g
Δ) : Art→ Set

as

Z
1

sc(exp g
Δ)(A) = {x ∈ g1 ⊗ mA | e

∂0(x)e
−∂1(x)e

∂2(x) = 1},

and

H
1

sc(exp g
Δ) : Art→ Set

such that

H
1

sc(exp g
Δ)(A) = Z

1

sc(exp g
Δ)(A)/ ∼,

where x ∼ y if and only if there exists a ∈ g0 ⊗mA, such that e
−∂1(a)e

x
e
∂0(a) = e

y.
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Example 5.1. Let L be a sheaf of Lie algebras on a paracompact topological
space X , and U an open covering of X ; it is naturally defined the Čech semicosim-
plicial Lie algebra L(U)

L(U) :
∏

i L(Ui)
��
��
∏

i<j L(Uij)
��
��
��

∏
i<j<k L(Uijk)

��
��
��
��
· · · ,

and, for every A ∈ Art, the set H1

sc(expL(U))(A) is exactly the cohomology set
H1(U , exp(L ⊗ mA)) [Hir78].

The relation between the above functors is given by the following theorem.

Theorem 5.2. Let g
Δ be a semicosimplicial Lie algebra. Then, for every A ∈

Art,

MC
T̃ot(gΔ)

(A) = Z
1

sc(exp g
Δ)(A),

as subsets of g1 ⊗ mA. Moreover, we have natural isomorphisms of deformation
functors

DefTotT W (gΔ) � Def
T̃ot(gΔ)

∼

−→ H
1

sc(exp g
Δ),

Proof. For the proof, we refer to [FMM08]. �

Next, assume that X is a smooth algebraic variety over a fieldK of characteristic
0, with tangent sheaf ΘX , and let U = {Ui}i∈I be an affine open covering of X .

Since every infinitesimal deformation of a smooth affine scheme is trivial [Se06,
Lemma II.1.3], every infinitesimal deformation XA of X over Spec(A) is obtained
by gluing the trivial deformations Ui × Spec(A) along the double intersections Uij ,
and therefore it is determined by the sequence {θij}i<j of automorphisms of sheaves
of A-algebras

O(Uij)

O(Uij) ⊗ A
θij

�

��

������������

O(Uij) ⊗ A

������������

A

��������������

��������������

satisfying the cocycle condition

(1) θjkθ
−1

ik θij = Id
O(Uijk)⊗A, ∀ i < j < k ∈ I.

Since we are in characteristic zero, we can take the logarithms and write θij = edij ,
where dij ∈ ΘX(Uij) ⊗ mA. Therefore, the Equation (1) is equivalent to

e
djke

−dike
dij = 1 ∈ exp(ΘX(Uijk) ⊗ mA), ∀ i < j < k ∈ I.

Next, let X ′A be another deformation of X over Spec(A), defined by the cocycle
θ′ij . To give an isomorphism of deformations X ′A � XA is the same to give, for every

i, an automorphism αi of O(Ui) ⊗ A such that θij = αi
−1θ′ij

−1
αj , for every i < j.

Taking again logarithms, we can write αi = eai , with ai ∈ ΘX(Ui) ⊗ mA, and so

e
−aie

d′
ije

aj = e
dij .
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Theorem 5.3. Let U be an affine open cover of a smooth algebraic variety X

defined over an algebraically closed field of characteristic 0. Denoting by DefX the
functor of infinitesimal deformations of X, there exist isomorphisms of functors

DefX ∼= H
1

sc(expΘX(U)) ∼= DefTotT W (ΘX(U))
∼= Def

T̃ot(ΘX (U))
,

where ΘX(U) is the semicosimplicial Lie algebra defined in Example 2.1.

Proof. By Theorem 5.2, it is sufficient to prove DefX ∼= H1

sc(expΘX(U)). By
definition,

Z
1

sc(ΘX(U))(A) = {{xij} ∈
∏
i<j

ΘX(Uij) ⊗ mA | e
xjke

−xike
xij = 1 ∀ i < j < k},

for each A ∈ Art. Moreover, given x = {xij} and y = {yij} ∈
∏

i<j ΘX(Uij)⊗mA,

we have x ∼ y if and only if there exists a = {ai} ∈
∏

i ΘX(Ui) ⊗ mA such that
e−ajexij eai = eyij for all i < j. �

Remark 5.4. Note that, when K = C, the L∞-algebra T̃ot(ΘX(U)) is quasi-
isomorphic to the Kodaira-Spencer differential graded Lie algebra of X .

6. Proof of the main theorem

In this section, we use the results developed before to give a complete algebraic
proof of the following theorem.

Theorem 6.1. Let X be a smooth projective variety of dimension n, defined
over an algebraically closed field of characteristic 0. If the contraction map

H
∗(ΘX)

i
−→ Hom∗(H∗(Ωn

X), H∗(Ωn−1
X ))

is injective, then, for every affine open cover U of X, the DGLA TotTW (ΘX(U))
is quasi-abelian.

Proof. According to Lemma 1.10, it is sufficient to prove that there exist a
quasi abelian L∞-algebra H and a morphism TotTW (ΘX(U)) → H that is injective
in cohomology.

Let n be the dimension of X and denote by Ω∗X the algebraic de Rham complex.

For every i ≤ n, let Č(U ,Ωi
X) be the Čech complex of the coherent sheaf Ωi

X , with

respect to the affine cover U , and Č(U ,Ω∗X) the total complex of the semicosimplicial
differential graded vector space Ω∗X(U) (Example 2.2). Notice that

Č(U ,Ω∗X)i =
⊕
a+b=i

Č(U ,Ωa
X)b.

and Č(U ,Ωn
X) is a subcomplex of Č(U ,Ω∗X).

Then, we have a commutative diagram of complexes with horizontal quasi-
isomorphisms:

Č(U ,Ωn
X) = Tot(Ωn

X(U))
E

��
� �

��

TotTW (Ωn
X(U))

� �

��

Č(U ,Ω∗X) = Tot(Ω∗X(U))
E

�� TotTW (Ω∗X(U)).
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Since K has characteristic 0 and X is smooth and proper, the Hodge spectral
sequence degenerates at E1 (we refer to [Fa88, DeIl87] for a purely algebraic proof
of this fact). Therefore, we have injective maps

H
∗(X,Ωn

X) = H
∗(Č(U ,Ωn

X)) ↪→ H
∗(Č(U ,Ω∗X)) = H

∗

DR(X/K).

H
∗(X,Ωn−1

X ) = H
∗(Č(U ,Ωn−1

X )) ↪→ H
∗

(
Č(U ,Ω∗X)

Č(U ,Ωn
X)

)
.

Thus, the natural inclusions of complexes

TotTW (Ωn
X(U)) → TotTW (Ω∗X(U)),

TotTW (Ωn−1
X (U)) →

TotTW (Ω∗X(U))

TotTW (Ωn
X(U))

,

are injective in cohomology.
According to Example 4.2, for every open subset U ⊂ X , the contraction of

vector fields with differential forms defines a Cartan homotopy:

i : ΘX(U) → Hom∗(Ω∗X(U),Ω∗X(U)), iξ(ω) = ξ�ω.

Since the contraction � commutes with restrictions to open subsets, we have a
semicosimplicial contraction

ΘX(U) × Ω∗X(U)
�

−−→ Ω∗X(U),

and, by Proposition 4.9, this induces naturally a Cartan homotopy

i : TotTW (ΘX(U)) −→ Hom∗(TotTW (Ω∗(U)),TotTW (Ω∗(U))).

Notice that, for every ξ ∈ TotTW (ΘX(U)) and every i, we have

iξ(TotTW (Ωi(U))) ⊂ TotTW (Ωi−1(U)),

lξ(TotTW (Ωi(U))) ⊂ TotTW (Ωi(U)), lξ = diξ + idξ.

Moreover, the assumption of the theorem, together with [NaA87, 3.1], implies
that the map

TotTW (ΘX(U))
i
−→ Hom∗

(
TotTW (Ωn

X(U)),TotTW (Ωn−1
X (U))

)
is injective in cohomology.

Next, consider the differential graded Lie algebras

M = Hom∗(TotTW (Ω∗X(U)),TotTWΩ∗X(U)),

L = {f ∈ M | f(TotTW (Ωn
X(U))) ⊂ TotTW (Ωn

X(U))},

and let χ : L → M be the inclusion. According to Example 3.5, the L∞-algebras

T̃ot(χΔ) is quasi-abelian.
Moreover, we have l(TotTW (ΘX(U))) ⊂ L and so, by Theorem 4.3, there exists

a linear L∞-morphism

TotTW (ΘX(U))
(l,i)
−−→ T̃ot(χΔ), x �→ (lx, ix).

Since the map χ in injective, its mapping cone Tot(χΔ) is quasi-isomorphic to its
cokernel

Cokerχ = Hom∗
(

TotTW (Ωn
X(U)),

TotTW (Ω∗X(U))

TotTW (Ωn
X(U))

)
and we have a commutative diagram of complexes
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TotTW (ΘX(U))
(l,i)

��

i

��

Tot(χΔ)

q−iso

��

Hom∗
(
TotTW (Ωn

X(U)),TotTW (Ωn−1
X (U))

) α
�� Cokerχ.

Since both i and α are injective in cohomology, also the L∞-morphism (l, i) is
injective in cohomology.

�

Theorem 6.2. Let U = {Ui} be an affine open cover of a smooth projective va-
riety X defined over an algebraically closed field of characteristic 0. If the canonical
bundle of X is trivial or torsion, then the DGLA TotTW (ΘX(U)) is quasi-abelian.

Proof. Assume first that X has trivial canonical bundle. If n is the dimension
of X , the cup product with a nontrivial section of the canonical bundle gives the
isomorphisms H i(ΘX) � Hi(Ωn−1

X ) and the conclusion follows immediately from
Theorem 6.1. If X has torsion canonical bundle we may consider the canonical
cyclic cover π : Y → X and the affine open cover V = {π−1(Ui)}. Now the variety Y

has trivial canonical bundle and then the L∞-algebra T̃ot(ΘY (V)) is quasi-abelian.

Since π is an unramified cover the natural injective map T̃ot(ΘX(U)) → T̃ot(ΘY (V))
is also injective in cohomology and we conclude the proof by using the same argu-
ment of Theorem 6.1. �

Remark 6.3. When K = C, the previous theorems together with Remark 5.4,
implies that the Kodaira-Spencer DGLA is quasi abelian, for a projective manifold
with trivial or torsion canonical bundle.

Theorem 6.4. Let X be a smooth projective variety of dimension n defined
over an algebraically closed field of characteristic 0. Then, the obstructions to
deformations of X are contained in the kernel of the contraction map

H
2(ΘX)

i
−→

∏
p

Hom(Hp(Ωn
X), Hp+2(Ωn−1

X )).

Proof. We have seen in the proof of Theorem 6.1 that, for every affine open

cover U of X , there exists an L∞-morphism T̃ot(ΘX(U)) → T̃ot(χΔ) and that

T̃ot(χΔ) is quasi-abelian. Therefore, we are in the condition to apply the general
strategy used in [Ma04a, Ma09, Ia07]: the deformation functor associated to

T̃ot(χΔ) is unobstructed and the obstructions of DefX � Def
T̃ot(ΘX (U))

are con-

tained in the kernel of the obstruction map H2(Tot(ΘX(U))) → H2(Tot(χΔ)). �

Corollary 6.5. Let X be a smooth projective variety defined over an alge-
braically closed field of characteristic 0. If the canonical bundle of X is trivial, then
X has unobstructed deformations.

Proof. The previous Corollary 6.2 implies that T̃ot(ΘX(U)) is quasi-abelian
and so Def

T̃ot(ΘX (U))
is smooth. By Theorem 5.3, DefX ∼= Def

T̃ot(ΘX(U))
. �

Remark 6.6. Transcendental proofs of the analogue of Theorem 6.4 for com-
pact Kähler manifolds can be found in [Ma04a, Cle05, Ma09], while we refer to
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[Ia07, Ma09] for the proof that the T 1-lifting is definitely insufficient for proving
Theorem 6.4.
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Quantizing deformation theory

John Terilla

Abstract. We describe a step toward quantizing deformation theory. The

L∞ operad is encoded in a Hochschild cocyle ◦1 in a simple universal algebra

(P, ◦0). This Hochschild cocyle can be extended naturally to a star product

� = ◦0 + � ◦1 +�2 ◦2 + · · · . The algebraic structure encoded in � is the pr-

operad Ω(coFrob) which, conjecturally, controls a quantization of deformation

theory—a theory for which Frobenius algebras replace ordinary commutative

parameter rings.

1. Introduction

There is a well-known philosophy that deformations of anything are controlled
by L∞ algebras. It’s more correct to say that deformations of anything in char-
acteristic zero over commutative parameter spaces are controlled by L∞ algebras.
In this note, I’m not going to say anything about nonzero characteristic, but I will
address the parameter spaces. When one refers to deformation theory abstractly, it
is an umbrella theory that concerns deformations of a wide variety of mathematical
objects. Examples include complex manifolds, associative algebras, vector bundles
with connections, group representations, and quantum field theories. What makes
deformation theory a theory in itself, what unifies such seemingly different situa-
tions, is the consideration of parameter spaces or rings. The idea is this: given a
mathematical object X , deformation theory organizes X and its nearby deforma-
tions as a family fibered over a local base space B. One can pullback a fibration
over a base space B to a fibration over B′ using a map B′ → B. The deformation
theory of an object X leads to a contravariant functor from a category of parameter
spaces to a category of sets:

B �→ {deformations of X over B}/{equivalence}.

Using the usual correspondence between spaces and rings

space B ↔ ring of functions on B

one passes to a covariant functor from a category of (commutative, associative)
rings to a category of sets.

A good example to keep in mind is that of complex manifolds: a deformation of
a complex manifold M over a base space B is a fibration π : N → B together with
an isomorphism between M and a fixed fiber π−1(b). Another example to have in
mind is that of associative algebras: a deformation of an associative algebra A over

1991 Mathematics Subject Classification. 14B12,14D15,53D55,18D50.
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a base ring R is an algebra structure on A ⊗ R together with a map of algebras
A ⊗ R → A. Here, the picture is a family of algebra structures on A fibered over
spec(R).

Deformation theory itself is the study of functors F : Rings→ Sets that satisfy
a set of axioms, first identified by Schlessinger [13], that are observed in the known
examples—call them deformation functors. One particularly important example of
a deformation functor is DefL which arises from considering deformations of the
differential in an L∞ algebra L. It’s defined by

DefL(R) = {solutions to the master equation in L ⊗ R}/{equivalence}.

Moreover, we have what Kontsevich calls [7] “the fundamental theorem of defor-
mation theory”

Theorem 1. An L∞ map L → L′ induces a natural transformations of functors
DefL → DefL′ , which is a natural equivalence if and only if L → L′ is a quasi-
isomorphism.

A beautiful theorem of Manetti [9] states that

Theorem 2. For every deformation functor F there exists an L∞ algebra L so
that F is naturally equivalent to DefL.

One says that L controls the deformation of an object X if the deformation
theory of X leads to a functor F that is naturally equivalent to DefL. Familiar
examples are: deformations of a complex manifold X are controlled by a Dolbeault
resolution of the sheaf of polyvectorfields (which obtains an L∞ structure from the
∂̄ operator and the Schouten-Nijenhuis bracket) and deformations of an associative
algebra A are controlled by the Hochschild cochain complex of A (which obtains
an L∞ structure from the Hochschild coboundary operator and the Gerstenhaber
bracket). The upshot of Theorems 1 and 2 is that deformation theory itself can be
regarded as the homotopy theory of L∞ algebras. Now, I want to emphasize that
the correspondence between deformation theory and L∞ algebras depends on the
use of commutative parameter rings1. If R is not commutative, the set DefL(R)
is not defined (one reason is that L ⊗ R isn’t an L∞ algebra). Many deformation
functors can be defined for noncommutative rings. The geometric picture is that
of families of structures fibered over noncommutative base spaces. There’s strong
evidence [8, 5] that deformations over noncommutative rings are controlled by A∞,
instead of L∞, algebras.

In this note, I discuss generalizing deformation theory in a new, quantum di-
rection. What I will discuss conjecturally corresponds to deformation theory over
parameter rings which are Frobenius algebras—that is commutative associative al-
gebras that have a compatible cocommutative coassociative coproduct. What I
will do is define a certain simple commutative algebra (P, ◦0) and identify the L∞

operad with a Hochschild one-cocycle of (P, ◦0) which I denote by ◦1. There is a
canonical quantization of (P, ◦0) producing a star product � = ◦0+�◦1+�

2◦2+ · · · .
This star product is identified with the Ω(coFrob) properad, which conjecturally
controls deformations over Frobenius parameter rings.

1The setting for Theorem 2 is generalized to differential graded commutative parameter rings.
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2. Linear algebra

Let V be a graded vector space, over a field of characteristic zero. Let V
n be

shorthand for the n-fold tensor product T nV = V ⊗· · ·⊗V and denote the element
v1 ⊗ · · · ⊗ v1 by (v1, . . . , vn). There is a simple product, call it ◦̂0,

◦̂0 : hom(V i
, V

j) ⊗ hom(V m
, V

n) → hom(V i+m
, V

j+n)

defined by

(f ◦̂0g)(v1, . . . , vi+m) = f(v1, . . . , vi)⊗ g(vi+1, . . . , vi+m)

for f ∈ hom(V i, V j) and g ∈ hom(V m, V n). (Don’t worry about the confusing
notation: I’m really interested in some other products that I’ll be denoting without
the hat: ◦0, ◦1, . . . ).

Define SnV , the n-fold symmetric product of V as the quotient of T nV by a
signed action of the symmetric group Σn on T

n
V . To simplify this note, I supress

shifts and signs, see [2] for the details of a coherent sign convention. There’s a map
π : T nV → SnV defined by x �→ [x] and a map sym : SnV → T nV defined by
[x] �→

∑
σ∈Σn

σx. Using sym and π one obtains a product

◦0 : hom(Si
V, S

j
V )⊗ hom(Sm

V, S
n
V ) → hom(Si+m

V, S
j+n

V )

defined by

f ◦0 g = π((sym f π)◦̂0(sym g π)) sym .

Let SV = ⊕n≥0S
nV , ŜV =

∏
n≥0 SnV , and P = hom(SV, ŜV ). Elements in

SV are finite sums, elements of ŜV are infinite sums, and elements of P are doubly
indexed, infinite sums

∑
∞

i,j=0
αi
j with each αi

j ∈ hom(SiV, SjV ). One one has the
product ◦0 : P ⊗ P → P defined term by term:(∑

α
i
j

)
◦0

(∑
β
m
n

)
=

∑
γ
r
s

where γ
r
s =

∑
α
i
j ◦0 β

m
n , the sum being the finite sum over indices i, j, m, n with

i + m = r and j + n = s. The result (P, ◦0) is a commutative, associative algebra.
Next, we define an operator ◦1 : P ⊗ P → P by using sym and π to transfer a

◦̂1 : hom(V i, V j) ⊗ hom(V m, V n) → hom(V i+m−1, V j+n−1) product in the tensor
product, as pictured below (in the picture, i = 5, j = 3, m = 4, and n = 4)

�f ◦̂1 �g =

�f

�g

The picture means that (f ◦̂1g)(v1, . . . , vi+m−1) = w1, . . . , wj+n−1 if
{g(vi, . . . , vi+m−1) = (y, wj+1, . . . , wj+n−1) and f(v1, . . . , vi−1, y) = (w1, . . . , wj).
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The product ◦1 : hom(SiV, SjV ) ⊗ hom(SmV, SnV ) → hom(Si+m−1, Sj+n−1V ) is
defined by

f ◦1 g = π((sym f π)◦̂1(sym g π)) sym .

The effect of using sym and π is to sum, with signs, over outputs of g and inputs
of f .

The operation ◦1 encodes the theory of L∞ algebras. Recall that an L∞ struc-
ture on V is given by a degree one element D ∈ hom(SV, V ) satisfying a certain
condition. The condition is sometimes expressed by decomposing D as D =

∑
μi,

each μi ∈ hom(SiV, V ), and writing an infinite collection of quadratic relations
satisfied by the μi. These relations are precisely given by saying that D ◦1 D = 0.
Therefore,

Propostion 1. A degree one map D ∈ hom(SV, V ) ⊂ P defines an L∞ struc-
ture on V if and only if D ◦1 D = 0.

Now we analyze ◦1 as an element of hom(P ⊗ P, P ). Let

HC(P, P ) = ⊕n>0 hom(Pn
, P )

denote the Hochschild cochain complex of (P, ◦0) with values in P . A simple but
important observation is:

Theorem 3. The operation ◦1 : P ⊗ P → P is a Hochschild cocycle in
HC(P, P ).

Proof. For homogeneous elements f, g, h ∈ P = hom(SV, ŜV ), we need to
show that (f ◦1 g) ◦0 h± f ◦1 (g ◦0 h)± (f ◦0 g) ◦1 h± f ◦0 (g ◦1 h) = 0. The idea is
contained in this picture:

�f

�g

�h ±

�f

�g �h

±

�f �g

�h

± �f

�g

�h

To see that all terms cancel, note that the first term cancels with half of the second
term, and the last term cancels with half of the third term. The remaining halves
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of the second and third term, which consist of expressions that involve an output
of f glued to an input of h cancel with each other.

�

So, the triple (P, ◦0, ◦1) presents a familiar situation: we have a commutative,
associative algebra and a Hochschild one cocycle. One can try to “quantize” in the
sense of deformation quantization. That is, deform ◦0 in the direction ◦1 by finding
◦2, ◦3, ◦4, . . . : P ⊗ P → P so that the star product

� : P [[�]] ⊗k[[�]] P [[�]] → P [[�]]

defined for f, g ∈ P by

f � g = f ◦0 g + �f ◦1 g + �2f ◦2 g + �3f ◦3 g · · ·

makes P [[�]] into an associative k[[�]] algebra. A canonical quantization exists and
it’s easy to give an explicit description of the terms ◦k, which is transferred to P

from a product ◦̂k : hom(V i, V j)⊗hom(V m, V n) → hom(V i+m−k, V n+j−k) defined
for f ∈ hom(V i, V j) and g ∈ hom(V m, V n) by glueing the last k outputs of f to
the first k inputs of g as below (in the picture, i = 5, j = 3, m = 4, n = 4, and
k = 2):

�f ◦̂k �g =

�f

�g

I consider the “quantization” of the concept of an L∞ algebra as the passage

(1) {(V, D) : D ∈ hom(SV, V ) : D ◦1 D = 0}

� {(V, H) : H ∈ hom(SV, ŜV )[[�]] : H � H = 0}.

The L∞ concept controls a certain type of many-to-one operation algebraic struc-
ture. Its quantization controls a certain type of many-to-many, genus-graded,
algebraic structure. (One could factor the passage (1) through {(V, B) : B ∈
hom(SV, SV ) : B ◦1 B = 0}, which would control an algebraic structure consisting
of many-to-many genus zero operations, bi-Lie infinity algebras in fact, but once
you have many-to-many operations, it’s more natural to introduce genus as well.)
Given an element H ∈ hom(SV, SV )[[�]], you can decompose

H =
∑
g

σg�
g where σg ∈ hom(SV, ŜV )

and decompose σg =
∑

i,j(σg)
j
i where σ

j
i : SiV → SjV . Then, the condition

that H � H = 0 is equivalent to a collection of quadratic relations on the (σg)
j
i .

In particular, {(σ0)
1

i } is an L∞ algebra. One would like to describe the algebra
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structure on V defined by a degree one H ∈ P [[�]] satisfying H � H = 0. Using the
properadic language of Vallette [16], one finds that:

Theorem 4. [2] A degree one H ∈ hom(SV, SV )[[�]] satisfying H � H = 0 is
equivalent to giving V the structure of a Ω(coFrob) algebra.

For a detailed description of properadic algebra, see [16, 10] and for the proof
of Theorem 4 see [2]. Here, I want to sketch a high-level picture. The expression
coFrob denotes a certain, simple coproperad—the coFrobenius coproperad—which
I will say more about in a moment. The symbol Ω denotes “cobar”. Cobar, and
bar, are examples of more general categorical constructions. In this case, the cobar
construction assigns a properad to a coproperad, and fits into an adjunction with
the bar construction, which assigns a coproperad to a properad. There are functors

Ω : coProperads → Properads and B : Properads → coProperads

satisfying
homproperads(Ω(C), P ) � homcoproperads(C, B(P )).

An antecedent example was identified in the paper of Ginzburg and Kapranov on
Koszul duality for operads [4]: the L∞ operad is obtained as Ω(coCom), where
coCom is the co-Commutative cooperad, governing cocommutative algebras. And
this brings me back to the parameter rings.

The commutative operad Com works as a unit for the tensor product in a large
category of operads. For each n > 1, Com(n) is one dimensional. In terms of
representations, a Com algebra is a commutative associative algebra: if (W, ·) is a
commutative associative algebra, then there is one way to compose · to get a map
Wn → W for n ≥ 1. Given any operad2 O, one has O⊗Com � O. An implication
of this is that

If L = (V, D) is an L∞ = Ω(coCom) algebra and C = (W, ·) is a
commutative algebra, then L ⊗ C is again an L∞ = Ω(coCom)
algebra.

In order to define the functor DefL, it was required that for a parameter ring R,
V ⊗ R be an L∞ algebra.

For properads without nullary operations, Frobenius plays the role of the unit.
A Frobenius algebra consists of a triple F = (W, ·,Δ) where · is a commutative
associative product on W and Δ is a coccommutative coassociative coproduct on
W , satisfying a compatibility. The compatibility between the product and the
coproduct is such that for each number of input m > 0, number of output n > 0,
and genus g ≥ 0, all ways to compose the product and the coproduct to get a genus
g operation Wn → Wm are the same. In the Frobenius properad, Frob(m, n, g) is
one dimensional for each m, n, g. An implication is

If Z = (V, H) is a Ω(CoFrob) algebra and F = (W, ·,Δ) is a
Frobenius algebra, then Z ⊗ F is again an Ω(CoFrob) algebra.

The program of quantizing deformation theory is to develop a theory of functors of
Frobenius algebras. The important example will be DefZ for a Ω(coFrob) algebra
Z = (V, H), which will be defined by

DefZ(F ) = {solutions to the master equation in Z ⊗ F}/{equivalence}.

2There is a detail here: if the operad has n-to-0 operations, then one should replace Com

with unital Com.
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The importance of the particular functor DefZ will be a version of Manetti’s the-
orem: For every set-valued functor F of Frobenius algebras satsifying a version of
Schlessinger’s axioms, there exists a Ω(coFrob) algebra Z = (V, H) so that F is
naturally equivalent to DefZ .

The program would be applied in settings where deformation theories are al-
ready established, by finding an algebra over Ω(coFrob) that extends the L∞ al-
gebra governing the deformation theory. By extend, I mean that the n-to-1, genus
zero part of the Ω(coFrob) algebra, which is an L∞ algebra, controls the given
deformation theory over commutative parameter rings. Examples: symplectic field
theory[3, 15], Park’s algebraic quantum field theory [11, 12], differential BV alge-
bras such as those arising from a CY-category[1, 6], and string topology [14].
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L
∞

-interpretation of a classification of deformations of

Poisson structures in dimension three

Anne Pichereau

Abstract. We give an L∞-interpretation of the classification, obtained in

[17], of the formal deformations of a family of exact Poisson structures in

dimension three. We indeed reobtain the explicit formulas for all the formal

deformations of these Poisson structures, together with a classification in the

generic case, by constructing a suitable quasi-isomorphism between two L∞-

algebras, which are associated to these Poisson structures.

1. Introduction

In [17], we have exhibited a classification of the formal deformations of the
Poisson structures defined on F[x, y, z] (F is an arbitrary field of characteristic
zero), of the form:

(1) {· , ·}ϕ =
∂ϕ

∂x

∂

∂y
∧

∂

∂z
+

∂ϕ

∂y

∂

∂z
∧

∂

∂x
+

∂ϕ

∂z

∂

∂x
∧

∂

∂y
,

where ϕ is a weight-homogeneous polynomial of F[x, y, z], admitting an isolated
singularity, in the generic case. In the present paper, following an idea of B. Fresse,
we give an L∞-interpretation of this result, that is to say, we obtain this result
again by methods, which are different and which use the theory of L∞-algebras.

The Poisson structures appear in classical mechanics, where physical systems
are described by commutative algebras which are algebras of smooth functions on
Poisson manifolds. They generalize the symplectic structures, as for example the
natural symplectic structure on R2r, which was introduced by D. Poisson in 1809.
On the contrary, in quantum mechanics, physical systems are described by non-
commutative algebras, which are algebras of observables on Hilbert spaces, and P.
Dirac has observed that, up to a factor depending on the Planck’s constant, the com-
mutator of observables appearing in the work of W. Heisenberg is the analogue of
the Poisson bracket of classical mechanics. The Poisson structures and their defor-
mations also appear in the theory of deformation quantization (see for instance [2])
with, in particular, the very important result obtained by M. Kontsevich in 1997:
given a Poisson manifold (M, π) and the associative algebra (A = C∞(M), ·), there
is a one-to-one correspondence between the equivalence classes of star products of A,
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Key words and phrases. Deformations, L∞-algebras, Poisson structures.
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for which the first term is π, and the equivalence classes of the formal deformations
of π.

In a more general context, a Poisson structure on an associative commutative
algebra A is a Lie algebra structure on A, π : A×A → A, which is a biderivation
of A (see paragraph 2.2.1). In the case where A = C

∞(M) is the algebra of smooth
functions over a manifold M , one says that (M, π) is a Poisson manifold. Formally
deforming a Poisson structure π defined on an associative commutative algebra A
means considering the Poisson structures π∗ defined on the ring A[[ν]] of all the
formal power series with coefficients in A and in one parameter ν, which extend
the initial Poisson structure (i.e., which are π, modulo ν). In this paper and in
[17], we study a classification of formal deformations of Poisson structures modulo
equivalence, two formal deformations π∗ and π′

∗
of π being equivalent if there exists

a morphism Φ : (A[[ν]], π∗) → (A[[ν]], π′
∗
) of Poisson algebras over F[[ν]] which is

the identity modulo ν. There is a similar definition for the formal deformations of
an associative product, the ∗-products being formal deformations of an associative
product, for which each coefficient is a bidifferential operator. We refer to [17] for
an introduction to the study of formal deformations of Poisson structures and the
role played by the Poisson cohomology in this study.

M. Kontsevich proved the one-to-one correspondence mentioned above by using
the theory of L∞-algebras and Maurer-Cartan equations. In fact, he obtained this
result by proving his conjecture of formality for a certain differential graded Lie
algebra. A differential graded Lie algebra (dg Lie algebra, in short) is a graded
Lie algebra (g, [· , ·]

g
), endowed with a differential ∂g, which is a graded derivation

with respect to [· , ·]
g
. The differential ∂g is a degree 1 map satisfying ∂g ◦ ∂g = 0,

giving rise to a cohomology H(g, ∂g). A dg Lie algebra is a particular example of
an L∞-algebra (also called strongly homotopy Lie algebra), which is a graded vector
space L, equipped with a collection of skew-symmetric multilinear maps (�n)n∈N∗ ,
satisfying different conditions, which can be viewed as generalized Jacobi identities.
(The strongly homotopy algebras were introduced by J. Stasheff in [18] in the
associative case, see also [10] and [11].) An (L∞-)quasi-isomorphism between two
dg Lie algebras (or between two L∞-algebras) is an L∞-morphism between them
(that is to say a collection of multilinear maps (fn)n∈N∗ from one to the other,
satisfying a collection of compatibility conditions), which induces an isomorphism
between their cohomologies. These notions will be recalled in the paragraph 2.1.
A dg Lie algebra is said to be formal if there exists a quasi-isomorphism between
it and the dg Lie algebra given by its cohomology H(g, ∂g) (equipped with the
trivial differential and the graded Lie bracket induced by [· , ·]

g
). To a dg Lie

algebra (g, ∂g, [· , ·]g) is associated an equation, called the Maurer-Cartan equation
and given by:

∂g(γ) +
1

2
[γ, γ]

g
= 0,

whose solutions γ ∈ g
1 are degree one homogeneous elements of g, which can also

be considered as depending on a formal parameter ν, γ ∈ νg
1[[ν]]. The set of all

these formal solutions is denoted by MC
ν(g). Notice that there is a also a no-

tion of generalized Maurer-Cartan equation associated to an L∞-algebra, which is
more complicated (because it takes into account the whole L∞-structure). Given
a Poisson manifold (M, π) (respectively, a Poisson algebra (A, π)), the Poisson co-
homology complex H(M, π) associated to (M, π) (respectively, H(A, π) associated
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to (A, π)) is defined as follows: the cochains are the polyvector fields (respectively,
the skew-symmetric multiderivations of A) and the Poisson coboundary operator
is given by δπ := − [·, π]S , where [· , ·]S is the Schouten bracket (which is a graded
Lie bracket, obtained by extending the commutator of vector fields to a graded
biderivation with respect to the wedge product). One can then associate to π the
dg Lie algebra gπ, given by the graded vector space of the Poisson cochains (with
a shift of degree), equipped with the Poisson coboundary operator associated to
π as differential (up to a sign) and the Schouten bracket as graded Lie bracket.
Because a degree one element γ ∈ g

1

π or γ ∈ νg
1

π[[ν]] satisfies the Jacobi identity
(hence, is a Poisson structure) if and only if [γ, γ]S = 0, an element γ ∈ νg

1

π[[ν]]
is then a formal solution of the Maurer-Cartan equation associated to gπ if and
only if π + γ is a formal deformation of π. Similarly, the star products also cor-
respond to the formal solutions of the Maurer-Cartan equation associated to a dg
Lie algebra gH , constructed from the Hochschild cohomology complex of the asso-
ciative algebra (C∞(M), ·). M. Kontsevich showed that the dg Lie algebra gH is
formal, by showing that it is quasi-isomorphic to the particular dg Lie algebra gπ,
associated to the trivial Poisson bracket π = 0. This result, together with the fact
that a quasi-isomorphism between two dg Lie algebras induces a bijection between
the sets of all the formal solutions of the Maurer-Cartan equations modulo a gauge
equivalence, leads to the desired one-to-one correspondence.

In this paper, we follow an idea of B. Fresse to reobtain, but with L∞-methods,
the explicit formulas for all the formal deformations (modulo equivalence) of {· , ·}ϕ
(defined in (1) and sometimes called exact Poisson structures), which were obtained
in [17], when ϕ ∈ A := F[x, y, z] is a weight homogeneous polynomial with an iso-
lated singularity, and in particular, the classification of the formal deformations of
these Poisson structures, when ϕ is generic (i.e., when its weighted degree is differ-
ent from the sum of the weights of the three variables x, y and z or, equivalently,
when H1(A, {· , ·}ϕ) is zero). To do this, we show that this classification is not a
consequence of the formality of a certain dg Lie algebra, but still of the existence
of a suitable quasi-isomorphism between two L∞-algebras. In order to explain this,
let us consider ϕ a polynomial as before and (gϕ, ∂ϕ, [· , ·]S), the dg Lie algebra as-
sociated to the Poisson algebra (A := F[x, y, z], {· , ·}ϕ) and Hϕ := H(A, {· , ·}ϕ) its
associated Poisson cohomology. As said before, there is a shift of degree implying
that H


ϕ, the homogeneous part of Hϕ of degree �, is in fact the (� + 1)-st Poisson

cohomology space H
+1(A, {· , ·}ϕ), associated to (A, {· , ·}ϕ).
In fact, the classification of the formal deformations of the Poisson bracket

{· , ·}ϕ obtained in [17] was indexed by elements of H
1

ϕ⊗νF[[ν]] = H
2(A, {· , ·}ϕ)⊗

νF[[ν]] and B. Fresse pointed out to me that it could come from the formality of
the dg Lie algebra gϕ, or at least from the existence of a suitable quasi-isomorphism
between Hϕ and the dg Lie algebra gϕ, where Hϕ would be equipped with a suit-
able L∞-algebra structure. In our context, having a suitable L∞-algebra structure
on Hϕ means that the set of all the formal solutions of the generalized Maurer-
Cartan equation associated to Hϕ would be exactly H1

ϕ⊗ νF[[ν]]. Indeed, as in the
case of dg Lie algebras, a quasi-isomorphism between two L∞-algebras induces an
isomorphism between the sets of formal solutions of the corresponding generalized
Maurer-Cartan equations, modulo a gauge equivalence, and in our case, the formal
solutions of the Maurer-Cartan equation associated to gϕ, modulo the gauge equiv-
alence, correspond exactly to the equivalence classes of the formal deformations of
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the Poisson structure {· , ·}ϕ. Using the explicit bases exhibited for the Poisson

cohomology associated to (A, {· , ·}ϕ) in [16] and the idea of B. Fresse, we indeed

obtained the following result (see the theorems 4.3 and 4.5):

Theorem 1.1. Let ϕ ∈ A = F[x, y, z] be a weight homogeneous polynomial
with an isolated singularity. Consider (gϕ, ∂ϕ, [· , ·]S) the dg Lie algebra associated
to the Poisson algebra (A, {· , ·}ϕ), as explained above, where {· , ·}ϕ is given by (1),

and Hϕ the cohomology associated to the cochain complex (gϕ, ∂ϕ).
There exist

(1) an L∞-algebra structure on Hϕ, such that the generalized Maurer-Cartan
equation associated to Hϕ is trivial (i.e., every element γ ∈ νH1

ϕ[[ν]] is
solution);

(2) a quasi-isomorphism f
ϕ
• from the L∞-algebra Hϕ to the dg Lie algebra

(gϕ, ∂ϕ, [· , ·]S), such that the isomorphism, induced by f
ϕ
• between the for-

mal solutions of the Maurer-Cartan equations, sends MC
ν(Hϕ) to the

representatives, exhibited in [17], for all the formal deformations of the
Poisson bracket {· , ·}ϕ, modulo equivalence.

This theorem 1.1 permits us to recover the results obtained in [17], concerning
the formal deformations of the Poisson structures {· , ·}ϕ. It also permits us to
better understand different phenomena about this result. In particular, we used in
[17] that, in the generic case, H1(A, {· , ·}ϕ) is zero and we now know that this fact

implies that the gauge equivalence in MC
ν(Hϕ) is trivial. Moreover, in the special

case (when the weighted degree of ϕ is the sum of the weights of the three variables
x, y and z or, equivalently, when H1(A, {· , ·}ϕ) is not zero), we can now better
understand the equivalence classes of the formal deformations, as the equivalence
relation for the formal deformations of {· , ·}ϕ can be obtained by transporting the

gauge equivalence in MC
ν(Hϕ) to MC

ν(gϕ).

Finally, notice that, given a dg Lie algebra (g, ∂g, [· , ·]
g
) and a choice of bases

for the cohomology spaces H
(g, ∂g) associated to the cochain complex (g, ∂g), and
using a theorem of transfer structure (see for instance the “move” (M1) of [15]), we
know that there always exist an L∞-algebra structure on H(g, ∂g), together with
a quasi-isomorphism between this L∞-algebra and the dg Lie algebra (g, ∂g, [· , ·]g).
The problem to use this result in our context where g = gϕ, is that we do not need
only the existence of this L∞-structure and this quasi-isomorphism, but we also
need to be able to control these data, in order:

(1) for the formal solutions of the generalized Maurer-Cartan equation asso-
ciated to Hϕ to be simple (given by H1

ϕ ⊗ νF[[ν]]),

(2) for the image of the isomorphism, induced by f
ϕ
• between the sets of formal

solutions of the Maurer-Cartan equations, to give exactly the representa-
tives of the formal deformations of the Poisson bracket {· , ·}ϕ modulo

equivalence which were exhibited in [17].

To be able to do this, we have proved, in the section 3, a proposition which permits
one, given a dg Lie algebra (g, ∂g, [· , ·]g) and a choice of basis for its associated

cohomology H(g, ∂g), to construct step by step, both an L∞-algebra structure �• =
(�n)n∈N∗ on H(g, ∂g) with �1 = 0, and a quasi-isomorphism f• = (fn)n∈N∗ from
H(g, ∂g) to g, such that, at each step, whatever the choices made at the previous
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steps for the maps �2, . . . , �m−1 and f1, . . . , fm−1, satisfying the conditions required
at this step, the collections of maps (�n)1≤n≤m−1 and (fn)1≤n≤m−1 extend to an
L∞-algebra structure �• on H(g, ∂g) and a quasi-isomorphism f• from H(g, ∂g) to
g. This result is given in the proposition 3.1 and permits us, together with the
explicit bases exhibited for the Poisson cohomology associated to (A, {· , ·}ϕ) in

[16], to prove the desired theorem 1.1.
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2. Preliminaries: L∞-algebras and Poisson algebras

In this first section we recall some definitions in the theory of L∞-algebras. We
indeed need to fix our sign conventions and the notations. The notions of Poisson
structures, cohomology and the deformations of Poisson structures are also recalled.

2.1. L∞-algebras and morphisms, Maurer-Cartan equations. We first
recall the notions of L∞-algebras, L∞-morphisms, Maurer-Cartan equations, mainly
in order to fix the sign conventions. For these notions and the conventions we
choose, we refer to (the appendix A of) [13] (see also [10] and [3]).

In this paper, F is an arbitrary field of characteristic zero and every algebra, dg
Lie algebra, L∞-algebra, etc, is considered over F. If V is a graded1 vector space,
we denote by |x| ∈ Z the degree of a homogeneous element x of V . Let us denote
by

∧
•

V , the graded commutative associative algebra (rather denoted by
⊙
•

V in
[13]), obtained by dividing the tensor algebra T •V =

⊕
k∈N V ⊗k of V by the ideal

generated by the elements of the form x ⊗ y − (−1)|x||y|y ⊗ x. Denoting by ∧ the
product in

∧
•

V , one then has:

x ∧ y = (−1)|x||y|y ∧ x,

where x and y are homogeneous elements of V . Then, if x1, . . . , xk ∈ V are ho-
mogeneous elements of V and σ ∈ Sk is a permutation of {1, . . . , k}, one defines
the so-called Koszul sign ε(σ;x1, . . . , xk), associated to x1, . . . , xk and σ, by the
equality:

x1 ∧ · · · ∧ xk = ε(σ;x1, . . . , xk) xσ(1) ∧ · · · ∧ xσ(k),

valid in the algebra
∧
•

V . Then, one also defines the number χ(σ;x1, . . . , xk) ∈
{−1, 1}, by:

χ(σ;x1, . . . , xk) := sign(σ) ε(σ;x1, . . . , xk),

where sign(σ) denotes the sign of the permutation σ. When no confusion can arise,
we write χ(σ) for χ(σ;x1, . . . , xk). For i, j ∈ N, a (i, j)-shuffle is a permutation
σ ∈ Si+j such that σ(1) < · · · < σ(i) and σ(i + 1) < · · · < σ(i + j), and the set of

1We here consider graded vector spaces as being graded over Z, but for the specific cases

which we study in the section 4, the considered graded vector spaces are graded only on N∪{−1}
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all (i, j)-shuffles is denoted by Si,j .

2.1.1. L∞-algebras. An L∞-algebra L is graded vector space L =
⊕

n∈Z Ln,
equipped with a collection of linear maps

�• =

(
�k :

⊗k
L → L

)
k∈N∗

,

such that:

a. each map �k is a graded map of degree deg(�k) = 2 − k,
b. each map �k is a skew-symmetric map, which means that

�k(ξσ(1), . . . , ξσ(k)) = χ(σ)�k(ξ1, . . . , ξk),

for all homogeneous elements ξ1, . . . , ξk ∈ L and all permutation σ ∈ Sk;
c. the maps �k, k ∈ N∗ satisfy the following “generalized Jacobi identity”:

(Jn)
∑

i+j=n+1

i,j≥1

∑
σ∈Si,n−i

χ(σ)(−1)i(j−1) �j

(
�i

(
ξσ(1), . . . , ξσ(i)

)
, ξσ(i+1), . . . , ξσ(n)

)
= 0,

for all n ∈ N∗ and all homogeneous ξ1, . . . , ξn ∈ L.

The map �1 (which satisfies �2
1

= 0, by (J1)) is sometimes called the differen-
tial of L and denoted by ∂, while the map �2 is sometimes denoted by a bracket
[· , ·]. A differential graded Lie algebra (dg Lie algebra in short) is an L∞-algebra
(L, �1, �2, �3, . . . ), with �k = 0, for all k ≥ 3.

Notice that if �1 = 0, then the equation (Jn) reads as follows:

Jn(Ln−1; ξ1, . . . , ξn) = 0,

where Jn(Ln−1; ξ1, . . . , ξn) depends only on Ln−1 := (�2, . . . , �n−1) (and not on �n)
and is defined by:

Jn(Ln−1; ξ1, . . . , ξn) :=∑
i+j=n+1

i,j≥2

∑
σ∈Si,n−i

χ(σ)(−1)i(j−1) �j

(
�i

(
ξσ(1), . . . , ξσ(i)

)
, ξσ(i+1), . . . , ξσ(n)

)
.(2)

When no confusion can arise, we rather write Jn(ξ1, . . . , ξn) for Jn(Ln−1; ξ1, . . . , ξn).

2.1.2. L∞-morphisms, quasi-isomorphisms. There is a notion of (weak) mor-
phism of L∞-algebras, which we do not need here. We only need the particular
case when the considered morphism goes from an L∞-algebra to a dg Lie algebra.
(For the general definition of L∞-morphisms between L∞-algebras, see [8].) Let
L = (L, �1, �2, . . . ) be an L∞-algebra and let g = (g, ∂g, [· , ·]g) be a dg Lie algebra.

A (weak) L∞-morphism from L to g is a collection of linear maps

f• =
(
fn :

⊗n
L → g

)
n∈N∗

,

such that:

a. each map fn is a graded map of degree deg(fn) = 1 − n;
b. each map fn is skew-symmetric;
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c. the following identities hold, for all n ∈ N∗ and all homogeneous elements
ξ1, . . . , ξn ∈ L:

(3)

∂g (fn(ξ1, . . . , ξn))

+
∑

j+k=n+1

j,k≥1

∑
σ∈Sk,n−k

χ(σ) (−1)k(j−1)+1
fj

(
�k

(
ξσ(1), . . . , ξσ(k)

)
, ξσ(k+1), . . . , ξσ(n)

)
+

∑
s+t=n
s,t≥1

∑
τ∈Ss,n−s

τ(1)<τ(s+1)

χ(τ) es,t(τ)
[
fs

(
ξτ(1), . . . , ξτ(s)

)
, ft

(
ξτ(s+1), . . . , ξτ(n)

)]
g

= 0,

where es,t(τ) := (−1)s−1 · (−1)
(t−1)

(
s∑

p=1
|ξτ(p)|

)
and where χ(σ) (respec-

tively, χ(τ)) stands for χ(σ; ξ1, . . . , ξn) (respectively, χ(τ ; ξ1, . . . , ξn)).

We point out that, for 1 ≤ s ≤ n and for an (s, n − s)-shuffle τ ∈ Ss,n−s, the
condition τ(1) < τ(s+1) is equivalent to τ(1) = 1. One says that the L∞-morphism
f• from L to g is a quasi-isomorphism (or a (weak) L∞-equivalence) if the chain map
f1 : (L, �1) → (g, ∂g) induces an isomorphism between the cohomologies associated
to the cochain complexes (L, �1) and (g, ∂g).

Notice that if the L∞-algebra (L, �1, �2, . . . ) satisfies �1 = 0, then we write the
equation (3) rather in the following form:

(En) ∂g (fn(ξ1, . . . , ξn)) − f1 (�n (ξ1, . . . , ξn)) = Tn(Fn,Ln−1; ξ1, . . . , ξn)

where Tn(Fn,Ln−1; ξ1, . . . , ξn) depends on the elements Fn := (f1, . . . , fn−1) and
Ln−1 := (�2, . . . , �n−1), and is defined by:
(4)

Tn(Fn,Ln−1; ξ1, . . . , ξn) :=∑
j+k=n+1

j,k≥2

∑
σ∈Sk,n−k

χ(σ) (−1)k(j−1) fj

(
�k

(
ξσ(1), . . . , ξσ(k)

)
, ξσ(k+1), . . . , ξσ(n)

)
−

∑
s+t=n
s,t≥1

∑
τ∈Ss,n−s

τ(1)=1

χ(τ) es,t(τ)
[
fs

(
ξτ(1), . . . , ξτ(s)

)
, ft

(
ξτ(s+1), . . . , ξτ(n)

)]
g
,

for all n ∈ N∗ and all (homogeneous) elements ξ1, . . . , ξn ∈ L. When no confusion
can arise, we simply write Tn(ξ1, . . . , ξn) for Tn(Fn,Ln−1; ξ1, . . . , ξn).

2.1.3. Maurer-Cartan equation. To an L∞-algebra is associated the so-called
generalized Maurer-Cartan equation (or homotopy Maurer-Cartan equation). In
our context, we only need a particular case of it, where the solutions depend formally
on a parameter ν. Let L = (L, �1, �2, . . . ) be an L∞-algebra. The generalized
Maurer-Cartan equation associated to L is written as follows:

(5) −�1(γ) −
1

2
�2(γ, γ) +

1

3!
�3(γ, γ, γ) + · · · +

(−1)n(n+1)/2

n!
�n(γ, . . . , γ) + · · · = 0,

for γ ∈ L1 ⊗ νF[[ν]] = νL1[[ν]], where ν is a formal parameter. Notice that the
maps �n, n ∈ N∗ are extended by multilinearity with respect to the parameter ν

(and are still denoted by �n) and that this infinite sum (5) is well-defined because
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there is no constant term in γ (i.e., γ is zero modulo ν), so that the coefficient of
each νi, i ∈ N is given by a finite sum. The same will hold for the equations (6)
and (10).

The set of all the solutions of the generalized Maurer-Cartan equation associ-
ated to L and depending formally on a parameter ν is denoted by MC

ν(L). One
introduces the gauge equivalence on this set, which is denoted by ∼ and generated
by infinitesimal transformations of the form:

(6) γ �−→ ξ · γ := γ −
∑
n∈N∗

(−1)n(n−1)/2

(n − 1)!
�n(ξ, γ, γ, . . . , γ),

where ξ ∈ L0 ⊗ νF[[ν]].

Remark 2.1. Let us consider the particular case where the L∞-algebra L is
a dg Lie algebra (g, ∂g, [· , ·]g) whose differential is given by ∂g = [χ, ·]

g
, for some

degree one element χ ∈ g
1 satisfying [χ, χ]

g
= 0. Then, we have:

(7)
MC

ν(g) =
{
γ ∈ g

1 ⊗ νF[[ν]] | [χ, γ]
g
+ 1

2
[γ, γ]

g
= 0

}
=

{
γ ∈ g

1 ⊗ νF[[ν]] | [χ + γ, χ + γ]
g

= 0
}

.

Moreover the infinitesimal transformation (6) becomes in this case:

(8) γ �−→ ξ · γ := γ + [ξ, χ + γ]
g
,

for ξ ∈ g
0 ⊗ νF[[ν]].

We denote by Def
ν(L) the set of all the gauge equivalence classes of the formal

solutions of the generalized Maurer-Cartan equation associated to L,

Def
ν(L) := MC

ν(L)/ ∼ .

For γ ∈ MC
ν(L), we denote by cl(γ) ∈ Def

ν(L) its equivalence class modulo the
gauge equivalence. In the following we will use the theorem (see for instance [9]
or [3]):

Theorem 2.2 ([9], [3], . . . ). Let L and L′ be two L∞-algebras and let us suppose
that f• = (fn :

⊗n
L → L′)n∈N∗ is a quasi-isomorphism from L to L′. Then f•

induces an isomorphism Def
ν(f•) from Def

ν(L) to Def
ν(L′). This isomorphism

is given, for γ ∈ MC
ν(L), by:

(9) Def
ν(f•) (cl(γ)) := cl (MC

ν(f•)(γ)) ,

where

(10) MC
ν(f•)(γ) :=

∑
n≥1

(−1)1+n(n+1)/2

n!
fn(γ, . . . , γ).

Notice that we will only use this theorem in the case L′ is a dg Lie algebra.

2.2. Poisson algebras, cohomology and deformations. In this paper,
our goal is to apply the theory of L∞-algebras to the problem of deformations of
Poisson structures. We here recall the notions of Poisson algebras, cohomology
and deformations, and explain how one can associate a dg Lie algebra to a Poisson
algebra.
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2.2.1. Poisson algebra and cohomology. We recall that a Poisson structure
{· , ·} (also denoted by π0) on an associative commutative algebra (A, ·) is a skew-

symmetric biderivation of A, i.e., a map {· , ·} :
∧

2A → A satisfying the derivation
property:

(11) {FG, H} = F {G, H} + G {F, H} , for all F, G, H ∈ A,

(where FG stands for F ·G), which is also a Lie structure on A, i.e., which satisfies
the Jacobi identity

(12) {{F, G} , H}+ {{G, H} , F} + {{H, F} , G} = 0, for all F, G, H ∈ A.

The couple (A, {· , ·} = π0) is then called a Poisson algebra.
The Poisson cohomology has been introduced by A. Lichnerowicz in [14]; see

also [5] for an algebraic approach. The Poisson cohomology complex, associated to
a Poisson algebra (A, π0), is defined as follows. The space of all Poisson cochains is
X
•(A) :=

⊕
k∈N X

k(A), where X
0(A) is A and, for all k ∈ N∗, X

k(A) denotes the
space of all skew-symmetric k-derivations of A, i.e., the skew-symmetric k-linear
maps Ak → A that satisfy the derivation property (12) in each of their arguments.
The Poisson coboundary operator δ

k
π0 : X

k(A) → X
k+1(A) is given by the formula

δ
k
π0 := − [·, π0]S ,

where [· , ·]S : X
p(A) × X

q(A) → X
p+q−1(A) is the so-called Schouten bracket.

The Schouten bracket is a graded Lie bracket that generalizes the commutator of
derivations and that is a graded biderivation with respect to the wedge product
of multiderivations (see [12]). It is defined, for P ∈ X

p(A), Q ∈ X
q(A) and for

F1, . . . , Fp+q−1 ∈ A, by:

[P, Q]S [F1, . . . , Fp+q−1]

=
∑

σ∈Sq,p−1

sign(σ)P
[
Q[Fσ(1), . . . , Fσ(q)], Fσ(q+1), . . . , Fσ(q+p−1)

]
(13)

−(−1)(p−1)(q−1)
∑

σ∈Sp,q−1

sign(σ)Q
[
P [Fσ(1), . . . , Fσ(p)], Fσ(p+1), . . . , Fσ(p+q−1)

]
.

It is easy and useful to verify that, given a skew-symmetric biderivation π ∈ X
2(A),

the Jacobi identity for π is equivalent to [π, π]S = 0, in other words, if π ∈ X
2(A)

is a skew-symmetric biderivation of A, then π is a Poisson structure on A if and
only if [π, π]S = 0.

2.2.2. The dg Lie algebra associated to the Poisson complex. The Poisson coho-
mology complex associated to a Poisson algebra (A, π0) together with the Schouten
bracket give rise to a dg Lie algebra, (g, ∂g, [· , ·]g), defined as follows.

(1) For all n ∈ N∗, the degree n homogeneous part of g is given by

g
n := X

n+1(A),

so that the degree of P ∈ X
p(A) = g

p−1, viewed as an element of g, is
|P | := p − 1,

(2) for all P ∈ X
p(A) = g

p−1,

∂g(P ) := (−1)|P |δpπ0(P ) = (−1)p−1δpπ0(P ),
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(3) the graded Lie bracket on g is given by the Schouten bracket:

[· , ·]
g

:= [· , ·]S .

Notice that, using the skew-symmetry of the Schouten bracket, and the definition
of δpπ0 , we can write ∂g = [π0, ·]S . As [π0, π0]S = 0 (see last paragraph 2.2.1), the
dg Lie algebra (g, ∂g, [· , ·]

g
) associated to a Poisson algebra (A, π0) satisfied the

conditions of the remark 2.1.

2.2.3. Formal deformations of Poisson structures. In this paragraph, we define
the notion of formal deformations of Poisson structures. For more details about
this, see [17]. Let (A, ·) be an associative commutative algebra over F and let
π0 be a Poisson structure on (A, ·). We consider the F[[ν]]-vector space A[[ν]] of
all formal power series in ν, with coefficients in A. The associative commutative
product “·”, defined on A, is naturally extended to an associative commutative
product on A[[ν]], still denoted by “·”. A formal deformation of π0 is a Poisson
structure on the associative F[[ν]]-algebra A[[ν]], that extends the initial Poisson
structure. In other words, it is given by a map π∗ : A[[ν]]×A[[ν]] → A[[ν]] satisfying
the Jacobi identity and of the form:

π∗ = π0 + π1ν + · · ·+ πnν
n + · · · ,

where the πi are skew-symmetric biderivations of A (extended by bilinearity with
respect to ν). Notice that given a map π∗ = π0 + π1ν + · · · + πnνn + · · · : A[[ν]] ×
A[[ν]] → A[[ν]] where for all i ∈ N, πi ∈ X

2(A) is a skew-symmetric biderivation
of A, we have that π∗ is a formal deformation of π0 if and only if [π∗, π∗]S = 0.

There is a natural notion of equivalence for deformations of a Poisson struc-
ture π0. Two formal deformations π∗ and π′

∗
of π0 are said to be equivalent if there

exists an F[[ν]]-linear map Φ : (A[[ν]], π∗) → (A[[ν]], π′
∗
), which is equal to the

identity modulo ν and is a Poisson morphism, i.e., it is a morphism of associative
algebras Φ : (A[[ν]], ·) → (A[[ν]], ·), which satisfies:

(14) π
′

∗
[Φ(F ),Φ(G)] = Φ(π∗[F, G]),

for all F, G ∈ A (and therefore, for all F, G ∈ A[[ν]]). It is also possible to write such
a morphism Φ as the exponential of an element ξ ∈ νX

1(A)[[ν]] = X
1(A)⊗ νF[[ν]],

so that (see for example the lemma 2.1 of [17]) the map π′
∗

given by (14) can also
be written as:

(15) π
′

∗
= e

adξ(π∗) = π∗ +
∑
k∈N∗

1

k!

[
ξ, [ξ, . . . , [ξ, π∗]S . . . ]S

]
S︸ ︷︷ ︸

k brackets

.

Let us now consider the dg Lie algebra (g, ∂g, [· , ·]g) associated to the Poisson

algebra (A, π0), as explained in the previous paragraph 2.2.2. According to the
remark 2.1, we have:

MC
ν(g) =

{
γ =

∑
i≥1

πiν
i ∈ X

2(A) ⊗ νF[[ν]] |

π∗ := π0 +
∑
i≥1

πiν
i is a formal deformation of π0

}
,
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so that, there is a natural one-to-one correspondence between MC
ν(g) and the

space of all formal deformations of π0:

MC
ν(g) → {formal deformations of π0}

γ �→ π0 + γ

Moreover, the infinitesimal transformation (8) on elements of MC
ν(g) can be trans-

posed to an infinitesimal transformation on formal deformations π∗ of π0. It then
becomes:

π∗ �−→ ξ · π∗ := π∗ + [ξ, π∗]S ,

for ξ ∈ X
1(A) ⊗ νF[[ν]]. We conclude that there is a one-to-one correspondence

between the elements of Def
ν(g) and the equivalence classes of the formal defor-

mations of π0.

3. Choice in a transfer of L∞-algebra structure

For g = (g, ∂g, [· , ·]g) a dg Lie algebra, we denote by H(g, ∂g), the graded vector

space given by the cohomology of the cochain complex (g, ∂g). Equipped with the
trivial differential, it is a cochain complex (H(g, ∂g), 0). Moreover, Z(g, ∂g) denotes
the graded vector space of all the cocycles of the cochain complex (g, ∂g):

Z(g, ∂g) = ker ∂g ⊆ g,

and B(g, ∂g), the graded vector space of all its coboundaries:

B(g, ∂g) = Im ∂g ⊆ g,

so that H(g, ∂g) = Z(g, ∂g)/B(g, ∂g). (The grading of Z(g, ∂g), B(g, ∂g) and
H(g, ∂g) is naturally induced by the grading of g.) We denote by p the natural pro-
jection from Z(g, ∂g) to the cohomology of g, and for every cocycle x ∈ Z(g, ∂g) ⊆ g,
the notations p(x) and x̄ both stand for the cohomological class of x,

(16)
p : Z(g, ∂g) → H(g, ∂g)

x �→ p(x) = x̄.

We now define a graded linear map f1, of degree 0, from H(g, ∂g) to g. This
definition depends on a choice of a basis b
, for each cohomology space H
(g, ∂g),
and on a choice of representatives

(
ϑ


k

)
k

of the elements of the basis b
:

b
 =
(
ϑ
k

)
k
.

(We do not need here to specify the set by which the basis b
 is indexed.) Then
the map f1 : H(g, ∂g) → g is defined by

(17)
f1 : H
(g, ∂g) → Z
(g, ∂g) ⊆ g




ξ =
∑

k λ


k ϑ
k �→

∑
k λ



k ϑ



k,

for all � ∈ Z, and where ξ =
∑

k λ


k ϑ
k is the unique decomposition of ξ ∈ H


(g, ∂g)
in the fixed basis b
 (the λ
k are constants). We deduce from the definition of f1

that we have:

(18) Z(g, ∂g) � Im f1 ⊕ B(g, ∂g),

and

(19) x − f1 ◦ p(x) ∈ B(g, ∂g), for all x ∈ Z(g, ∂g).
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Also the map f1 is a chain map between the two cochain complexes (H(g, ∂g), 0) and
(g, ∂g), which induces an isomorphism between their cohomologies. This implies in
particular that if one extends f1 to a (weak) L∞-morphism

f• =
(
fn :

⊗n
H(g, ∂g) → g

)
n∈N∗

(where H(g, ∂g) is equipped with an L∞-algebra structure), then f• is automatically
a quasi-isomorphism.

We indeed want to construct an L∞-algebra structure on H(g, ∂g) together
with a quasi-isomorphism from it to the dg Lie algebra g. We know that, by using
a theorem of L∞-algebra structure transfer, (see for instance the “move” (M1)
of [15]), there exists such a L∞-algebra structure on H(g, ∂g) and such a quasi-
isomorphism from it to the dg Lie algebra g, which extends f1, but, as explained
in the introduction, the point here is that we need to construct a specific L∞-
algebra structure on H(g, ∂g) and a specific quasi-isomorphism. This prevents one
to express the transfer structure in terms of a homotopy map (as usually done with
the pertubation lemma) because it seems to the author that such a map cannot be
explicitly written in general and especially in the context we will use in the section
4. In order to have as much control in this contruction as possible, we show the
following:

Proposition 3.1. Let g = (g, ∂g, [· , ·]g) be a dg Lie algebra, let H(g, ∂g) de-
note the graded space given by the cohomology associated to the cochain complex
(g, ∂g). We fix f1 : H(g, ∂g) → g as being the map defined in (17), associated
to a choice of bases (b
)
 for the cohomology spaces (H
(g, ∂g))
. We also fix
�1 : H(g, ∂g) → H(g, ∂g) as being trivial (�1 = 0) so that the equations (E1) and
(J1) are automatically satisfied.

(a) There exist skew-symmetric graded linear maps

�2 : H(g, ∂g) ⊗ H(g, ∂g) → H(g, ∂g), and f2 : H(g, ∂g)⊗ H(g, ∂g) → g,

of degrees deg(�2) = 0 and deg(f2) = −1, such that the equations (E2) and
(J2) are satisfied. Moreover, such a map �2 satisfies also the equation (J3).

(b) Let m ≥ 3 be an integer. For any skew-symmetric graded linear maps

�k :
⊗k

H(g, ∂g) → H(g, ∂g), for 2 ≤ k ≤ m − 1,

fk :
⊗k

H(g, ∂g) → g, for 2 ≤ k ≤ m − 1,

of degrees deg(�k) = 2 − k and deg(fk) = 1 − k, for all 2 ≤ k ≤ m − 1,
and such that the equations (J2) – (Jm) and (E2) – (Em−1) are satisfied,
there exist skew-symmetric graded linear maps

�m :
⊗m

H(g, ∂g) → H(g, ∂g) and fm :
⊗m

H(g, ∂g) → g,

with deg(fm) = 1−m, deg(�m) = 2−m and satisfying the equation (Em).
Moreover, such a map �m necessarily satisfies also the equation (Jm+1).

Remark 3.2. This proposition implies in particular that there exist an L∞-
algebra structure �• on H(g, ∂g) with the trivial differential �1 = 0 and a quasi-
isomorphism f• from H(g, ∂g) to g that extends f1 (defined in (17)). But, this
proposition implies morever that, whatever the choices made for the first m−1 maps
�1, . . . , �m−1 and f1, . . . , fm−1 (m is an arbitrary integer), with �1 = 0 and f1 given
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by (17), if these maps satisfy the first m equations defining an L∞-algebra structure
(equations (J1) – (Jm)) and the first m − 1 equations defining an L∞-morphism
(equations (E1) – (Em−1)), then they still extend to an L∞-algebra structure �• on
H(g, ∂g) and a quasi-isomorphism f• from H(g, ∂g) to g.

Proof. The idea of this proof is similar to the one used by T. Kadeishvili in [7]
(where he considers A∞-algebras) to prove his theorem 1. Let us first prove the part
(a) of this proposition. To do this, we first show (Step 1 ) that the identity �1 = 0
and the definition (17) of f1 imply that ∂g (T2(ξ1, ξ2)) = 0, for all ξ1, ξ2 ∈ H(g, ∂g).
By (18), the cocycle T2(ξ1, ξ2) then decomposes as a coboundary (element in the
image of ∂g) plus an element in the image of f1, which permit us to conclude the
existence of both maps f2 and �2, satisfying the equation (E2). Secondly (Step 2 ),
we show that the obtained map �2, satisfying (E2), also necessarily satisfies (J3).

(a) - Step 1. The skew-symmetric graded linear maps f1 (given by (17)) and
�1 := 0 are of degree 0 and −1 respectively, and satisfy both equations:

(J1) �1 ◦ �1 = 0,

and

(E1) ∂g ◦ f1 = 0.

Let ξ1, ξ2 ∈ H(g, ∂g). We have T2(ξ1, ξ2) = − [f1(ξ1), f1(ξ2)]g. As (g, ∂g, [· , ·]
g
) is a

dg Lie algebra, ∂g is a (graded) derivation for [· , ·]
g
, hence:

(20) ∂g (T2(ξ1, ξ2)) = − [∂g (f1(ξ1)) , f1(ξ2)]g − (−1)|ξ1| [f1(ξ1), ∂g (f1(ξ2))]g = 0,

by (E1). We now define a skew-symmetric graded linear map �2 :
∧

2
H(g, ∂g) →

H(g, ∂g) of degree 0, by:

(21) �2(ξ1, ξ2) := −p ◦ T2(ξ1, ξ2),

for all ξ1, ξ2 ∈ H(g, ∂g). This map is well-defined because, according to (20),
T2(ξ1, ξ2) is a cocycle for the cochain complex (g, ∂g), and it trivially satisfies the
equation (J2), because �1 = 0. It is also possible, according to (19), to define a

skew-symmetric graded linear map f2 :
∧

2
H(g, ∂g) → g, of degree −1, with the

following formula:

(22) ∂g (f2(ξ1, ξ2)) = T2(ξ1, ξ2)− f1 ◦ p (T2(ξ1, ξ2)) ,

for all ξ1, ξ2 ∈ H(g, ∂g). The maps �2 and f2 then satisfy the equation (E2), because
−f1 ◦ p (T2(ξ1, ξ2)) = f1 ◦ �2(ξ1, ξ2). Notice that, for every ξ1, ξ2 ∈ H(g, ∂g), the
choice of the element f2(ξ1, ξ2) ∈ g is unique, up to a cocycle.

(a) - Step 2. Now, let us prove the second part of (a), by showing that the
map �2, defined in (21), satisfies the equation

(J3)
∑

σ∈S2,1

χ(σ) �2

(
�2

(
ξσ(1), ξσ(2)

)
, ξσ(3)

)
= 0,

for all homogeneous ξ1, ξ2, ξ3 ∈ H(g, ∂g), where χ(σ) stands for χ(σ; ξ1, ξ2, ξ3).
We prove this, by using the equations (E1) and (E2) and the graded Jacobi identity
satisfied by [· , ·]

g
. Let ξ1, ξ2, ξ3 ∈ H(g, ∂g) and let σ ∈ S2,1. By the definition (21) of
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�2, we have �2

(
�2

(
ξσ(1), ξσ(2)

)
, ξσ(3)

)
= −p

(
T2

(
�2

(
ξσ(1), ξσ(2)

)
, ξσ(3)

))
. Moreover,

by definition of T2,

T2

(
�2

(
ξσ(1), ξσ(2)

)
, ξσ(3)

)
= −

[
f1

(
�2

(
ξσ(1), ξσ(2)

))
, f1

(
ξσ(3)

)]
g

=
[
T2

(
ξσ(1), ξσ(2)

)
, f1

(
ξσ(3)

)]
g
−

[
∂g

(
f2

(
ξσ(1), ξσ(2)

))
, f1

(
ξσ(3)

)]
g

= −
[[

f1

(
ξσ(1)

)
, f1

(
ξσ(2)

)]
g
, f1

(
ξσ(3)

)]
g

−
[
∂g

(
f2

(
ξσ(1), ξσ(2)

))
, f1

(
ξσ(3)

)]
g
,

where we have used (E2) (i.e., ∂g ◦ f2 − f1 ◦ �2 = T2) in the second step. As ∂g is a
derivation for [· , ·]

g
and using the fact that ∂g ◦ f1 = 0, one obtains:[

∂g

(
f2

(
ξσ(1), ξσ(2)

))
, f1

(
ξσ(3)

)]
g

= ∂g

([
f2

(
ξσ(1), ξσ(2)

)
, f1

(
ξσ(3)

)]
g

)
.

Finally, because p ◦ ∂g = 0,

−
∑

σ∈S2,1

χ(σ) p ◦ T2

(
�2

(
ξσ(1), ξσ(2)

)
, ξσ(3)

)
=

p

⎛⎝ ∑
σ∈S2,1

χ(σ)
[[

f1

(
ξσ(1)

)
, f1

(
ξσ(2)

)]
g
, f1

(
ξσ(3)

)]
g

⎞⎠ = 0,

where we have used the graded Jacobi identity satisfied by [· , ·]
g
, to obtain the last

line. This shows that the map �2 satisfies (J3).

Remark 3.3. The skew-symmetric graded linear map �2 of degree 0 which
satisfies (E2) is unique and given by (21). Using (21) and the definition of T2, we
obtain that, for all ξ1, ξ2 ∈ H(g, ∂g),

�2(ξ1, ξ2) = −p ◦ T2(ξ1, ξ2) = p

(
[f1(ξ1), f1(ξ2)]g

)
.

In other words, the map �2 :
∧

2
H(g, ∂g) → H(g, ∂g) is the map induced by the

graded Lie bracket [· , ·]
g

on H(g, ∂g). For this reason, we sometimes denote �2 also

by [· , ·]
g
.

Let us now prove the part (b) of the proposition. To do this, we suppose that
m ≥ 3 and that f2, . . . , fm−1 and �2, . . . , �m−1 are skew-symmetric graded linear
maps, of degrees deg(�k) = 2 − k and deg(fk) = 1 − k, which satisfy the equations
(J2) – (Jm) and (E2) – (Em−1). Then, we show (Step 1 ), that

∂g (Tm(ξ1, . . . , ξm)) = 0, for all ξ1, . . . , ξm ∈ H(g, ∂g).

This indeed implies, by (18), that the cocycle Tm(ξ1, . . . , ξm) decomposes as a
coboundary (element in the image of ∂g) plus an element in the image of f1, which
leads to the existence of both maps fm and �m, satisfying the equation (Em).

Then (Step 2 ), we show that the obtained map �m, satisfying (Em), necessarily
also satisfies the equation (Jm).

(b) - Step 1. Let ξ1, . . . , ξm ∈ H(g, ∂g) be homogeneous elements. Recall that
we have:

(23) Tm(ξ1, . . . , ξm) = Sm(ξ1, . . . , ξm)− Um(ξ1, . . . , ξm),
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where we define, for all n ∈ N∗, and all ζ1, . . . , ζn ∈ H(g, ∂g):

(24)

Sn(ζ1, . . . , ζn) :=∑
j+k=n+1

j,k≥2

∑
σ∈Sk,n−k

χ(σ) (−1)k(j−1)fj
(
�k

(
ζσ(1), . . . , ζσ(k)

)
, ζσ(k+1), . . . , ζσ(n)

)

and

(25)

Un(ζ1, . . . , ζn) :=∑
s+t=n
s,t≥1

∑
τ∈Ss,n−s

τ(1)=1

χ(τ) es,t(τ)
[
fs

(
ζτ(1), . . . , ζτ(s)

)
, ft

(
ζτ(s+1), . . . , ζτ(n)

)]
g
,

with es,t(τ) = (−1)s−1 · (−1)
(t−1)

(
s∑

p=1
|ζτ(p)|

)
and where χ(σ) (respectively, χ(τ))

stands for χ(σ; ζ1, . . . , ζn) (respectively, χ(τ ; ζ1, . . . , ζn)). For j = 2, . . . , m− 1, the
equation (Ej) can be written as ∂g ◦ fj = Tj + f1 ◦ �j, so that

∂g (Sm(ξ1, . . . , ξm)) =∑
j+k=m+1

j,k≥2

∑
σ∈Sk,m−k

χ(σ) (−1)k(j−1)Tj
(
�k

(
ξσ(1), . . . , ξσ(k)

)
, ξσ(k+1), . . . , ξσ(m)

)
+ f1 (Jm(ξ1, . . . , ξm)) =∑
j+k=m+1

j,k≥2

∑
σ∈Sk,m−k

χ(σ) (−1)k(j−1)Tj
(
�k

(
ξσ(1), . . . , ξσ(k)

)
, ξσ(k+1), . . . , ξσ(m)

)
,

where we have used the equation (Jm) (in the case �1 = 0, see (2)), in the second
step. Now, using the writing of Tj, for 2 ≤ j ≤ m − 1, we get:

∂g (Sm(ξ1, . . . , ξm)) = am(ξ1, . . . , ξm) + bm(ξ1, . . . , ξm) + cm(ξ1, . . . , ξm),

where, for all n ∈ N∗ and all homogeneous ζ1, . . . , ζn ∈ H(g, ∂g), we have defined:

an(ζ1, . . . , ζn) :=∑
p+q+k=n+2

p,q,k≥2

∑
α∈Sk+1

q−1,p−1

σ∈Sk,n−k

χ(σ; ζ1, . . . , ζn)χ(α; ζσ(k+1), . . . , ζσ(n)) · (−1)k(p+q)+q(p−1)·

fp

(
�q

(
�k

(
ζσ(1), . . . , ζσ(k)

)
, ζσα(k+1), . . . , ζσα(k+q−1)

)
, ζσα(k+q), . . . , ζσα(n)

)
,
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and

bn(ζ1, . . . , ζn) :=∑
p+q+k=n+2

p,q,k≥2

∑
α∈Sk+1

q,p−2

σ∈Sk,n−k

χ(σ; ζ1, . . . , ζn)χ(α; ζσ(k+1), . . . , ζσ(n))·

(−1)k(p+q)(−1)q(p−1) · (−1)
q+

(
k∑

r=1
|ζσ(r)|+k

)
·

(
k+q∑

s=k+1

|ζσα(s)|

)
·

fp

(
�q

(
ζσα(k+1), . . . , ζσα(k+q)

)
, �k

(
ζσ(1), . . . , ζσ(k)

)
, ζσα(k+q+1), . . . , ζσα(n)

)
,

and finally

cn(ζ1, . . . , ζn) :=

−
∑

j+k=n+1

j,k≥2

∑
σ∈Sk,n−k

∑
a+b=j
a,b≥1

∑
β∈Sk+1

a−1,b

χ(σ; ζ1, . . . , ζn)χ(β; ζσ(k+1), . . . , ζσ(n))·

(−1)k(j−1)(−1)a−1 · (−1)
(b−1)

(
k∑

r=1
|ζσ(r)|+k+

k+a−1∑
s=k+1

|ζσβ(s)|

)
·[

fa

(
�k

(
ζσ(1), . . . , ζσ(k)

)
, ζσβ(k+1), . . . , ζσβ(k+a−1)

)
, fb

(
ζσβ(k+a), . . . , ζσβ(n)

)]
g
.

Here, for r, s, t ∈ N, we have denoted by S
r+1

s,t the set of all the permutations σ

of {r + 1, . . . , r + s + t}, such that σ(r + 1) < · · · < σ(r + s) and σ(r + s + 1) <

· · · < σ(r + s + t). A permutation σ ∈ S
r+1

s,t can also be seen as a permutation of
{1, . . . , r + s + t}, simply by fixing σ

|{1,...,r}
= id

|{1,...,r}
.

Remark 3.4. Let us justify how one obtains that the sum

d(ξ1, . . . , ξm) :=∑
j+k=m+1

j,k≥2

∑
σ∈Sk,m−k

χ(σ) (−1)k(j−1)Tj
(
�k

(
ξσ(1), . . . , ξσ(k)

)
, ξσ(k+1), . . . , ξσ(m)

)
is given by am(ξ1, . . . , ξm)+bm(ξ1, . . . , ξm)+cm(ξ1, . . . , ξm), using only the definition
of the Tj . Let ξ1, . . . , ξm ∈ H(g, ∂g) be homogeneous elements and let j, k ≥ 2 with
j + k = m + 1, and σ ∈ Sk,m−k. In order to simplify the notation, we denote by
η1 := �k

(
ξσ(1), . . . , ξσ(k)

)
and η2 := ξσ(k+1), . . . , ηj := ξσ(m) and write:

Tj (η1, η2, . . . , ηj) =∑
p+q=j+1

p,q≥2

∑
γ∈Sq,j−q

χ(γ; η1, . . . , ηj)(−1)q(p−1)fp
(
�q

(
ηγ(1), . . . , ηγ(q)

)
, ηγ(q+1), . . . , ηγ(j)

)

−
∑

a+b=j
a,b≥1

∑
γ′
∈Sa,j−a

γ′
(1)=1

χ(γ′; ξσ(k+1), . . . , ξσ(m))(−1)
a−1+(b−1)

(
a∑

r=1
|ηγ′(r)|

)
·

[
fa

(
ηγ′(1), . . . , ηγ′(a)

)
, fb

(
ηγ′(a+1), . . . , ηγ′(j)

)]
g
.

Then, the second sum leads easily to cm(ξ1, . . . , ξm) and for the first sum, one has to
separate the two cases where the permutation γ ∈ Sq,j−q , which appears in the sum,
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satisfies γ(1) = 1 or γ(q + 1) = 1, to obtain respectively the terms am(ξ1, . . . , ξm)

and bm(ξ1, . . . , ξm). Indeed, if γ(1) = 1, then there exists α ∈ S
k+1

q−1,p−1 such that:

ηγ(1) = �k(ξσ(1), . . . , ξσ(k)),
ηγ(2) = ξσα(k+1),

...
ηγ(q) = ξσα(k+q−1),

ηγ(q+1) = ξσα(k+q)
...

ηγ(j) = ξσα(m).

By checking that χ(γ; η1, . . . , ηj) = χ(α; ξσ(k+1), . . . , ξσ(m)), one obtains the sum
am(ξ1, . . . , ξm). In the case γ(q + 1) = 1, one can rather write:

ηγ(1) = ξσα(k+1),

...
ηγ(q) = ξσα(k+q),

ηγ(q+1) = �k(ξσ(1), . . . , ξσ(k)),

ηγ(q+2) = ξσα(k+q+1) ,

...
ηγ(j) = ξσα(m),

with α ∈ S
k+1

q,p−2. It is then possible to compute that sign(γ) = sign(α) · (−1)q and

ε(γ; η1, . . . , ηj) = ε(α; ξσ(k+1), . . . , ξσ(m)) · (−1)

(
k∑

s=1
|ξσ(s)|+k

)
·

(
k+q∑

r=k+1

|ξσα(r)|

)
. This

permits one to obtain the sum bm(ξ1, . . . , ξm).

Now, we will successively show that both sums am(ξ1, . . . , ξm) and bm(ξ1, . . . , ξm)
are equal to zero. To do this, we prove the following lemmas.

Lemma 3.5. Let n ∈ N∗. Suppose that the equations (Jj) for 1 ≤ j ≤ n − 1
are satisfied by the maps �1 = 0, �2, . . . , �n−1, then

an(ζ1, . . . , ζn) = 0, for all ζ1, . . . , ζn ∈ H(g, ∂g).

proof of lemma 3.5. Let ζ1, . . . , ζn ∈ H(g, ∂g). For p, q, k ≥ 2 such that

p+q+k = n+2, and for σ ∈ Sk,n−k and α ∈ S
k+1

q−1,p−1, the permutation σ ◦α ∈ Sn

can be uniquely written as σ ◦ α = ρ ◦ β, with ρ ∈ Sn−p+1,p−1 and β ∈ Sk,q−1.
Using this, one obtains:

an(ζ1, . . . , ζn) =
n−2∑
p=2

∑
ρ∈Sn−p+1,p−1

χ(ρ)(−1)(n−p)(p−1)fp
(
Jp(ζρ(1), . . . , ζρ(n−p+1)), ζρ(n−p+2), . . . , ζρ(n)

)
,

where χ(ρ) stands for χ(ρ; ζ1, . . . , ζn) and Jp is defined in (2). For every 2 ≤ p ≤
n− 2 and every ρ ∈ Sn−p+1,p−1, one has Jp(ζρ(1), . . . , ζρ(n−p+1)) = 0, by (Jn−p+1),
where n − p + 1 = k + q − 1 runs through all integers between 3 and n − 1. Hence
an(ζ1, . . . , ζn) = 0. �

According to this lemma, and because the maps �1 = 0, �2, . . . , �m−1 are sup-
posed to satisfy the equations (J1) – (Jm−1), we have am(ξ1, . . . , ξm) = 0. Let us
now consider the sum bm(ξ1, . . . , ξm). It is also zero, according to the following:

Lemma 3.6. Let n ∈ N∗. For all ζ1, . . . , ζn ∈ H(g, ∂g), we have

bn(ζ1, . . . , ζn) = 0.

proof of lemma 3.6. This result follows from the skew-symmetry of the maps
f1, . . . , fn, making the sum bn(ζ1, . . . , ζn) equal to minus itself. �
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Now, we consider the term ∂g (Um(ξ1, . . . , ξm)). As ∂g is a graded derivation
for [· , ·]

g
and because [· , ·]

g
is skew-symmetric, one has, for all ζ1, . . . , ζm ∈ H(g, ∂g)

and all s, t ∈ {1, . . .m − 1} such that s + t = m:

∂g

(
[fs (ζ1, . . . , ζs) , ft (ζs+1, . . . , ζm)]

g

)
=

[∂g (fs (ζ1, . . . , ζs)) , ft (ζs+1, . . . , ζm)]
g

−(−1)|fs(ζ1,...,ζs)|(1+|∂g(ft(ζs+1,...,ζm))|) [∂g (ft (ζs+1, . . . , ζm)) , fs (ζ1, . . . , ζs)]g .

Using this, the one-to-one correspondence between the set {τ ∈ Ss,m−s | τ(1) = 1}
and the set {τ ′ ∈ St,m−t | τ ′(t + 1) = 1} and finally the fact that Ss,m−s = {τ ∈
Ss,m−s | τ(1) = 1} # {τ ∈ Ss,m−s | τ(s + 1) = 1}, we obtain that:

∂g (Um(ξ1, . . . , ξm)) =∑
s+t=m
s,t≥1

∑
τ∈Ss,m−s

χ(τ) es,t(τ)
[
∂g

(
fs

(
ξτ(1), . . . , ξτ(s)

))
, ft

(
ξτ(s+1), . . . , ξτ(m)

)]
g
.

Finally, it remains for ∂g (Tm(ξ1, . . . , ξm)):

∂g (Tm(ξ1, . . . , ξm)) = ∂g (Sm(ξ1, . . . , ξm)) − ∂g (Um(ξ1, . . . , ξm))

= cm(ξ1, . . . , ξm)

−
∑

s+t=m
s,t≥1

∑
τ∈Ss,m−s

χ(τ) es,t(τ)
[
∂g

(
fs

(
ξτ(1), . . . , ξτ(s)

))
, ft

(
ξτ(s+1), . . . , ξτ(m)

)]
g
.

We now point out that, for all n ∈ N∗ and for all ζ1, . . . , ζn ∈ H(g, ∂g),
(26)

cn(ζ1, . . . , ζn) =∑
s+t=n
s,t≥1

∑
τ∈Ss,n−s

χ(τ) es,t(τ)
[
(f1 ◦ �s + Ss)

(
ζτ(1), . . . , ζτ(s)

)
, ft

(
ζτ(s+1), . . . , ζτ(n)

)]
g
.

We use once more the equation (Es) and (23) to write ∂g ◦ fs = f1 ◦ �s + Ts =
f1 ◦ �s + Ss − Us, for s = 1, . . . , m − 1, and to obtain:

∂g (Tm(ξ1, . . . , ξm)) =∑
s+t=m
s,t≥1

∑
τ∈Ss,m−s

χ(τ) es,t(τ)
[
Us

(
ξτ(1), . . . , ξτ(s)

)
, ft

(
ξτ(s+1), . . . , ξτ(m)

)]
g
.

Written differently, this reads as follows:

(27) ∂g (Tm(ξ1, . . . , ξm)) = Rm(ξ1, . . . , ξm),

where we have introduced the following notation (because we will need this notation
later): for all n ∈ N∗ and all ζ1, . . . , ζn ∈ H(g, ∂g),

Rn(ζ1, . . . , ζn) :=∑
a+b+t=n
a,b,t≥1

∑
τ∈Sa+b,t

σ∈Sa,b

σ(1)=1

χ(τ ; ζ1, . . . , ζn) χ(σ; ζτ(1), . . . , ζτ(a+b)) ea+b,t(τ) ea,b(τ ◦ σ) ·

[[
fa

(
ζτσ(1), . . . , ζτσ(a)

)
, fb

(
ζτσ(a+1), . . . , ζτσ(a+b)

)]
g
, ft

(
ζτ(a+b+1), . . . , ζτ(n)

)]
g

.
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It is then possible to show that this is zero, using the graded Jacobi identity satisfied
by [· , ·]

g
. Because we will need this result in another context, we show the following:

Lemma 3.7. For n ∈ N∗ and all ζ1, . . . , ζn ∈ H(g, ∂g), one has:

Rn(ζ1, . . . , ζn) = 0.

proof of lemma 3.7. Let ζ1, . . . , ζn ∈ H(g, ∂g). One first can show that

2 Rn(ζ1, . . . , ζn) =∑
a+b+t=n
a,b,t≥1

∑
ρ∈Sa,b,t

χ(ρ; ζ1, . . . , ζn) ea+b,t(ρ) ea,b(ρ) ·

[[
fa

(
ζρ(1), . . . , ζρ(a)

)
, fb

(
ζρ(a+1), . . . , ζρ(a+b)

)]
g
, ft

(
ζρ(a+b+1), . . . , ζρ(n)

)]
g

,

where for a, b, t ∈ N, Sa,b,t is the set of all the permutations σ ∈ Sa+b+t of
{1, . . . , a + b + t}, satisfying: σ(1) < · · · < σ(a), σ(a + 1) < · · · < σ(a + b) and
σ(a + b + 1) < · · · < σ(a + b + t). It is now possible to check that one has:

6 Rn(ζ1, . . . , ζn) =
∑

a+b+t=n
a,b,t≥1

∑
ρ∈Sa,b,t

χ(ρ) (−1)e·

Jacg

(
fa

(
ζρ(1), . . . , ζρ(a)

)
, fb

(
ζρ(a+1), . . . , ζρ(a+b)

)
, ft

(
ζρ(a+b+1), . . . , ζρ(n)

))
,

where e ∈ Z is an integer depending on ζ1, . . . , ζn and on the permutation ρ, and
where, for all x, y, z ∈ g,

Jacg(x, y, z) := (−1)|x||z|
[
[x, y]g , z

]
g

+(−1)|y||x|
[
[y, z]g , x

]
g

+(−1)|z||y|
[
[z, x]g , y

]
g

,

which is zero because of the graded Jacobi identity satisfied by [· , ·]
g
. We now

conclude that Rn(ζ1, . . . , ζn) = 0. �

This lemma, together with (27), imply that ∂g (Tm(ξ1, . . . , ξm)) = 0. This fact
means that, for all ξ1, . . . , ξm ∈ H(g, ∂g), the element Tm(ξ1, . . . , ξm) is a cocycle
for the cochain complex (g, ∂g). This allows us to define a skew-symmetric graded
linear map �m :

∧m
H(g, ∂g) → H(g, ∂g), of degree 2 − m, with the following

formula:

(28) �m(ξ1, . . . , ξm) := −p ◦ Tm(ξ1, . . . , ξm),

for all ξ1, . . . , ξm ∈ H(g, ∂g). As in the case m = 2 and according to (19), we also
have the existence of a skew-symmetric graded linear map fm :

∧m
H(g, ∂g) → g,

of degree 1 − m, which satisfies the equation (Em):

Tm(ξ1, . . . , ξm) = ∂g (fm(ξ1, . . . , ξm)) − f1 (�m(ξ1, . . . , ξm)) ,

for all ξ1, . . . , ξm ∈ H(g, ∂g).

(b) - Step 2. It remains to show, using the equations (J1) – (Jm) and (E1) –
(Em−1), satisfied by the maps �1, . . . , �m−1 and f1, . . . , fm−1 and the equation (Em)
also satisfied by the maps �m and fm, that the map �m, defined in (28), satisfies
necessarily, for all ξ1, . . . , ξm+1 ∈ H(g, ∂g), the equation:
(Jm+1)∑
j+k=m+2

j,k≥2

∑
σ∈Sk,m+1−k

χ(σ)(−1)k(j−1) �j

(
�k

(
ξσ(1), . . . , ξσ(k)

)
, ξσ(k+1), . . . , ξσ(m)

)
= 0.
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Let us fix ξ1, . . . , ξm+1 ∈ H(g, ∂g). By equations (E1) – (Em), we know that the
maps �j , for 1 ≤ j ≤ m, can be written as �j = −p ◦ Tj. Using the notation of the
remark 3.4, this implies that (Jm+1) is equivalent to:

p (dm+1(ξ1, . . . , ξm+1)) = 0.

We also use the same reasoning as the one explained in the remark 3.4 to obtain:

dm+1(ξ1, . . . , ξm+1) = (am+1 + bm+1 + cm+1) (ξ1, . . . , ξm+1).

Then, the lemma 3.5, together with the fact that the maps �2, . . . , �m satisfy the
equations (Jj) for 1 ≤ j ≤ m, imply that am+1(ξ1, . . . , ξm+1) = 0. Secondly, the
lemma 3.6 also says that bm+1(ξ1, . . . , ξm+1) = 0. Finally it remains that:

(Jm+1) is equivalent to: p (cm+1(ξ1, . . . , ξm+1)) = 0,

which is also equivalent to say that cm+1(ξ1, . . . , ξm+1) is a coboundary for the
cochain complex (g, ∂g). As (26) can be obtained without using anything but the
definitions of cm and Ss, we also have:

cm+1(ξ1, . . . , ξm+1) =∑
p+q=m+1

q≥1,p≥2

∑
α∈Sp,q

χ(α)ep,q(α)
[
(Sp+f1 ◦ �p)

(
ξα(1), . . . , ξα(p)

)
, fq

(
ξα(p+1), . . . , ξα(m+1)

)]
g
.

Now, we use Sp = Tp + Up and the equations (Ep), satisfied by the maps �p and fp,
for 1 ≤ p ≤ m, to write Sp + f1 ◦ �p = ∂g ◦ fp + Up and:

cm+1(ξ1, . . . , ξm+1) =∑
p+q=m+1

q≥1,p≥2

∑
α∈Sp,q

χ(α) ep,q(α)
[
∂g

(
fp

(
ξα(1), . . . , ξα(p)

))
, fq

(
ξα(p+1), . . . , ξα(m+1)

)]
g

+ Rm+1(ξ1, . . . , ξm+1).

By lemma 3.7, Rm+1(ξ1, . . . , ξm+1) = 0, and using the bijection between Sp,q and
Sq,p, given by:

Sp,q → Sq,p

α �→ α′ :=

(
1 ··· q q+1 ··· p+q

α(p+1) ··· α(p+q) α(1) ··· α(p)

)
,

for which

sign(α′) = sign(α) · (−1)pq,

ε(α′; ξ1, . . . , ξp+q) = ε(α; ξ1, . . . , ξp+q) · (−1)

(
q∑

r=1
|ξα(r)|

)
·

(
p+q∑

r=q+1

|ξα(r)|

)
,

and also using the skew-symmetry of [· , ·]
g
and the fact that ∂g is a graded derivation

for [· , ·]
g
, we finally obtain:

2 cm+1(ξ1, . . . , ξm+1) =∑
p+q=m+1

q,p≥2

∑
α∈Sp,q

χ(α) ep,q(α) ∂g

([
fp

(
ξα(1), . . . , ξα(p)

)
, fq

(
ξα(p+1), . . . , ξα(m+1)

)]
g

)
.

We have then obtained that cm+1(ξ1, . . . , ξm+1) is a coboundary for the cochain
complex (g, ∂g), so that ∂g (cm+1(ξ1, . . . , ξm+1)) = 0 and the equation (Jm+1) is
satisfied. This finishes the proof of the proposition 3.1. �
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4. Deformations of Poisson structures via L∞-algebras

In this section, we consider a family of dg Lie algebras, constructed from a fam-
ily of Poisson structures in dimension three. We will then use the proposition 3.1,
to obtain a classification of all formal deformations of these Poisson structures in
the generic case, together with an explicit formula for the representative of each
equivalence classes of these deformations.

4.1. Poisson structures in dimension three and their cohomology. In
the following, A denotes the polynomial algebra in three generators A := F[x, y, z],
where F is an arbitrary field of characteristic zero. To each polynomial ϕ ∈ A, one
associates a Poisson structure {· , ·}ϕ defined by:

(29) {· , ·}ϕ :=
∂ϕ

∂x

∂

∂y
∧

∂

∂z
+

∂ϕ

∂y

∂

∂z
∧

∂

∂x
+

∂ϕ

∂z

∂

∂x
∧

∂

∂y
.

In this context, the Poisson cohomology of (A, {· , ·}ϕ) is denoted by H(A, {· , ·}ϕ).

We also denote by (gϕ, ∂ϕ, [· , ·]S), the dg Lie algebra associated to the Poisson

algebra (A, {· , ·}ϕ), as explained in the paragraph 2.2.2. Notice that g
k
ϕ � {0},

for all k ≥ 3. With these notations, and those of the previous section, we have:
Hn(gϕ, ∂ϕ) = Hn+1(A, {· , ·}ϕ), for all n ∈ Z (in fact, n ∈ N∪{−1}). As previously,

for every cocycle P of the cochain complex (gϕ, ∂ϕ), P̄ denotes its cohomology class
in H(gϕ, ∂ϕ). As we want to use the result of the previous section (proposition 3.1),
we need to choose representatives (ϑnk )k of an F-basis of Hn(gϕ, ∂ϕ), for n ∈ Z.
To do this, we use the results of [16], in which the polynomial ϕ is supposed to be
weight-homogeneous and with an isolated singularity (at the origin). Let us recall
that a polynomial ϕ ∈ F[x, y, z] is said to be weight homogeneous of (weighted)
degree �(ϕ) ∈ N, if there exists (unique) positive integers �1, �2, �3 ∈ N∗ (the
weights of the variables x, y and z), without any common divisor, such that:

(30) �1 x
∂ϕ

∂x
+ �2 y

∂ϕ

∂y
+ �3 z

∂ϕ

∂z
= �(ϕ)ϕ.

This equation is called the Euler Formula and can also be written as: �e�[ϕ] =
�(ϕ)ϕ, where �e� is the so-called Euler derivation (associated to the weights of the
variables), defined by:

�e� := �1 x
∂

∂x
+ �2 y

∂

∂y
+ �3 z

∂

∂z
.

Recall that a weight homogeneous polynomial ϕ ∈ F[x, y, z] is said to admit an
isolated singularity (at the origin) if the vector space

Asing(ϕ) := F[x, y, z]/〈
∂ϕ

∂x
,
∂ϕ

∂y
,
∂ϕ

∂z
〉(31)

is finite-dimensional. Its dimension is then denoted by μ and called the Milnor
number associated to ϕ. When F = C, this amounts, geometrically, to saying that
the surface Fϕ : {ϕ = 0} has a singular point only at the origin.

From now on, the polynomial ϕ will always be a weight homogeneous polyno-
mial with an isolated singularity. The corresponding weights of the three variables
(�1, �2 and �3) are then fixed and the weight homogeneity of any polynomial
in A = F[x, y, z] has now to be understood as associated to these weights. In the
following, |�| denotes the sum of the weights of the three variables x, y and z:
|�| := �1 + �2 + �3 and we fix u0 := 1, u1, . . . , uμ−1 ∈ A, a family composed
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of weight homogeneous polynomials in A whose images in Asing(ϕ) give a basis of
this F-vector space (and u0 = 1). (For example, one can choose the polynomials
u0, . . . , uμ−1 as being monomials of F[x, y, z]).

Proposition 4.1 ([16]). Let ϕ ∈ A be a weight-homogeneous polynomial with
an isolated singularity. Let (gϕ, ∂ϕ, [· , ·]S) denote the dg Lie algebra associated to
the Poisson algebra (A, {· , ·}ϕ), as explained in the paragraph 2.2.2, and where

{· , ·}ϕ is defined in (29). Here we give explicit representatives for F-bases of the

Poisson cohomology spaces associated to (A, {· , ·}ϕ) or equivalently to (gϕ, ∂ϕ).

(1) An F-basis of the first cohomology space H−1(gϕ, ∂ϕ) = H0(A, {· , ·}ϕ) is
given by:

b−1ϕ :=
(
ϕi, i ∈ N

)
;

(2) An F-basis of the space H0(gϕ, ∂ϕ) = H1(A, {· , ·}ϕ) is given by:

b0ϕ :=

{
(0) if �(ϕ) �= |�|,(

ϕi �e�, i ∈ N
)

if �(ϕ) = |�|;

(3) An F-basis of the space H1(gϕ, ∂ϕ) = H2(A, {· , ·}ϕ) is given by:

b1ϕ :=
(
ϕi uq {· , ·}ϕ, i ∈ N, q ∈ Eϕ

)
∪
(
{· , ·}ur

, 1 ≤ r ≤ μ − 1
)

,

where

Eϕ :=

{
{1, . . . , μ − 1} if �(ϕ) �= |�|,
{0, . . . , μ − 1} if �(ϕ) = |�|,

and where the skew-symmetric biderivation {· , ·}uq
is naturally obtained

by replacing ϕ by uq in (29);
(4) An F-basis of the space H2(gϕ, ∂ϕ) = H3(A, {· , ·}ϕ) is given by:

b2ϕ :=
(
ϕi usD, i ∈ N, 0 ≤ s ≤ μ − 1

)
,

where D is the skew-symmetric triderivation of A, defined by:

D :=
∂

∂x
∧

∂

∂y
∧

∂

∂z
;

(5) For k ≥ 3,

H
k(gϕ, ∂ϕ) = H

k+1(A, {· , ·}ϕ) � {0}.

Remark 4.2. More precisely, the basis of H2(A, {· , ·}ϕ) given here is obtained

by using the proposition 4.8 and the equality (27) of [16].

4.2. A suitable quasi-isomorphism between H(gϕ, ∂ϕ) and gϕ. Similarly
to the definition (17), we now have a linear graded map f

ϕ
1

of degree 0, associated
to the bases b−1ϕ ,b0ϕ,b1ϕ,b2ϕ:

(32)

f
ϕ
1

: H
(gϕ, ∂ϕ) → Z
(gϕ, ∂ϕ)

ξ =
∑

k λ
kϑ


k �→

∑
k λ
kϑ



k,

where ξ =
∑

k λ
kϑ


k is the unique decomposition of ξ in the basis b
ϕ, � = −1, 0, 1, 2,

for which the elements
(
ϑ


k

)
k

denote here the representatives, chosen in the previous

proposition 4.1, of the basis b
ϕ.
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Using the proposition 3.1 and the bases b−1ϕ ,b0ϕ,b1ϕ,b2ϕ of the Poisson coho-
mology spaces associated to (gϕ, ∂ϕ), we construct an L∞-algebra structure on
H(gϕ, ∂ϕ): (H(gϕ, ∂ϕ), �1 = 0, �2 = [· , ·]S , �3, . . . ), and a (weak) L∞-morphism

f
ϕ
•

=
(
f
ϕ
n :

⊕n
H(gϕ, ∂ϕ) → gϕ

)
n∈N∗

,

which extends f
ϕ
1
, thus is a quasi-isomorphism. We indeed prove the following:

Theorem 4.3. Let ϕ ∈ A = F[x, y, z] be a weight-homogeneous polynomial,
with an isolated singularity and let {· , ·}ϕ be the associated Poisson bracket defined

in (29). Let (gϕ, ∂ϕ, [· , ·]S) be the dg Lie algebra associated to the Poisson cohomol-
ogy complex of (A, {· , ·}ϕ), as explained in the paragraph 2.2.2. For simplicity, we

denote by Hϕ the space H(gϕ, ∂ϕ), and for all i ∈ N∗, Hi
ϕ the space Hi(gϕ, ∂ϕ) (the

i-th cohomology space associated to (gϕ, ∂ϕ)). We fix f
ϕ
1

as being the map defined
in (32) and �

ϕ
1

: H(g, ∂g) → H(g, ∂g) as being the trivial map. We also fix the map
�
ϕ
2

as being the bracket induced by the Schouten bracket [· , ·]S, i.e.,

�
ϕ
2
(x, y) := [x, y]S , for all x, y ∈ gϕ.

There exist an L∞-algebra structure on Hϕ := H(gϕ, ∂ϕ), denoted by �
ϕ
• :=

(�ϕi )i∈N∗ (with �
ϕ
1

and �
ϕ
2

given previously) and a quasi-isomorphism f
ϕ
• := (fϕi )i∈N∗

(extending f
ϕ
1

) from Hϕ to the dg Lie algebra (gϕ, ∂ϕ, [· , ·]S), satisfying the following
properties:

(P1) The map f
ϕ
2

is defined by the values given in the table 1, for the case
�(ϕ) �= |�|, and in the table 2, for the case �(ϕ) = |�|;

(P2) For all i ≥ 2, the map �
ϕ
i is zero on H1

ϕ:

�
ϕ
i |

(H1
ϕ)⊗i

= 0, for all i ≥ 2;

(P3) For all i ≥ 3, the map f
ϕ
i is zero on H1

ϕ:

f
ϕ
i |

(H1
ϕ)⊗i

= 0, for all i ≥ 3.

proof of theorem 4.3. One can check (by a direct computation) that the
following hold:

(33)

[
F (ϕ)uk {· , ·}ϕ , G(ϕ)ul {· , ·}ϕ

]
S

= 0,[
F (ϕ)uk {· , ·}ϕ , {· , ·}ut

]
S

= −∂ϕ

(
F (ϕ)uk {· , ·}ut

)
,[

{· , ·}us
, {· , ·}ut

]
S

= 0,

for all 0 ≤ k, l ≤ μ − 1 and all 1 ≤ s, t ≤ μ − 1 and for arbitrary elements F (ϕ)
and G(ϕ) of F[ϕ]. Because of (3) of proposition 4.1, this implies that the map �

ϕ
2
,

which is the map induced by the Schouten bracket on the cohomology Hϕ (and also
denoted by [· , ·]S), is zero when restricted to H1

ϕ ⊗ H1

ϕ.

Now, by �
ϕ
1

= 0 and the definition (32) of f
ϕ
1
, it is straightforward to show that

the skew-symmetric graded linear map f
ϕ
2

:
⊗

2
H(gϕ, ∂ϕ) → gϕ, defined by the

tables 1 and 2, together with �
ϕ
2

= [· , ·]S , satisfy the equation (E2). In particular,
let us check this on H

1

ϕ ⊗ H
1

ϕ. Indeed, for all 0 ≤ k, l ≤ μ − 1 and for arbitrary
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Table 1. Case �(ϕ) �= |�|. The values of the linear map f
ϕ
2

on
the elements of the bases biϕ and bjϕ of the spaces H

i
ϕ and H

j
ϕ, for

i, j = −1, 1, 2. Notice that in this case, H0

ϕ = {0}. In this table,
F (ϕ), G(ϕ) are arbitrary elements of F[ϕ] and 1 ≤ k, l, s, t ≤ μ−1.

Hi
ϕ × Hj

ϕ (ϑi, ϑj) ∈ biϕ × bjϕ f
ϕ
2
(ϑi, ϑj) ∈ g

i+j−1
ϕ

H−1ϕ × H1

ϕ

(
F (ϕ), G(ϕ)ul {· , ·}ϕ

)
(
F (ϕ), {· , ·}us

) 0

F ′(ϕ)us

H−1ϕ × H2

ϕ

(
F (ϕ), G(ϕ)ulD

)
(
F (ϕ), G(ϕ)D

) 0

1

�(ϕ)−|�|G(ϕ)F ′(ϕ)�e�

H1

ϕ × H1

ϕ

(
F (ϕ)uk {· , ·}ϕ, G(ϕ)ul {· , ·}ϕ

)
(
F (ϕ)uk {· , ·}ϕ, {· , ·}us

)
(
{· , ·}us

, {· , ·}ut

)
0

F (ϕ)uk {· , ·}us

0

Table 2. Case �(ϕ) = |�|. The values of the linear map f
ϕ
2

on
the elements of the bases biϕ and bjϕ of the spaces Hi

ϕ and Hj
ϕ, for

i, j = −1, 0, 1, 2. In this table, F (ϕ), G(ϕ) are arbitrary elements
of F[ϕ] and 0 ≤ k, l ≤ μ − 1 and 1 ≤ s, t ≤ μ − 1.

Hi
ϕ × Hj

ϕ (ϑi, ϑj) ∈ biϕ × bjϕ f
ϕ
2
(ϑi, ϑj) ∈ g

i+j−1
ϕ

H−1ϕ × H0

ϕ

(
F (ϕ), G(ϕ)�e�

)
0

H−1ϕ × H1

ϕ

(
F (ϕ), G(ϕ)ul {· , ·}ϕ

)
(
F (ϕ), {· , ·}us

) 0

F
′(ϕ)us

H−1ϕ × H2

ϕ

(
F (ϕ), G(ϕ)ulD

)
0

H0

ϕ × H0

ϕ

(
F (ϕ)�e�, G(ϕ)�e�

)
0

H0

ϕ × H1

ϕ

(
F (ϕ)�e�, G(ϕ)ul {· , ·}ϕ

)
(
F (ϕ)�e�, {· , ·}us

) 0(
�(us)−|�|
|�|

F (ϕ)−F (0)

ϕ

−F ′(ϕ)
)
us�e�

H0

ϕ × H2

ϕ

(
F (ϕ)�e�, G(ϕ)ulD

)
0

H1

ϕ × H1

ϕ

(
F (ϕ)uk {· , ·}ϕ, G(ϕ)ul {· , ·}ϕ

)
(
F (ϕ)uk {· , ·}ϕ, {· , ·}us

)
(
{· , ·}us

, {· , ·}ut

)
0

F (ϕ)uk {· , ·}us

0

elements F (ϕ) and G(ϕ) of F[ϕ], the equation (E2) for ξ1 = F (ϕ)uk {· , ·}ϕ and
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ξ2 = G(ϕ)ul {· , ·}ϕ becomes, using (33),

∂ϕ

(
f
ϕ
2

(
F (ϕ)uk {· , ·}ϕ, G(ϕ)ul {· , ·}ϕ

))
= f

ϕ
1

([
F (ϕ)uk {· , ·}ϕ , G(ϕ)ul {· , ·}ϕ

]
S

)
−

[
F (ϕ)uk {· , ·}ϕ , G(ϕ)ul {· , ·}ϕ

]
S

= 0.

Similarly, one also obtains ∂ϕ

(
f
ϕ
2

(
{· , ·}us

, {· , ·}ut

))
= 0, for all 1 ≤ s, t ≤ μ − 1.

Finally, for any arbitrary element F (ϕ) of F[ϕ], and for all 0 ≤ k ≤ μ − 1 and 1 ≤

t ≤ μ − 1, the identities (33) imply that the equation (E2) for ξ1 = F (ϕ)uk {· , ·}ϕ
and ξ2 = {· , ·}ut

reads as follows

∂ϕ

(
f
ϕ
2

(
F (ϕ)uk {· , ·}ϕ, {· , ·}ut

))
= f

ϕ
1

([
F (ϕ)uk {· , ·}ϕ , {· , ·}ut

]
S

)
−

[
F (ϕ)uk {· , ·}ϕ , {· , ·}ut

]
S

= ∂ϕ

(
F (ϕ)uk {· , ·}ut

)
,

where we have used that f
ϕ
1
◦ ∂ϕ = 0. This implies that if the map f

ϕ
2

takes, on
H1

ϕ ⊗ H1

ϕ, the values given in the tables 1 and 2, then the previous equations are

satisfied, i.e., the equation (E2) is satisfied on H1

ϕ ⊗ H1

ϕ. From now on, we fix f
ϕ
2

to take, on H1

ϕ ⊗ H1

ϕ, the values given in the tables 1 and 2.

We have obtained the existence of the maps �
ϕ
1
, �

ϕ
2

and f
ϕ
1
, f

ϕ
2
, satisfying the

equations (E1), (E2) and (J1), (J2), (J3). By the proposition 3.1, this implies that
there exist skew-symmetric graded linear maps

f
ϕ
3

:
⊗3

H(gϕ, ∂ϕ) → gϕ and �
ϕ
3

:
⊗3

H(gϕ, ∂ϕ) → H(gϕ, ∂ϕ)

with deg(fϕ
3
) = −2, deg(�ϕ

3
) = −1 and satisfying the equation (E3). Moreover, the

proposition 3.1 also says that such a map �
ϕ
3

necessarily satisfies the equation (J4).
In the equation (En), we denote Tn(Fϕ

n ,Lϕ
n−1; ξ1, . . . , ξn) by Tϕ

n (ξ1, . . . , ξn),
for n ∈ N∗ and ξ1, . . . , ξn ∈ H(g, ∂g), when Fϕ

n and Lϕ
n−1 denote the elements

Fϕ
n := (fϕ

1
, . . . , f

ϕ
n ) and Lϕ

n−1 := (�ϕ
1
, . . . , �

ϕ
n−1). By (E3), we have �

ϕ
3

:= −p ◦ T
ϕ
3
.

Moreover, given the maps �
ϕ
1
, �

ϕ
2
, f

ϕ
1

, f
ϕ
2

as previously, one can also verify that:

T
ϕ
3 |

(H1
ϕ)⊗3

= 0,

so that, �
ϕ
3 |

(H1
ϕ)⊗3

= −p ◦ T
ϕ
3 |

(H1
ϕ)⊗3

= 0, and the equation (E3) is still satisfied if

we choose f
ϕ
3 |

(H1
ϕ)⊗3

:= 0, what we do from now on. Let us for example show that

T
ϕ
3

(
F (ϕ)ul {· , ·}ϕ, {· , ·}us

, {· , ·}ut

)
= 0,

for any arbitrary element F (ϕ) of F[ϕ], for all 0 ≤ l ≤ μ−1 and all 1 ≤ s, t ≤ μ−1.
First, let us point out that, by the definition (4) of T

ϕ
3
, and because �

ϕ
2 |

H1
ϕ⊗H1

ϕ

= 0,

we simply get, for any ξ1, ξ2, ξ3 ∈ H1

ϕ:

T
ϕ
3

(ξ1, ξ2, ξ3) = [fϕ
1
(ξ1), f

ϕ
2
(ξ2, ξ3)]S + [fϕ

2
(ξ1, ξ2), f

ϕ
1
(ξ3)]S + [fϕ

2
(ξ1, ξ3), f

ϕ
1
(ξ2)]S .
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Now, by the tables 1 and 2, we obtain:

T
ϕ
3

(
F (ϕ)ul {· , ·}ϕ, {· , ·}us

, {· , ·}ut

)
=[

F (ϕ)ul {· , ·}us
, {· , ·}ut

]
S

+
[
F (ϕ)ul {· , ·}ut

, {· , ·}us

]
S

.

To conclude that this is equal to zero, it suffices to show (by a direct computation)
that, for any f, g, h, l ∈ A, we have:

[f {· , ·}l , g {· , ·}h]S = f

(
∂l

∂x

(
∂g

∂y

∂h

∂z
−

∂g

∂z

∂h

∂y

)
+ 
 (x, y, z)

)
D

+ g

(
∂h

∂x

(
∂f

∂y

∂l

∂z
−

∂f

∂z

∂l

∂y

)
+ 
 (x, y, z)

)
D

= − [f {· , ·}h , g {· , ·}l]S ,

where we recall that D denotes the skew-symmetric triderivation of A defined by
D := ∂

∂x ∧ ∂
∂y ∧ ∂

∂z , and where “+ 
 (x, y, z)” means that we consider the other

terms with cyclically permuted variables x, y, z.
Now we have chosen the maps �

ϕ
1
, �

ϕ
2
, �

ϕ
3

and f
ϕ
1
, f

ϕ
2
, f

ϕ
3

such that the equations
(E1), (E2), (E3) and (J1), (J2), (J3), (J4) are satisfied, �

ϕ
i |

(H1
ϕ)⊗i

= 0 for i = 2, 3, f
ϕ
2

is given by the tables 1 and 2, and f
ϕ
3 |

(H1
ϕ)

⊗3
= 0. The proposition 3.1 once more

gives us the existence of skew-symmetric graded linear maps

f
ϕ
4

:
⊗4

H(gϕ, ∂ϕ) → gϕ and �
ϕ
4

:
⊗4

H(gϕ, ∂ϕ) → H(gϕ, ∂ϕ)

with deg(fϕ
4
) = −3 and deg(�ϕ

4
) = −2 and satisfying the equation (E4). Moreover,

according to the proposition 3.1, such a map �
ϕ
4

satisfies also the equation (J5). It
is also straightforward, with the choices made previously, to show that

T
ϕ
4 |

(H1
ϕ)⊗4

= 0.

This implies that �
ϕ
4 |

(H1
ϕ)⊗4

= −p ◦ T
ϕ
4 |

(H1
ϕ)⊗4

= 0 and that it is possible to choose

f
ϕ
4 |

(H1
ϕ)⊗4

= 0 (what we do from now on), so that (E4) is still satisfied. Finally,

because �
ϕ
i |

(H1
ϕ)⊗i

= 0, for i = 2, 3, 4, and f
ϕ
i |

(H1
ϕ)⊗i

= 0, for i = 3, 4, one has

necessarily that:

T
ϕ
j
|

(H1
ϕ)⊗j

= 0, for all j ≥ 5.

This fact, together with the proposition 3.1, imply that there finally exist skew-
symmetric graded linear maps

�
ϕ
k :

⊗k
H(gϕ, ∂ϕ) → H(gϕ, ∂ϕ), with k ≥ 5,

f
ϕ
k :

⊗k
H(gϕ, ∂ϕ) → gϕ, with k ≥ 5,

of degrees 2−k and 1−k respectively, and satisfying �
ϕ
k |

(H1
ϕ)⊗k

= 0, and f
ϕ
k |

(H1
ϕ)⊗k

=

0, for all k ≥ 5, such that the maps (�ϕ
1
, �

ϕ
2
, �

ϕ
3
, . . . ) and (fϕ

1
, f

ϕ
2

, f
ϕ
3

, . . . ) satisfy the
conditions (P1) – (P3), and

- (�ϕk )k∈N∗ is an L∞-algebra structure on Hϕ,
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- (fϕk )k∈N∗ is a quasi-isomorphism from Hϕ to gϕ,

hence the theorem 4.3. �

Remark 4.4. There is a natural question concerning this theorem 4.3, which is:
is it possible that �

ϕ
k = 0, for all k ≥ 3? In other words, is it possible that the the-

orem extends to a result of formality for gϕ? Indeed, a dg Lie algebra (g, ∂g, [· , ·]g)
is said to be formal if it is linked to the dg Lie algebra (H(g, ∂g), 0, [· , ·]g) (en-

dowed with the trivial differential and the graded Lie bracket induced by [· , ·]
g
) by

a quasi-isomorphism.
In fact, we can show that, except maybe if we change the definition of f

ϕ
1

(i.e.,
if we consider another choice of bases b−1ϕ ,b0ϕ,b1ϕ,b2ϕ), the map �

ϕ
3

cannot be zero.
In the case �(ϕ) �= |�|, one indeed has for example:

T
ϕ
3

(
ϕ̄, ϕ̄, D̄

)
= 2

[
ϕ, f

ϕ
2

(
ϕ̄, D̄

)]
S

.

We know that the choice we made for the value f
ϕ
2

(
ϕ̄, D̄

)
is unique, up to a 1-cocycle

for the Poisson cohomology associated to (A, {· , ·}ϕ). According to the fact that

H1(A, {· , ·}ϕ) � {0}, when �(ϕ) �= |�|, a 1-cocycle is a 1-coboundary, that is

to say an element of the form V = {·, F}ϕ, with F ∈ A (called an hamiltonian

derivation). For such an element, [ϕ,V ]S = −V [ϕ] = 0. This implies that the value

of T
ϕ
3

(
ϕ̄, ϕ̄, D̄

)
does not depend on the choice for f

ϕ
2

(
ϕ̄, D̄

)
and, using the table 1,

T
ϕ
3

(
ϕ̄, ϕ̄, D̄

)
= 2

[
ϕ,

1

�(ϕ) − |�|
�e�

]
S

= 2
�(ϕ)

|�| − �(ϕ)
ϕ.

Because �
ϕ
3

= −p ◦ T
ϕ
3
, we have �

ϕ
3

(
ϕ̄, ϕ̄, D̄

)
= 2 �(ϕ)

|�|−�(ϕ)ϕ̄, which is not zero.

4.3. Classification of the formal deformations of {· , ·}ϕ. To obtain the

theorem 1.1, we fix an L∞-algebra structure �
ϕ
• on Hϕ and a quasi-isomorphism f

ϕ
•

from Hϕ to gϕ, as in theorem 4.3. By the paragraph 2.2.3, we know that Def
ν(gϕ)

corresponds to the set of all the equivalence classes of the formal deformations of
{· , ·}ϕ. Let us now consider the set Def

ν(Hϕ). By definition of the generalized

Maurer-Cartan equation (5) and because the L∞-algebra structure �
ϕ
• = (�ϕk )

k∈N∗

satisfies �
ϕ
1

= 0 and the property (P2) of the theorem 4.3, we have:

MC
ν(Hϕ) = H

1

ϕ ⊗ νF[[ν]] = H
2(A, {· , ·}ϕ) ⊗ νF[[ν]].

In the generic case, that is to say when �(ϕ) �= |�|, according to proposition 4.1,
one has H0

ϕ � {0}, so that the gauge equivalence in MC
ν(Hϕ) is trivial and

Def
ν(Hϕ) � MC

ν(Hϕ) = H
1

ϕ ⊗ νF[[ν]] = H
2(A, {· , ·}ϕ) ⊗ νF[[ν]].

Moreover, in the special case where �(ϕ) = |�|, then according to proposition 4.1,

one has H0

ϕ = F[ϕ]�e� and in this case:

Def
ν(Hϕ) = H

1

ϕ ⊗ νF[[ν]]/ ∼= H
2(A, {· , ·}ϕ)⊗ νF[[ν]]/ ∼,

where ∼ is the gauge equivalence in MC
ν(Hϕ), generated by the infinitesimal

transformations of the form:

(34) γ �−→ γ −
∑
k≥1

(−1)k(k−1)/2

(k − 1)!
�
ϕ
k (ξ, γ, . . . , γ),
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for ξ =
∑
i≥1

Fi(ϕ)�e� νi ∈ H0

ϕ ⊗ νF[[ν]], where the Fi(ϕ) are elements of F[ϕ]. We

now are able to show the following:

Theorem 4.5. Let ϕ ∈ A = F[x, y, z] be a weight-homogeneous polynomial,
with an isolated singularity. To ϕ is associated the Poisson structure defined by:

{· , ·}ϕ :=
∂ϕ

∂x

∂

∂y
∧

∂

∂z
+

∂ϕ

∂y

∂

∂z
∧

∂

∂x
+

∂ϕ

∂z

∂

∂x
∧

∂

∂y
.

We consider the dg Lie algebra (gϕ, ∂ϕ, [· , ·]S), associated to ϕ and defined in
the paragraph 4.1, of all skew-symmetric multiderivations of A, equipped with the

Schouten bracket [· , ·]S and the differential ∂ϕ :=
[
{· , ·}ϕ , ·

]
S
.

We denote by C, the set of all (c, c̄), where c :=
(
c
k
l,i ∈ F

)
(l,i)∈N×Eϕ

k∈N∗

is a fam-

ily of constants indexed by N × Eϕ × N∗ and c̄ :=
(
c̄ kr ∈ F

)
1≤r≤μ−1

k∈N∗
is a family

of constants indexed by {1, . . . , μ − 1} × N∗, such that, for every k0 ∈ N∗, the

sequences (ck0l,i)(l,i)∈N×Eϕ
and (c̄ k0r )1≤r≤μ−1 have finite supports. Now, for every

element (c, c̄) =
(
(ckl,i), (c̄

k
r )

)
∈ C, we associate an element γ

c,c̄ of g
1

ϕ ⊗ νF[[ν]], by

the following formula:

γ
c,c̄ :=

∑
n∈N∗

γ
c,c̄
n ν

n
,(35)

with, for all n ∈ N∗, γc,c̄
n given by:

(36)

γ
c,c̄
n :=

∑
(l,i)∈N×Eϕ

1≤r≤μ−1

∑
a+b=n
a,b∈N∗

c
a
l,i c̄

b
r ϕ

l
ui {· , ·}ur

+
∑

(m,j)∈N×Eϕ

c
n
m,j ϕ

m
uj {· , ·}ϕ +

∑
1≤s≤μ−1

c̄
n
s {· , ·}us

,

where the uj, for 0 ≤ j ≤ μ − 1, are weight homogeneous polynomials of A =

F[x, y, z], whose images in Asing(ϕ) = F[x, y, z]/〈∂ϕ∂x ,
∂ϕ
∂y ,

∂ϕ
∂z 〉 give a basis of the

F-vector space Asing(ϕ), and u0 = 1. Then, one has:

(1) The set of all the gauge equivalence classes of the solutions of the Maurer-
Cartan equation associated to the dg Lie algebra (gϕ, ∂ϕ, [· , ·]S) is then
given by:

Def
ν(gϕ) = {γc,c̄ | (c, c̄) ∈ C}/ ∼,

where ∼ still denotes the gauge equivalence;
(2) In the generic case where �(ϕ) �= |�|, this set is exactly given by:

Def
ν(gϕ) = {γc,c̄ | (c, c̄) ∈ C}.

Proof. To show this theorem, we fix an L∞-algebra structure �
ϕ
• on Hϕ and

a quasi-isomorphism f
ϕ
• , as in theorem 4.3. According to the theorem 2.2, we know

that
Def

ν(gϕ) = Def
ν(fϕ
•
) (Def

ν(Hϕ)) .

We also have seen at the beginning of this paragraph that, because �
ϕ
1

= 0 and
because of the property (P2) of theorem 4.3, Def

ν(Hϕ) = H
1

ϕ ⊗ νF[[ν]]/ ∼. Now,
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by definition of f
ϕ
• , and because it satisfies the property (P3) of the theorem 4.3,

and by definition (9) (and (10)) of Def
ν(fϕ• ), we have:

Def
ν(gϕ) = Def

ν(fϕ
•
) (Def

ν(Hϕ))

=

(
f
ϕ
1

+
1

2
f
ϕ
2

)
(H1

ϕ ⊗ νF[[ν]])/ ∼ .

Let γ =
∑

n∈N∗ γn νn be an element of H1

ϕ ⊗ νF[[ν]], where each γn is an element

of H1

ϕ. For n ∈ N∗, every element γn can be decomposed in the basis b1ϕ (see the

proposition 4.1), i.e., there exist families of constants (c, c̄) =
((

cnm,j

)
, (c̄ns )

)
∈ C

satisfying:

γn =
∑

(m,j)∈N×Eϕ

c
n
m,j ϕ

m
uj {· , ·}ϕ +

∑
1≤s≤μ−1

c̄
n
s {· , ·}us

,

for all n ∈ N. Now, using the tables 1 and 2, we obtain exactly that
(
f
ϕ
1

+ 1

2
f
ϕ
2

)
(γ) =

γc,c̄, hence the result. For the case where �(ϕ) �= |�|, it only remains to recall
that in this case, the gauge equivalence ∼ is trivial, as explained at the beginning
of this paragraph. �

According to what we have seen in the paragraph 2.2.3, the previous theorem
can be translated into a result concerning the formal deformations of the family of
Poisson brackets {· , ·}ϕ, for ϕ ∈ F[x, y, z], a weight-homogenous polynomial with

an isolated singularity. It then becomes exactly the parts (a), (b) and (c) of the
proposition 3.3 of [17] and replacing νF[[ν]] by νF[[ν]]/〈νm+1〉 (with m ∈ N∗) in
everything we have done leads to the part (d) of this proposition 3.3 of [17], which
we write once more here:

Proposition 4.6 ([17]). Let ϕ ∈ A = F[x, y, z] be a weight homogeneous
polynomial with an isolated singularity. Consider the Poisson algebra (A, {· , ·}ϕ)

associated to ϕ, where {· , ·}ϕ is the Poisson bracket given by (29). Then we have
the following:

(a) For all families of constants
(
ckl,i ∈ F

)
(l,i)∈N×Eϕ

k∈N∗

and
(
c̄ kr ∈ F

)
1≤r≤μ−1

k∈N∗
,

such that, for every k0 ∈ N∗, the sequences (ck0l,i)(l,i)∈N×Eϕ
and (c̄ k0r )1≤r≤μ−1

have finite supports, the formula

π∗ = {· , ·}ϕ +
∑
n∈N∗

πnν
n
,(37)

where, for all n ∈ N∗, πn is given by:

(38)

πn =
∑

(l,i)∈N×Eϕ

1≤r≤μ−1

∑
a+b=n
a,b∈N∗

c
a
l,i c̄

b
r ϕ

l
ui {· , ·}ur

+
∑

(m,j)∈N×Eϕ

c
n
m,j ϕ

m
uj {· , ·}ϕ +

∑
1≤s≤μ−1

c̄
n
s {· , ·}us

,

defines a formal deformation of {· , ·}ϕ, where the uj (0 ≤ j ≤ μ − 1)

are weight homogeneous polynomials of A = F[x, y, z], whose images

in Asing(ϕ) = F[x, y, z]/〈∂ϕ∂x ,
∂ϕ
∂y ,

∂ϕ
∂z 〉 give a basis of the F-vector space

Asing(ϕ), and u0 = 1.
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(b) For any formal deformation π′
∗

of {· , ·}ϕ, there exist families of constants(
ckl,i

)
(l,i)∈N×Eϕ

k∈N∗

and
(
c̄ kr

)
1≤r≤μ−1

k∈N∗
(such that, for every k0 ∈ N∗, only a

finite number of c
k0
l,i and c̄ k0r are non-zero), for which π′

∗
is equivalent to

the formal deformation π∗ given by the above formulas (37) and (38).

(c) Moreover, if the (weighted) degree of the polynomial ϕ is not equal to
the sum of the weights: �(ϕ) �= |�|, then for any formal deformation

π′
∗

of {· , ·}ϕ, there exist unique families of constants
(
ckl,i

)
(l,i)∈N×Eϕ

k∈N∗

and(
c̄
k
r

)
1≤r≤μ−1

k∈N∗
(with, for every k0 ∈ N∗, only a finite number of non-zero

c
k0
l,i and c̄ k0r ), such that π′

∗
is equivalent to the formal deformation π∗ given

by the formulas (37) and (38).

This means that formulas (37) and (38) give a system of representa-
tives for all formal deformations of {· , ·}ϕ, modulo equivalence.

(d) Analogous results hold if we replace formal deformations by m-th order
deformations (m ∈ N∗) and impose in (c) that ckl,i = 0 and c̄ kr = 0, as
soon as k ≥ m + 1.
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heimer. Deformation theory and quantization. I and II. Annals of Physics, 111(1):61–110,

1978.

[2] Alberto Cattaneo, Bernhard Keller, Charles Torossian, and Alain Bruguières. Déformation,
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